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PREFACE

The Fifth Latin American Symposium on Mathematical Logic was held at the
Universidad de los Andes, Bogotd, Colombia, from July 27 to July 31, 1981.
The meeting was sponsored by the Universidad de los Andes and the Universi-
dad Nacional de Colombia, under the auspices of the Association for Symbolic
Logic. It received financial support from the two sponsoring universities,
the Instituto Colombiano para el Fomento de la Educacién Superior (ICFES),
and the Fondo Colombiano de Investigaciones Cientificas (COLCIENCIAS).

The Symposium was preceded by four schort courses and followed by two more.
They were: Logica Modal by N.C.A. da Costa; El e-cdlculo de Hilbert y la Légi-
ca intuicionista by E.G.K. Loépez-Escobar; Complejidad de teorias ldgicas by
K. Madlener; Fundamentos del concepto de probabilidad by R. Chuaqui; Teoria de
modelos de cuerpos y anillos locales by M.A. Dickmann; and Semintica de lenguajes
de programacidn by K. Madlener.

The conference was dedicated to the memory of Antonio Monteiro, who con-
tributed decisively to the development of Mathematics and Logic in Portugal,
Brazil and Argentina. He died in this last country in 1980. An inaugural ad-
dress about his life and work was given by R. Cignoli (opening lecture of this
volume) .

The program of the conference consisted of invited lectures delivered by
A. I. Arruda (Brazil), R. Cignoli (Bra;il), M. Corrada (Chile), R. Chuaqui
(Chile), N.C. da Costa (Brazil), M.A. Dickmann (France), C.A. Di Prisco (Vene-
zuela), C. Federici (Colombia), S. Feferman (USA), G. Hoyos (Colombia), J.
Keisler (USA), M. Laserna (Colombia), E.G.K. Lopez-Escobar (USA), J. Malitz
(USA), K. Madlener (Germany), J. Mycielski (USA), L. Pefia (Ecuador), W. Rein-
hardt (USA), G. Reyes (Canada), M. Sinchez-Mazas (Spain), and M.A. Sette (Bra-
zil). In addition eight contributed papers were read and seven more papers
were presented by title. *

This volume contains English versions of some invited lectures made avail-
able by their authors; many of them are expanded version of the talks actually
given at the Symposium. It includes also two contributed papers as well

three more papers presented by title (Bunder, da Costa & Wolf, and Ro
Routley).

(*) A complete 1list of abstracts of the talks and papers presented at the Sym-

posium appears in the Jourmal of Symbolic Logic, Vol.48, Number 3 (1983),
pp. 884-892,



ii

A person whose devoted labor and enthusiasm was indispensable to the suc-
cess of this Symposium was the late Ayda I. Arruda, active member of the Organ-
izing Committee. The editors want to express their deep regret for the untimely
demise, occurred in October of 1983. She was a decisive force in the success
of many an enterprise related to Logic "n Latin America, specially in Brazil,
and her absence will be felt by her many friends.

The editors are indebted to the Sociedad Colombiana de Matemdticas and the
Universidad Nacional de Colombia which have made possible the inclusion of this
volume among their publications. Were not for the interest shown by J. Lesmes,
President of the Society, and J.M. Mufioz, former head of the Mathematics Depart-
ment of the Universidad Nacional, it would have been very difficult to overcome
the damage caused by t'e original publishers when they unexpectedly broke pub-
lishing contract, causing the subsequent delay in the appearance of this volume.
Special thanks are due to Mrs. Nohora de Sdnchez for her excellent typing of
the manuscript.

The Editors
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ANTONIO MONTEIRO
1907 - 1980

Roberto Cignoli

In the following pages, I will try to give at least a faint image of the per-
sonality of Antonio Monteiro and the important role he played in the development
of Mathematics and Mathematical Logic in Latin America. .

Monteiro was a person firmly convinced that the scientific development of a
country was a necessary condition for its economical and social development. Con-
sequently, the major task of his life was to arouse the consciousness of the peo-
ple on this issue and to promote scientific research, first in Portugal and later
on in Brazil and Argentina.

Some of the leading mathematicians of these three countries, as José Sebas-
tido e Silva and Hugo Ribeiro in Portugal, Leopoldo Nachbin and Mauricio Peixoto
in Brazil, and Orlando Villamayor in Argentina, among others, were initially
trained by him.

He initiated the publication of several journals and series of monographs on
mathematics. Some of this publicacions are Portugalia Mathematicae, Gazeta Mate-
matica and the series Cadermos de Andlise Geral in Portugal; the series Notas de
Matematica, formely published by the Universidade Nacional do Brasil and now pub-
lished as an international series under the guidance of Leopoldo Nachbin, the
journal Revieta Cuyana de Matematica (Mendoza, Argentina), and the series Notas
de Logica Matematica (Bahia Blanca, Argentina).

One of the best mathematical libraries of Latin America, at the Instituto de
Matemdtica in Bahia Blanca, is a result of Monteiro's personal effort.

His strict moral statute and his compromise with the development of scientif-
ic research caused him serious personal problems in the three countries where he
worked. At the begining of his professional life, Monteiro refused to sign a doc-
ument supporting the corporate Portuguese constitution of 1933, and the govern-
ment prevented him from occupying any position at the universities. Between 1939
and 1943 he did a tremendous effort to develop modern mathematics in Portugal,
but he had to earn his living by giving private lessons and cataloguing the sci-
entific bibliography existent in Portugal. He took this last job very seriously



and learned a lot about the organization of libraries. Of course, those were
years of great deprivations for his family. Almost at the end of his life, in
1974, the goverment-appointed rector of the University at Bahia Blanca fired him
from his position of Emeritus Professor. Since then, he was explicitly forbidden
to enter the wuniversity building, not even to consult books and journals in the
library that had been built up through his effort.

His complete name was Antonio Aniceto Ribeiro Monteiro and he was born in Mo-
ssamedes, Angola, on May 31, 1907. After his father's death, when Monteiro was
seven years old, his family returned to Portugal. He obtained his degree of Li-
‘cenciado em Ciéncias Matemiticas from the University of Lisbon in 1930, and imme-
diatly eamed a fellowship from the Ministry of Education of Portugal that allow-
ed him to study at the Institut Henri Poincaré, Paris. In 1936, he got his '"Doc-
teur en Sciences' degree from the Sorbonne, with the thesis "Sur 1'additivité
des noyaux de Fredholm" written under the guidance of Maurice Fréchet.

Monteiro retumed to Portugal, where he organized the "semindrio de Anilise
Geral" in Lisbon, and later the '"Junta de Investigagfo Matemdtica' in Porto,
with the aim of training researchers in mathematics. As explained before, these
activities had no support from the university.

In December of 1945 Monteiro was appointed professor at the Universidade Na-
cional do Brazil (now Universidade Federal de Rio de Janeiro). Later he was also
a professor at the Fundagdo Getulio Vargas and participated in the organization
of the Centro Brasileiro de Pesquisas Fisicas.

In 1949 he had to leave Brazil, and was appointed professor at the Universi-
dad Nacional de Cuyo, in San Juan, Argentina. At this university he contributed
greatly to the creation of an Institute of Mathematics, entirely devoted to re-
search, which played a very important role in the development of mathematics in
Argentina. Two important events, of a wide latin-american projection, were organ-
ized by this Institute, with UNESOO support: a course for trainning latin-ameri-
can professors in mathematics (February-March, 1955) and a Symposium (July, 1955)
in which almost all the mathematicians that were at the time in Latin-America
participated. Unfortunately, at the end of 1955 the Institute was deactivated by
the university authorities. In 1956 Monteiro moved to Bahia Blanca, where, at the
Universidad Nacional del Sur, he organized the Institute of Mathematics and de-
veloped the programs of “Licenciatura' and "Doctorado'. In 1969-1970 he received
a grant from the Consejo Nacional de Investigaciones to visit several European
universities. This was his first visit to Europe after 25 years in Latin-Ameri-
ca. In 1970, at the age of 65, he was appointed Emeritus Professor; he was fired
in 1974. In 1977 he went to Portugal to return later to Bahia Blanca in 1979,
where he died on October 29, 1980.



During his years in Paris, Monteiro was in touch with some of the leaders
of the classical French School of Analysis, like E. Borel, H. Lebesgue, H. Ha-
damard and, simultaneously, was a witness to the moderns trends in the study of
algebraic and topological structures. He participated in the Julia's Seminar
which was the kemel of the N. Bourbaki group. At that time (late thirties), the
papers by M. Stone on the topological representacion of Boolean algebras and
distributive lattices, those by G. Birkwoff on the foundations of lattice theory
and universal algebra, and those by A. Tarski on Boolean algebras and the rela-
tions between deductive systems and closure operators appeared. They strongly
influenced Monteiro and, according to his own words, he devoted his work to the
study of topological spaces, lattices, and the relations among them.

The first papers Monteiro wrote, after his return to Portugal, were on the
foundations of general topology. His research on the characterization of closure
operators and continuous functions naturaly led him to the theory of partially
ordered sets and lattices. R

The integers Z form a lattice, under the order relation of divisibility. The
filters of this lattice are precisely the ideals of Z as a ring. The maximal fil-
ters are the sets of multiples of prime numbers and the prime filters are the
sets of multiples of prime powers. The basic arithmetic properties of Z can be
expressed in terms of filters. For instance, the decomposition of an integer in-
to prime factors is equivalent to the fact that each filter in the lattice Z
is a finite intersection of prime filters. Thus lattices can be considered as
generalization of the integers, and the study of the properties of the filters
of a lattice can be considered as an "arithmetic" for this lattice.

The filters of a lattice, ordered by inclusion, from a new lattice. Montei-
ro and his coworker's research in Brazil was mainly devoted to the study of the
relationship between a lattice and the lattice of its filters. For instance,
they characterized the lattice of filters and prime filters of several classes
of lattices. An important property proved by Monteiro (1947) is that a lattice
L is distributive if and only if each filter of L is an intersection of prime
filters. Consequently, we can say that distributive lattices are exactly those
lattices in which the analogue of the factorization of an integer holds.

Real numbers generalize the integers, and topological spaces, in a sense,
generalize the real line. Then we may consider topological spaces as general-
izationsof the integers, and it then appears natural to look for same type of
arithmetic properties in topological spaces. This is the point of view adopted
by Monteiro in his paper Arithmétique des espaces topologiques (1950)‘. Given
a topological space X, the closed sets of X, ordered by inclusion, form a dis-

.

* Submitted to the French Mathematical Society for a contest in honor of Maurice
Fréchet, it was among the four best papers presented(Bull.Soc.Math.France, 195},
XXXIX~XL). Twenty years later, published in "Notas de L8gica Matemdtica" of
Bahia Blanca, N® 29 (1974), under the title: L'Arithmétique des filtres et lee
espaces topologiques - I. . .



tributive lattice L(X). Monteiro viewed the filters of L(X) as generalized inte-
gers. He showed how some of the separation axioms currently considered in topol-
ogy can be interpreted in terms of arithmetic properties of L(X). For instance,
X is a normal space if and only if each prime filter of L(X) is contained in a
unique maximal filter. In the lattice 2, this property is obvious because prime
filters correspond to prime powers, and maximal filters to prime numbers. More-
over, X is a completely normal space if and only if given a prime filter P of
L(X), the set of filters F of L(X) such that P ¢ F is totally ordered by inclu-
sion. This property is stronger than the previous one, and it is also a property
of the lattice Z. These two examples illustrate Monteiro's idea: the spacesX such
that L(X) has arithmetic properties closer to those of the lattice Z, should be
considered better generalizations of the intergers.

The lattices of closed sets are more than distributive lattices: they are
Brouwerian algebras. Their duals, Heyting algebras, are the algebraic counter-
parts of the intuitionistic propositional calculus, and they play for intuition-
istic logic the same role as that of Boolean algebras for classical logic. In
the previously mentioned paper, Monteiro considered Brouwerian and Heyting alge-
bras in detail. For instance, he gave the interesting algebraic result that the
class of Boolean algebras coincides with the class of semi-simple Heyting alge-
bras.

During his first years in Argentina, Monteiro continued his research on Brou-
werian and Heyting algebras. Around 1955, Halmos introduced polyadic algebras as
a tool for the algebraic analysis of quantifiers, and immediately Monteiro showed
that it was possible to give a non-trivial generalization of the theory of mona-
dic Boolean algebras to monadic Heyting algebras.

Throughout the study of Boolean and Heyting algebras, Monteiro became inter-
ested in the algebraic aspects of logic, this interest having been aroused by
direct contact with Roman Sikorski and Helena Rasiowa when they visited Bahia
Blanca in 1958. Monteiro applied his mathematical experience to the study of al-
gebraic systems related to non-classical logics. He was convinced that the alge-
braic methods in logic would have important technological applications in the
future, as a consequence of the development of computers. In view of such pro-
spective applications, he tried to use finitistic and combinatorial methods in
studying classes of algebras, whenever possible.

Given a class of algebras K, it was a basic problem for him to decide if the
finitely generated free algebras in K were finite, and if so, to find explicitly
the mumber of its elements as a function of the number of free generators. In
general, to achieve this goal it is necessary to have a deep understanding of
the structure of the algebras in K. As an example, let me reproduce the formula
giving the number of elements L,(r) of the free algebra with r free generators
in the class K corresponding to the n-valued Lukasiewicz propositional calculus
(n an integer > 2). Here, D is the set of divisors of n-1, M(d) is the set of



maximal divisors of d, A denotes the greatest common divisor and |X| is the num-
ber of elements of X:
{1 (_lel(m/éxmﬂ)r}

() = T Teaen M@
deD

This formula was obtained by Monteiro in 1969, solving in this way a problem
which was open since 1930.

In the same vein, he determined the structure of the finite De Morgan and
Nelson algebras. Monteiro investigated in depth the structure of Nelson algebras
(introduced by H. Rasiowa as the algebraic counterparts of the constructive lo-
gic with strong negation considered by Nelson and Markhoff), and he proved that
the class of semi-simple Nelson algebras coincides with the class of algebras
corresponding to three-valued Lukasiewicz logics. Thus he showed that, from the
algebraic point of view, the three-valued Lukasiewicz logic stands in the same
relation to constructive logic with strong negation as classical logic does to
intuitionistic logic.

Monteiro also proved that each three-valued Lukasiewicz algebra can be rep-
resented as a suitable monadic Boolean algebra. He liked this result very much,
because it meant that Lukasiewicz three-valued propositional calculus had ‘an
interpretation in the classical monadic functional calculus. This results is anal-
ogous to the construction of Euclidean models of non-Euclidean geometry.

It is worthwhile to mention here that Monteiro also characterized the class
of monadic Boolean algebras as the class of semi-simple closure algebras.

Monteiro won the 1978 prize for scientific and technological achievements
from the Gulbenkian Foundation in Lisbon, for a manuscript on symmetric Heyting
algebras,where he gave a rather detailed account of some of his work done in the
previous years*

I have tried to give here a brief indication of what I consider Monteiro's
main contributions to mathematics, but there are many more. Usually, he just
published short summaries or abstracts of his main results. The details as well
as the underlying ideas of his work were given in his courses and seminars, and
they are dispersed in the notes taken by his .students.

I am sure that Monteiro will live for ever in the memory of all who, like
myself, have had the privilege of receiving his teaching on both, moral conduct
and mathematics.

* To appear in Portugalia Mathematicae.
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REMARKS ON DA COSTA'S PARACONSISTENT SET THEORIES

Ayda Ignez Arruda*

ABSTRACT. 1In this paper we analyse da Costa's paraconsis-
tent set theories, i.e., the set theories constructed over
da Costa's paraconsistent logics C;, 1 € n € w. The main re-
sults presented here are the following. In any da Costa para-
consistent set theory of type NF the axiom schema of abstrac-
tion must be formulated exactly as in NF; for, in the contra-
ry, some paradoxes are derivable that invalidate the theory. .
In any da Costa paraconsistent set theory with Russell's set
R =X%7(xex), UR is the universal set, In any da Costa
paraconsistent set theory the existence of Russell's set is
incompatible with a general (for all sets) formulation of the
axiom schemata of separation and replacement.

1. INTRODUCTION.

A set theory is paraconsistent if it is inconsistent but non-trivial, i.e.,
at least one contradiction is derived but still there are formulas that are not
theorems. Thus, the underlying logic of a paraconsistent set theory must be a
paraconsistent logie, i.e., a logic in which there is a symbol of negation™,
such that, from a formula A and its negation A, it is not possible in general
to obtain any formula B whatsoever.

Paraconsistent set theory appeared as an application ot paraconsistent log-
ic. The pioneering effort to construct a paraconsistent set theory was made by
N.C.A. da Costa, in 1963, in [12], the same work in which he presented his hier-
archy of paraconsistent logics (see also [14] and [15]). Further attempts can
be found in Arruda and da Costa [6] and [8], Asenjo and Tamburino [9], Brady
[10], Brady and Routley [11], and Goodman [17]. Except for da Costa's, and Asen-

* This paper is the text, now considerably expanded, of our lecture in the Fifth
Latin American Symposium on Mathematical Logic (Bogotd, July of 1981). We
thank IBM of Brazil for the financial help given to attend the meeting. This
paper was written when the Author was Visiting Professor at the University of
Warsaw (October of 1981), with a partial grant (81/0522-4) of the 'Fundagdo
de Ampato & Pesquisa do Estado de Sio Paulo' (FAPESPR), Brazil.
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jo and Tamburino's set theories, the others are proved to be non-trivial. Those
paraconsistent set theories already proven to be non-trivial may be called weak
paraconsistent set theories for, because of their underlying logic, many of the
basic results of classical set theories (the usual set theories based on classi-
cal logic) are not valid in them. The others, supposing that they are nontrivial,
may be called strong paraconsistent set theories, for all or almost all results
of classical set theories are valid in them. Of course, although useful in this
paper, the above characterization of strong and weak paraconsistent set theories
is not precise.

Let us call a set non-classical if it may exist in a paraconsistent set the-
ory but not in a classical set theory, and contradictory set to a nonclassical
set X such that X« X and (X «X). Thus, Russell's set, R = X1(x €x), is a
contradictory set. In the ahove mentioned attempts to construct a paraconsistent
set theory, Russell's set is, in general, introduced through a widening of the
scope of validity of the axiom schema of abstraction, but its properties (as well
as the properties of other nonclassical sets) have not been studied well. Howev-
er, thesc properties may be very important, because they characterize the behav-
ior of the non-classical sets in a paraconsistent set theory.

In this paper we restrict ourselves to da Costa's paraconsistent set theo-
ries analysing mainly two problems: first, the widening of the scope of validity
of the axiom schemata of abstraction and separation, and second some properties
of Russell's set and their consequences. The results presented here may be valid
in other paraconsistent set theories, as will be shown in [5].

A da Costa paraconsistent set theory is a paraconsistent set theory whose
underlying logic is one of da Costa's paraconsistent logics C;, lsngw

The postulates of C, are those of the positive intuitionistic first-order
logic with equality, axiomatized as in Kleene [18], plus:

(1) TTA= 4,
(2) AvTA.

The postulates of C:, 1 ¢ n < w, are those of C: , plus:

(3 B8Mg(AsB)s(A=18)> A,
@) AWM 5 (458 @ a8y M gay 8@
) @K™ s (@A) ®aEac) ™,

where AW is defined as.follows: A' = A0 =7 (as14), AM1 = (a0, A -
AlaZeads. .. sA",

In each Cn 1en<w, " is defined as AsA | and it is proved that
" satisfies all the properties of the classical negation. Then classical logic
can be obtained inside these systems; consequently, they are finitely trivial-
izable. For, from any formula of the form A&‘IA&A(I‘) we can deduce any formula

whatsoever. Nonetheless, C: is not finitely trivializable. Moreover, each sys-
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tems in the hierarchy CT, C;, cees C: yeoe C: is strictly stronger than the fol-
lowing ones. Thus, we may construct a hierarchy of da Costa's paraconsistent set
theories in which, at least intuitively, it seems that each system may admit more
nonclassical sets than the preceding ones.

For a long time, in fact since 1964, we have been studying from time to time
da Costa's paraconsistent set theories of type NF and NF, 1T<n<uw W have
proved that da Costa's formulation of the axiom schema of abstraction for the
systems NF , 1< n < w, leadsto the trivialization of the systems (see (1], [3]
and [4]). Thus, we have proposed to formulate the axiom schema of abstraction in
these systems exactly as in NF.

The main objetive of this paper is to present some results (in fact some

paradoxes) that we believe are very importantin the construction of strong paracon-
sistent set theories, particulary, da Costa's paraconsistent set theories. In
Section 2, we prove that tha Costa's formulation of the axiom schema of abstrac-
tion for NF leads to the paradox of identity, (x,y).x =y, and conclude wit‘h
some argumentation showing that this axiom in any da Costa paraconsistent set
theory of type NF should be formulated exactly as in NF. In Section 3, we summa-
rize the syntactical development or our version of NF, showing that this system
may be considered as a strong paraconsistent set theory. In Section 4, we prove
that if Russell's set is introduced in any da Costa set theory based on C:,-
1 <n <w, then UUR is the universal set. In Section 5, we analyse some limita-
tion in the construction of da Costa's set theories of type ZF where Russell's
class is a set. Finally, Section 6 is a conclusion where we call attention to
some open problems concerning paraconsistent set theory.

2, ON DA COSTA'S SET THEORIES OF TYPE NF.

In this section we analyse da Costa's formulation of the axiom schema of
abstraction for the set theories NF, 1 < n < w. In [1] and [4], we proved that
da Costa's formulation of the axiom schema of abstracion for his systems of type
NF and NI"C 1< n <w, leads to their trivialization. Here we prove that da
Costa's fomulanon of the axiom schema of abstraction for NF leads to the par-
adox of identity.

The systems NFC are constructed, similarly to NF, over the respective cal-
culus of descnptmns D,. The calculi of descriptions D, 1 <n g w, are con-
structed as usual (see Rosser [20]) from the respective Cn

The specific postulates of NFm are the following:

EXTENSIONALITY. (a,8):.(x).xea = xeB:>:a=8 .

ABSTRACTION. (Ea)(x):xea*=*F(x), where x and o are different variables
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a does not oceur free in F(x), F(X) ie stratified or it does not contain any sub-
Jormula o, the form A D B,

in NFE,, the restrictions regarding the use of non-stratified formulas obstruct
a direct proof of the paradox of Curry. Russell's set R, defined as 81 (x « x),
exists as well as many other non-classical sets. The paradox of Russell in the

form R € R&1(R € R) is derivable but, apparently, it causes no hamm to the sys-
tem.

Due to its weakness, the primitive negation of NFE,, 1, is almost useless
{or sct-theoretical purposes. Thus, let us define

vA  for Ao (x,y).xeys&x=y.

The universal set V is defined as %.x = x, the empty set Aas X v (x = x),
and the complement of a set a, &, as X (xea). From now on the set theoretical
notations and terminology in this and the next sections are mainly those of Ro-
sser [20].

TEOREM 2.1. In NF;, N 18 a minimal intuitionistic negation.

Proog. It is enough to prove (A=B)&A>4B)*> v A, Let us suppose that
A B and A> ~B. Then, we obtain A @ (x,y).xey&X=y, i.e., VA,

COROLLARY 1. +A>(vA 2 vB).
= (A>2B)> (VB2vA).

COROLLARY 2. ALl the theorems of NF whose proofs depend only on the laws
o} the minimal intuitionistic first-order logic with equality and on the postu-

lates of extensionality and abstraction of NF are valid in NF; .

THEOREM 2.2. (Cantor's Theorem) () ~ (o sm SC(a)).

Proof. Let us suppose that a sm SC(a). Then, there exists a relation S
such that § € 1-1, Arg(S) = a and Val(S) = SC(a). Now, let us take

. X=X(x e anSE). m

As the formula x e a AS(x) is non-stratified and does not contain any sub-for-
mula of the form-A> B, then X is a set. Moreover, as X < a, then there exists
y « o such that S(y) = X. 'Then, by (1), we have:

ye X = y «an50).
lHowever, y € aNS(y) ‘-E‘ yeas 'My«:S(y}). Then,
yeX = yecas v(iyeX). (2)
From {2)'1;‘:;: have ~v(ye u):but, as y € u, then we obtain
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(0 smSC(a)) oy ea, and (asmSC(a)) 2 ~v(yea).
Thus, by Theorem 2.1, the desired result follows.

COROLLARY. (Cantor's Paradox) + (V sm SC(V))&~(V sm SC(V)).

Proog. As V = SC(V), then we obtain V sm SC(V). On the other hand, by the
theorem, we have ~ (V sm SC(V)). O

Apparently, Cantor's paradox does not trivialize NFS For, from A and 7A we
cannot obtain any formula B whatsoever. For instance, apparently, we cannot ob-
tain any formula of the form 1B, where B is a nonatomic formula.

THEOREM 2.3. I. +(o,B).0 = B&™ (a = B)
II. +(@,B).a e B&™v (ac B)
IL F@.aceasVv(aeco).

Proog. I. By the corollaries of theorems 2.1 and 2.2, we obtain x = x =
(o,B) .0 e B&a= B. Thus, as x = x, then (a,B).a = B. By the same corollaries we
also obtain (a,B).~ (o = B). The proof of part II is similar to that of part I.
Part III is an immediate consequence of part 1I. O

By Theorem 2.3, it could seem that NFf, is trivial. Nonetheless, apparently
this is not the case. However, though it is nontrivial, NFS is without interest,
for not only are every two sets identical, but also every set belongs and "does
not belong" to itself.

In order to avoid the results mentioned in Theorem 2.3, one could think of
introducing more restrictions in da Costa's formulation of the axiom schema of
abstraction when F(x) is non-stratified. Nonetheless, we belive that this is a
worthless effort. For:

(i) The only non-stratified formula used in the proof of Cantor's Theorem
(which is fundamental in the proof of Theorem 2.3) is a non-stratified formula
of the form a « B. Then, the new restrictions must avoid those nonstratified a-
tomic formulas of the form o « Bwhich determine a set.

(ii) A new proof of Theorem 2.3 may be obtained in the following way: in
NF the formula y = {x} cannot determine a relation because <x,y> = <x,y>&¥ ={x}
is non-stratified. But, such a formula does not contain any subformula of the
form A > B; then, in NF; it determines a relation S such that § « 1-1. With such
a relation we prove that (a).a sm USC(a). In NF(S we also prove that (a). v
(USC(a) sm SC(a)). Then, these new restrictions must also avoid that those non-
stratified formulas whcse atomic subformulas are of the form a = B determine a
set.

From the above remarks we conclude that, in order to awoid the counterin-
tuive results mentioned in Theorem 2.3, the axiom schema of abstraction in NF,



14

should be formulated as in NF.

Duc to the paradoxes obtained in NFE,, 1 ¢ n < w, we conclude that in these
systems the axiom schema of abstraction should be formulated as in NF. Thus, if
we want these theorics to be paraconsistent set theories, we need to postulate
directly the existence of contradictory sets. Apparently, we may postulate the
caistence of Russell's set without any problem. Nonetheless, due to the two a-
bove considerations about the non-stratified formulas that lead to the proof of
the paradox of identity, we believe that, besides Russell's set, very few other
non-classical scts may exist in NFn, 1€¢nguw.

3. THE CLASSICAL PART OF NF .

In this section we summarize the development of our version of NFw, in or-
der to show that it can be considered a strong paraconsistent set theory, i.e.,
almost all the results of NF can be obtained in NF;. In our version of NFw, the
axiom schema of abstraction is formulated as in NF, an axiom for the complement
of a sct is introduced, and no postulate is considered concerning the existence
of non-classical sets.

The specific postulates of NFw are extensionality and abstraction (both for-
mulated as in NF), and the following one for the complement:

(@a,X).Xx€a v X ca.

This axiom is fundamental if we want to preserve in NF, at least the same prop-
crtiés of the algébra of classes of NF. Moreover, if we want to prove many
other results of NF for instance, some of those in whose proof in NF it is nec-
cssary to use the principle of excluded middle or the law of double negation
both for non-atomic formulas, this axiom is needed.

Observe that the universal set, the empty set, and the complement of a set
arc defined without using negation as follows, and the these definitions in NF
are equivalent to the usual ones.

A for X(a).xeca

<

for §(l£u).x ca

a for R(EB).x «BsalUB=Veang = A,
To express that a and 8 are different (or distinguishable) sets we use the sym-
bol # defined as follows:

i
‘i

" w#B for (Ex).xeaNB v xeanb.

TLEMNA 3.T. 1. (BN .x eA:2:(y).y « A
o . +(Bx).x €A:>:(y,2).Y « 26y = z.

VEEHRX 3.2, 1. (o B) . & B v a4 B, B

B . LR
PR L T R
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I1I. +(a,B).0 = B&O# B: o :(Ex).Xx € A.
DEFINITION. ~ A for A o (Ex).x < A,
THEOREM 3.1. In NFw, ~ 18 a minimal intuitionistic negation.

THEOREM 3.2. For atomic formulas of NFw’ " 18 a claseical negation.

Proog. Let P and Q be variables for atomic formulas. Thus, by theorem 2.1,
it suffices to prove that (i) P> (P> Q) and (ii) Pv~ P.

(i) From P and VP we obtain (Ex).x « A. Thus, from part II of Lemma 3.1, we
obtain any atomic formula whatsoever.

(ii) P is of the form a « B. Supposing that o e« B, we obtain o « Bv~(a «B).
On the other hand, supposing that o e B, we obtain o « 8 @ (Ex).xeA , i.e.,
(o € B); consequently, o « 8 v V(o « B). Finally, using the axiom for the com-
plement, we obtain the desired result.

P is of the form o = B. Supposing that o = B we obtain a = B v ~(a B): On
the other hand, supposing that o # B, then there exists an x such that x e afl B
or x € an B. Taking the additional supposition that a = 8, in both cases we ob-
tain (Ex).x <A . Thus, from a # B we obtain a = B2 (Ex).xeA, i.e., V(o = B),
and so, by part I of Lemma 3.2, we have a = 8 v V(o = B).

]

COROLLARY. I. k(X): Xxep*= v(x = X).
II. F(X): xeVese x = X,
IIL —(X): xea 3 v(x €a).
V. +~(x): Xeq e 3. Wwxe a).
V. F(,B): o #B *=- (o = B).

THEOREM 3.3. For positive formulas of NFm (t.e., formulas in which no
siformula is of the form-1A) ~ is an intuitionistic negation.

Proof. Due to Theorem 3.1, we only have to prove that, if A" and B denote
positive formulas of NF, then At o ('\:A+=' B+). In fact, let us suppose A" and
‘\'A+; thus we obtain (Ex).x eA. Then, using lemma 3.1, part II, we have (a,B).
a=B§0 e B. Now, by induction on,the length of B we conclude the proof. O

In the rest of this section, we follow Rosser [20], chapters IX to XIII. As
almost all results of chapters IX and X that are valid in NF are proved in [19],
the sumary of these chapters is very short. The other chapters will be summa-
rized section by section. From now on when we say that a theorem (or an exercise)
of NF is valid inNFw we are saying that the theorem (orexercise)is valid with the
same formulation as in [20]; of course, negation is understood as the defined
negation of NE . When we say that the proofs are similar to Rosser's proofs,we are
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saying, in fact that either the proofs are exactly the same given in [20] or that
small changes in Rosser's proofs are made in order to use the axiom for the com-
plement and the above lemmas and theorems.

(CHAPTER IX) CLASS MEMBERSHIP. Except for part II of Theorem IX.4.11
and its corollaries, all the other theorems are valid in NF ) and the proofs are
similar to Rosser's.

Let A* denote a positive formula of NF,, then part II of Theorem IX. 4.11
and its corollaries are proved in NF  with the following formulations respective-
ly:

(x). v INCET: (x).x

(). v At:o: 3K,

X

(x). v A+:=:A= >

(CHAPTER X) RELATION AND FUNCTION. All the theorems of this section
are valid in NF and the proofs are similar to Rosser's proofs.

(CHAPTER XI) CARDINAL NUMBERS.

1. Cardinal similarity. All the theorems of this section are valid in NE,
and the proofs are similar to Rosser's proofs.

2. Elementary properties of cardinal numbers.All the theorems of this sec-
tion are valid in NF; concerning the exercises, only XI.2.12 apparently is not
valid. This exercise guarantees in NF that if S is a relation not belonging to
1-1, then there exist x and y such that x,y e Arg(S), S(x) = S(y) and x # y. We
call attention to the apparent nonvalidity of this exercise because it is used
by Rosser to prove the 'Pigeonhole Principle'.

3. Finite classes and mathematical induction. let us discuss first the theo-
rems about mathematical induction. Weak Induction (Theorem XI.3.18) is proved
in NE as in Rosser; Strong Induction is valid as in Theorem XI.3.19 and its Cor-
ollary, but apparently it is not valid in the form of Theorem XI.3.20. Nonethel-
css, a restricted form of Theorem XI.3.20 is valid in NF; to wit, when the for-
mula F(x) appearing in it is a positive formula. Apparently, Theorem XI.3.22
(Principle of Infinite Descent) is not valid in NF,. Rosser's proof does not ob-
tain because he uses the principle of double negation (“vA = A) for non-atomic
formulas and we could not ‘find ancther way to prove this theorem.

All the other theorems of this section are valid in NF, and, except for the
proof of Theorem XI.3.21; the proofs are similar to Rosser's ones. To prove
Theorem XI.3.21 (every non-empty subset o of Nm has a minimum), it is enough to
prove the lemma used in Rosser's proof. The proof of this lemma runs as fol-
lows: .

Case 1. Supposing that n+1 < m, we obtain the desired result.
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Case 2. Supposing that m < n+1, by the axiom for the complement, we obtain
m<ntl&é(Me o v me a), and from this formula the desired result follows.

Now, the lemma follows from cases 1 and 2, because in NF the following for-
mula is provable: (m,n).m<nvn <m,

4. Denumerable clasees. All the theorems of this section are valid in NF;
and the proofs are similar to Rosser's proofs, except for the proof of Theorem
XI.4.4 ((0).a =« Nn> ae Count). This proof in NF runs as follows:

Case 1. If ac Nn and o «Fin, then, obviously, o « Count.

Case 2. Let us supposse that a < Nn and o « Infin, then it is easily proved
that

(M:neM .o. z(zea sz >n) #A. m
Consequently, we obtain
M:neNn .o.Fy).yeasy >n. 2)

Now, by (2) and the corollary of Theorem XI.4.3, we obtain a « Den, consequently
o € Count. )

Finally, as it is easy to prove that (a).o « Finvoae Infin, the desired re-
sult follows from cases 1 and 2.

5. The cardinal number of the continuum. All the theorems of this section
are valid in NF,, and the proofs are similar to Rosser's, except for the proof
of Theorems XI.5.5 (c = ZDen). The proof of this theorem runs as follows. let
a be defined as in Rosser's proof.

LEMMA 1. + o sm(SC(Nn)n Fin).

Proog. Like in Rosser's Lemma 3.

LEMMA 2. I NTBX sm(SC(Nn)n Infin).
Proog. Similar to the proof of Lemma 1, but taking
W = 8B(S = NTBX68 = m(m < Nn &S(m) = 1)).

LEMMA 3. aflNIBX =A.
LEMMA 4. + (aUNTBX)sm(PI I {0,1}).
The rest of the proof is similar to the rest of Rosser's proof.

(CHAPTER XII) ORDINAL NUMBERS.

1. Ordinal similarity. All the theorems of this section are valid in NF,
and the proofs are similar to Rosser's proofs.
2. Well-ordering relations. Except for Theorems XII.2.10 to XII.2.13 (all
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about definitions and proofs by transfinite induction), all the others are valid
in NF,. Rosser's proofs of Theorems XII.2.10 to XII.2.13 do not obtain in NF,,
and we could not find another way to prove them. It is worthwile to mention that
the proof of Theorem XII.2.14 (two well ordered sets either are similar or one
is shorter than the other) is obtained without using transfinite induction (as"
mentioned in [20], p.462).

3. Elementary properties of ordinal numbers. All the theorems of this section
are valid in NF;. The proof of theorem XII.3.4 ("0 € Word) is a little different
from Rosser's proof. To wit: suppose that BANO #A , then there exists ¢ such
that ¢ « BN NO. Case 1: BNNO = {¢}. Then there exists a minimal element in B.
Case 2: BNNO # {¢}. Then, as in Rosser's proof, there exists a minimal element
in B. Now, using Lemma 3.2, part I, and the fact that Sg € Sord, we conclude the
proof.

4. The cardinal number associated to an ordinal number. A1l the theorems of
this section are valid in NF, and the proofs are similar to Rosser's proofs.

(CHAPTHER XIII) COUNTING. The additional results about natural numbers
given in Section 1 are valid in NF and, adding the axiom of counting, we also
proved the Theorems of Section 2. Nonetheless, the main result of this chapter,
the pigeonhole principle, apparently is not valid in NF,. Rosser's proof does
not obtain because, as mentioned above, Exercise¢ XI.2.12 apparently is not valid
in NE .

4. RUSSELL'S SET IN DA COSTA SET THEORIES.

In this section we show that in any da Costa set theory based on C;, 1<n
< w, UUR is the universal set; the same holds in a da Costa set theory based on
C: when stregthened with some additional suppositions. ~

Let us denote by DC, any da Costa set theory based on the respective Cp,
where Russell's class is a set. Thus, in DC;, 1 < n < w, the defined negation
‘l* (‘I*A = af A &A(n)) is a classical negation; and in DC; the defined negationw
(vA = 4eA> (X,y).x € y&x = y) is a minimal intuitionistic negation.*

let us denote by ¢ the empty set, defined in DC,, 1 < n < w, as X7 (x=x),
and in DC, as X (x = x). Thus, in DC,, 1 < n <w, we prove that (x)'l*(x < ¢),
and in DG, we prove that (x).v (x €¢).

.

LEMMA 4.1. ¢ R,

Proof.In DC, 1< n < w, if pe¢ then ¢ ¢871 (¢ €¢). As this formula triv-
ializes the system, then 71(¢ e ¢). Consequently, ¢ « R.

InDC,, if e ¢ then ¢ € ¢ & V(¢ « ¢); and so (x,y).x € y. Thus, ¢ «R. On
the other hand, if (¢ € ¢) then ¢ <R.
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LEMMA 4.2. +x «R o {x} «R.

Proof. If Y{x} € {x}), then {x} €R. On the other hand, if {x} «{x} then
{x} = x; thus, by the hypothesis x « R, we obtain {x} €R.

LEMMA 4.3. I. FRc R
II. R  ULR.

Proog. I. If x «R then, by Lemma 4.2, {x} =R. Now, as x «{x}, then x <UR
II. By part I, we have R < UR and UR = UUR. Consequently, R SULR.

LEMMA 4.4. I. b(x).T(xe ) > x€ UR, in DG, (1<n<w).
II. F(x) v(x €R) @ x € UR, in bC, .

Proog. I. Let us suppose that ‘Ik(x e R). Thus, if x = ¢, we obtain ‘1*(¢ €R),

and, using Lemma 4.1, we have ¢ « R&W*((b e R). Consequenlty
Tx=9). . ()

Let us suppose that {{x,¢}} € {{x,$}}. Then, we obtain {{x,¢}} = {x,¢}. Conse-
quently, x = ¢. Now, by (1), we have a contradiction that trivializes the sys-
tem. Thus, 1({{x,¢}} = {{x,$}}), and so

{{x,¢}} € R. ' (2
But, {x,¢} € {{x,¢}}. Then, by (2), we have
{x,4} = R, ‘ (3

However, x e {x,¢}. Then, by (3), we obtain x € UUR
II. Let us suppose that ~(x € R). Thus, if x = @, by Lemma 4.1, we obtain
¢ e R) and ¢ «R. Consequently, (x.y).x y&x =y. Thus, x= ¢ >(x,y).x €y
& x =7y. Then,
o v(x = ¢). o | ©)
Supposing that {{x,¢}} {{x,¢}}, as in part I, we obtain x = ¢. Thus, by (1),
we have (x,y).x €y &x = y. Consequently, (x,y).x €y, and so {{x,¢}} = R. On
the other hand, supposing that 71 ({{x,¢}} € {{x,¢}}), we obtain {{x,¢}}  R. con-
sequently, {{x,¢}} <=R. '
The rest of the proof follows as in part I.

B

THEOREM 4.1. In DCn (1<n<uw), UUR, ig the universal set.
Proog. It follows from Lemmas 4.3 and 4.4. O

The proof of Theorem 4.1 does not obtain in any DG, , but it obtain in any
IC), i.e., any DC, with universal set V, defined as X(x'= x). To have a proof
of Theorem 4.1 in any I)C:Ml it is necessary to say what it means for a set to be
different or distinguishable from the universal set. Thus, let us define

x#V for (Ey)ny €.
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Moereover, if there exists a universal set it is obvious that every set must be
equal to or different from the universal set. If this is not a theorem, it must
be introduced as postulate:

Pl. (X).x=VvXx#V.

THEOREM 4.2, In DC}: plus P1, we prove that UR =V,

Proof§. By P1 we have UUR = V or UR # V. If UIR = V, we have already the de-
sired result. If UR # V then, by the above definition, we have (Ey).~(y < UUR).
Thus, by Lemma 4.3, part II, it follows that ~(y €R), and by Lemma 4.4, part II,
y « UUR. Consequently, (x,y).x € y&x =y, and so (x).x « UR. Thus, UUR =V,

REMARK. In the sistema NF, (1 € n € w) we prove that UUR =V, For n < w,
the proof is the same as in Theorem 4.1; for n = w, the proof is the same as in
Theorem 4.2, since P1 is a theorem of NF,.

We have introduced some conditions in order to prove that UUR is the uni-
versal set in DC}‘:. Thus, it could seem possible to construct a C, without uni-
versal set. In the next section we prove in such a system the paradox of iden-
tity is derivable.

5. ON DA COSTA'S SET THEORIES OF TYPE ZF.

In sections 2 and 3 we have analysed da Costa's set theories with univer-
sal set, constructed according to the pattern of NF. Now we analyse the possibil-
ity of constructing da Costa's set theories following the pattern of classical
sct theory without universal set. We choose to analyse da Costa's set theories
of type ZF, denoted by ZF, 1€ n ¢ w.

Firstly, we show that if R is a set in ZF, 1 < n < w, then the supposi-
tion of non-existence of a universal set leads to some paradoxes that invalid-
ate these theories. Such a result may already be intuitively inferred from the
results presented in Section 4. Secondly, we show that the axiom schema of sep-
aration, formulated for all sets, is incompatible with the existence of Rus-
sell's set. Consequenlty, the axiom schema of replacement is also incompatible
with the existence of Russell's set.

Le us consider the set theories ZF,, 1< n<u, in which the axioms of
pairing and union are postulated in general, and in which we also postulate the
existence of the empty set and of Russell's set. Moreover, let us suppose-that
there is no wniversal set, i.e.,

8n. W EY. My cx), in ZF, 1<4n<u;
Sw. (x) (By) Ay € x), in le
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Let us observe that the lemmas of the preceding section are provable in ZF,
T€sn<w.

THEOREM 5.1. The set theories IF, (1 € n < w) plus Sn are trivial.

Proog. By Sn there exists y such that"l*(y < UUR). By part II of Lemma 4.3,
*
and part I of Lemma 4.4, we obtain (x).x <UUR. Consequently, y = UUR&T (y<UUR),
and this formula trivializes the system.

THEOREM 5.2. The paradox of identity is derivable in ZFw plus Sw.

Proof. By Sn, there exists a y such that v(y € UUR). Using part II of lem-
ma 4.3, we obtain y « UUR. Consequently, by the definition of ~, (X,y).xeyéx=y.
Thus, the paradox of identity, (x,y).x =y, follows. Moreover, we also obtain
the other results mentioned in Theorem 2.3.

THEOREM 5.3. The systems ZFn (1 € n < w) with Russell's set and the ax-
iom schema of separation postulate for all sets are trivial.

Proof. If the axiom schema of separation is postulated for all sets then
there exists a subset o of R such that
® :xea-= xeRsx e, 50
From (1) we obtain
aeo *=1(a ca)&(a:a)(n). )

Consequently, we have a ea&'l*(a e o), and this formula trivializes the system.

THEOREM 5.4. In IF, with Russell's set and the axiom schema of separa-
tion postulated for all sets, the paradox of identity ie derivable.

Proof. From the axiom schema of separation and Russell's set we obtain
(X) : x €0 *=* x € R&Vv(x €X). Thus,

aea *Z(ocea)&viaca). m

Case 1. Let us suppose that a e a. Then, by (1), we obtain v(oean). Thus,
o €0&Vv(a « a). Consequently, (x,y).x =y.

Case 2. Le us suppose that “1{(o « a). By (1) we obtain v(a «a), i.e.,
A «0) = (x,y).x ey&x = y. Thus, (x.y).x = y.

From cases 1 and 2, the paradox of identity follows. Moreover, the other
results mentioned in Theorem 2.3 are also derivable. O

As a consequence of Theorems 5.3 and 5.4 we conclude that the existence of
Russell's set is incompatible with a general (for all sets) formulation of the
axiom schema of replacement. For, on the one hand, a general formulation of the
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axiom schema of replacement implies a general formulation of the axiom schema of
separation. On the other hand, using the axiom schema of replacement we prove
Cantor's Theorem. But, as UUR is the universal set, then Cantor's paradox is de-
rivable. Conscquently the ZF,, 1 < n < w, are trivial and the paradox of identi-
ty is derivable in ZF .

6. CONCLUDING REMARKS.

The main results presented in this paper are thefollowing: (i) in any da Costa
paraconsistent set theory with Russell's set the scope of validity of the clas-
sical formulations of the axiom schemata of abstraction, separation and replace-
ment cannot be enlarged; (ii) it is not possible to construct da Costa's set
theories with-Russell's set and without universal set. These results may be ob-
taincd in many other strong paraconsistent set theories.

In a certain sense, these results may be considered as limitative ones. By
(i), Russell's =ct as well as other non-classical sets have to be introduced by
specilic postulates. Thus, in each case, we must investigate if the non-classical
set we want to introduce does not lead to a paradox that invalidates the theo-
rv. Still by (1), Russell's set is incompatible with a general formulation of
the axiom schema of replacement. This fact makes it impossible to prove some in-
teresting thing about some contradictory sets generated by R. For instance, let
us define S(Z1 (R) as SC(R) and SC“H(R) as SC(SCn (R)). If we could apply the ax-
iom schema of replacement to these sets, we would prove that they are universes.
This is the most interesting property of contradictory sets we have already de-
vised. But, unfortunately, up to now we have not found any paraconsistent set
theory in which this property is valid.

Sct theorics without universal set may be considered richer and more inter-
csting than the ones with universal set. Moroeover, it is natural to guarantee
the existence of >Russe11'$ set in paraconsistent set theories. But, by (ii) it
secms that we cannot construct a strong paraconsistent set theory with Russell's
and without wniversal set.

~ Amnatural question one may ask is if the above limitative results are valid
in weak paraconsistent set theories. In [5] it is proved that Russell's set im-
plics the cxistence of universal set in weak paraconsistent theories in whose
mdcﬂying logic the law of excluded middle is valid. In [8] it is proved that
Russell's set is not incompatible with a general formulation of the axiom schema
of abstraction in some weak and non-trivial paraconsistent se theories. Nonethe-
less, it has not been investigated whether the paradox of identity is derivable
or not in them. flowever, in [7] it is shown that the paradox of 1dent1ty is de-
mv.lhlc m sgmc other weak and non-trivial paraconsistent set theories.

) l'hc wcul\ par.u.onsntent set theones have the advantage of being non-trivial.
B‘t,nt' cven 1{ thcy are free from thc paradox of identity, they seem to be weak
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concerning the set-theoretical operations. Thus, it is interesting to know if
they may be strengthened in a way similar to that used by Griss to construct
his logic of species (see [2]). An idea of how to proceed in this direction is
given in Section 3 above.

To finish, we mention some open problems whose solution we believe are im-
portant in the development of paraconsistent set theories. In da Costa paracon-
sistent set theories, is R different from the universal set? If the answer is
affirmative, is UR different from the universal set? What is the meaning of the
defined negation in NF (see Section 3, Theorems 3.1-3.3)? Is it possible to
construct a paraconsistent set theory with Russell's set and without universal

set? Apart from Russell's set what other non-classical sets may be introduced
in paraconsistent set theory?
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CHUAQUI'S DEFINITION OF PROBABILITY
IN SOME STOCHASTIC PROCESSES

Leopoldo Ber‘tossi*

ABSTRACT. Models for Markov Dependent Bernoulli Trials,
Markov Chains, Random Walks and Brownian Motion are con-
structed in the framework of Chuaqui's Definition of prob-
ability.

Chuaqui 1980 and 1981 explains how a semantical definition of probability can
be applied to random experiments that give rise to compound outcomes. In order
to do this, he introduces what he calls "‘compound probability structures'" (CPS).
These CPS.are based on causal trees of the form (T,R) where T is a nonempty set
and R is a partial order in T which reflects the causal dependence relation
between the simple outcomes which make up the compound outcome.

In the applications we are interested in,the elements of T are time moments
and R is a the natural linear order <.

A compound outcome is a function f with domain T for which f(¢) is an out-
come in a-simple probability structure (SPS) (see Chuaqui 1977 and 1981). Start-
ing with known probability measures on these SPS, he defines a probability mea-
sure on the set of compound outcomes (see Chuaqui 1980).

In what follows we show how this definition works for some known stochastic
processes.

1. MARKOV DEPENDENT BERNOULLI TRIALS (MDBT)

We repeat n times an experiment which has only two possible outcomes, &
and f (for success and failure). We assume that Ps.f is the probability of f on
the (R+1)-st trial, given that the outcome was s on the k-th trial, and that the
analogously defined probabilities Pg,g’ Pf g» Py 5 8TC known and independent of
k. We alsc? assume the initial probabilities pg, pr to be known.

* The work of the author was partially supported by the Organization of American
States through its Regional Scientific and Technological Development Program.
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Here T = {to,..., 1},ancl we consider in T the natural order relation:
t; t if and only if 7 g j. We associate with each t, e T, 1 > 0, two simple
probablhty structures K° and If The models in K° are of the form <4%,55 7 {a}>,
with 4% a non-empty set, {5°,F°} a fixed partition of 4% where the proportion of
elements of 4% which are in S° is P, , and that of the elements which are in F°
is pg . and @ an element of 4°,

The appearance of an element of 5° gives outcome s and the appearance of an
element of Fsglves outcome f.

We write (l for {<4%,5%,F° {a}>: a « 5°} and Olf for {<4%,5%,F°, (a}>:a « F°}
and smphfymg, we write ls = {Olf. a } Analogously, we define Kf and write
x - {Olﬁ,Olf} Olf and af give outcoma £ af and UZ give outcome s.

To complete our formulation, we associate w1th t the simple probability
structure K {OZO Ol?.}, where the definition of 0102 and OZ?. is analogous to
that of 013 and Ulf, respectively.

»8

The followmg probabilities follow immediately from the above definition:
WA =p, o w@y
S f
U(wg) pf,f IJ(OZ(S))
way) =p, wa ) =
A compound outcome is a function f which satisfies the following conditions:
a) Domain of f =T,
b) f(tp) = Ky ,
i f LI
c) f(t) = Ol}lmplles f(tkﬂ) e K and £(¢) = Cls implies f(tkﬂ) « Ks,

Pg,s

Pf,s

with * e{s,f} for k >0 and * = 0 for k =

The compound probability structure corresponding to these MDBT is H = <T,<,H>
where H is the set of all functions that satisfy (a)-(c). On the basis of the
probabilities assigned above and the relation < in 7, we define a probability
measure ¢ on H. In the case of MDBT, it is interesting to calculate the proba-
bilities:

p’é = probability of & on the k-th trial

p’fi = probability of f on the k-th trial.

To do this, it is enough to solve a difference equation whose derivation is
based on the "total probability theorem" which can be formulated and proved in
this context in the usual fashion.

Clearly, the situation corresponding to Markov Chains can be formulated in
a form completely analogous to that of MDBT. In considering Markov Chains, it
is merely necessary to choose a greater number of simple probability structures
associated with each moment of time and a greater number of tramnsition probabil-
ities.

1
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2. RANDOM WALKS.

Let us consider a one dimensional random walk which, starting from the ori-
gin, is controlled by a coin thrown n times, where the step size is constant and
equal to 1.

Here T = {tO,...,tn}, T ordered as in §1. We associate with £, the simple
probability structure K = {OLO} with 0 = <{0},{0}>. For each t;, k > 0, define

up, = {-k, -k+2,...,k-2,k} and ugoi= {0}.
A random walk (a compound outcome) is a function f which satisfies the following
conditions:
a) Domain of f =T,
b) f(ty) = Ay ,
c) f(ty) is a model of the form <u; ,{A}> with xe Uty
d) £(tg) = <ugy, (A}> implies £(ty,q) © Kppq i= {<ugy 0 11, <utk+1,{>‘-1}>}.
With each t;, T, k > 0, we associate a family of SPS with the same similarity
type and a common universe, namely the family {l(k"}‘:)\e: utk_1}. .

The probability in Kk, ) 1s uniformely distributed if the coin which controls
the walk is unbiased, but, in general,

u(<ug,, (0+1}>) = p  and
u(<utk,{)\-1}>) = 1-p for each k and for each X € uy; ;.
we assign to a, the probability 1.
The CPS corresponding to this kind of random walk is A = <T,<,H>, where H

is the set of all functions which satisfy (a)-(d). On H one obtains a probabil-
ity measure p determined by H and the probabilities assigned above to the SPS

K
kA

We can calculate probabilities according to Chuaqui 1980, such as, for ex-
ample, the probability of the path f e H shown in the given figure.

4

i ™

k (u,k,lkl)

-7
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We show that u(f) = p", as expected. In Chuaqui 1980, the measure u on H is de-
fined by induction on ordinals.

let gc H, teT and Tyi= {seT :8<t, 8 #t}, then H(g,t):= {h(t):h «€H,
ngt = hITt} is an SPS where a probability measure with values p and 1-p is de-
fined. Denote this measure by u g5t We need some definitions from Chuaqui 1980:

T& is the set of all minimal elements of T—U{TB': B cal

T
o

Tt .= TtU{t}, t €T,

H(S) := {f|]s : feH}, 5 <T.

n

U{Tg: B cal; T := U{7g: 8 ¢ o}, o ordinal.

A(S) = {ffs : feA}, ST, AcH.
Then we have T} = {¢.}, T, = {£4,....%; 4}, T, = {tgseeest;}e

We have to find the measure yu on H. Clearly H = H(’:”tn) . Then the measure on
H is i, which is defined for A ¢ H by

" (A(Tg,)) = ‘I‘ (Ttn)ug, ¢, Ag,t,))dug,

where A(g,t,) := {x(¢,) : h €A and thtn = ngtn}. In our case A = {f}, o
that

u(f) = g, ({£) ={£ thn}“g,t,,(“("’tnDd“tn

ug,p (E(80)) g (£175)

puy (£175,).
The measure ut, is defined by

= T e r
Ht,, 'n(ue. seT

n-1 and & <t)= Lk

Thus, u(f) = p-utn_1(fthn). If we calculate ﬁtn_1 as we calculated i'tn’ we
have, upon iteration, u(f) = p*.

Within this formulation we can prove all the results of Probability Calculus
involving random walks.

3. BROWNIAN MOTION.

Our formulation is motivated by the known fact thay by speeding up a random
walk it is possible to obtain a good model of Brownian Motion. We avoid this ex-
plicit acceleration process using non-standard techniques. Let us consider a
Brownian Motion during a wit of time and a w;-saturated non-standard extension
V(*R) of the superstructure V(R) of the real mumbers.

Let n € ™'N be an infinite natural nuwber and 7 = {0,1/n,2/n,...,1} order-

\
v

'
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ed in the natural way. We associate to each ty = A/n € T the set

oA M2 A2 0y
o= LR T 22
= {0}.
Now, if a e uzy ,, A > 1, then K, :={a @y -1 with a, =<uy, , {o+a=l>
-1 Ao Ao ot THE *7"

and @ ja- T Wty {o 75.}> is a simple probab111ty structure w1th 1% a(d)\ o) =
”A,a(ak,a-) = 1/2.
A possible path of Brownian Motion is a function f such that:
a) Domain of £ =T,
b) £(0) = <, , {0}>,

o £ty 4) = <ut)\_1,{ot}> implies £(¢,) « K X1

A,
Let H be the set of all possible trajectories. On H one obtains a probability
measure p induced by the u)\’u's. As indicated in Chuaqui 1980, u is defined by
induction on ordinals which in this situation may be hyperfinite.

We define random variables (th)x -o o H by Xt)\(f) = Var. (f(t)\)), where
Var. (f(t)\)) < R is the real number that belongs to the variable part of f(t}‘)
For example, if f(tA) (um,{a}>, then Var. (£(¢,)) =

Using some results of Anderson 1976, it may be shown that this is a good
model for Brownian Motion. Indeed, if fe< H, we define X _(f) for each sn:*{O,l]
by

X ()= Xt[ns] (f)"'(ﬂs‘[ﬂs])'(Xt[ns]+1(ﬂ‘Xt[ns] ).

In this way we have a set H that contains all possible trajectories, a measure
u defined on H, or more precisely, on a family A of subsets of H and a family
( s)s:*[o,ﬂ of random variables. Furthermore, all these objects (7, the func-
tions f, H, 4, the Xs’s) are internal. This is also the case for the measure u,
because it is defined in terms of standard measures and internal ordinals. (H,
A,u) is an internal probability space.

Now, we consider Loeb's standard probability space (H,L(4),P) associated with
(H,A,u) (see Loeb 1975). L(4) is the o-algebra generated by A4, and P is the
probability measure defined on L(4) and generated by the standard part %4 of p.
If we now define

¥ (6 = %%, s <[o,1],

then o
P(Ys <a) = ﬁ!@exp(-yz/Zs)dy, a €R.
In fact,
o
P(r, <o) = P(°X; s @)

(ks Ie] € ¥

[nel-1
( zgo (Ktgar=t) < )



c[ffs]-’(x )
t =4t
o Ko k+1 k

Because the random variables thﬂoxtk are independent with mean 0 and variance
1/n, by a non-standard version of central limit theorem (Anderson 1976) one has
that the last expression equals

1
[} ﬂ n Wy _ g +m
rrrmllm o [ne] (a+p) = Lim ‘p(a7§m] = VG-

where ¢ is the distribution function of the normal probability law with mean 0

and variance 1. Thus, Y, has normal distribution N(0,s), with mean 0 and vari-
ance s.

It is known (Anderson 1976) that P is an extension of the Wiener measure on
cfo,1].
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NATURAL NUMBERS IN ILLATIVE COMBINATORY LOGIC

M.W. Bunder

1. INTRODUCTION. In this paper we attempt to develop natural numbers using
the second order predicate calculus and the three axioms also used to obtain the
set theory of [3]. Of these three axioms, two give us that the natural numbers,
as we define them, are elements of the class of individuals A, the other says
that all individuals are sets under the definition given in [3]. Besides the in-
duction property and some elementary arithmetical properties of natural numbers,
we can prove that the class of all natural numbers forms a set which is a subset
of A,

It has been thought that this theory would be strong enough to contain all
of first order arithmetic, and hence that it would be subject to G3del's incom-
pleteness results; this however seems not to be the case. In order to obtain the
remaining Peano type axioms for arithmetic, we need to assume a restricted form
of substitution of equality and a 'type'" for the paradoxical combinator Y.

2. THE SECOMD ORDER LOGIC.

The primitive constants that we require, besides the combinators K and S (or
X-abstraction), are: A, H (the class of propositions) and E (restricted general-
ity). EUX (or Uy =>y Xy) expresses the fact that XY holds for all Y in U. > can
be defined in terms of £ as in [1].

The rules of the logic are:

X5Y, Xk Y.
SUX, UY - XY where U is A,Hor FAH("
DIP If A, X Y then A, HX X2 Y .
DFE If A, UY XY then A + ZUX where U is A,H or FAH.
H X -HX.
M HX, X HY HH(X> Y).

EqQ If X =Y then X + Y,
P
g

(1) F = XxAyAzEx(Byz) and FXY can be interpreted as the class of functions from
X to Y. FAH can therefore be interpreted as the class of first ordexr predic-
ates.

3
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EH FUHX +H(EUX) where U is A, Hor FAH.
(The last five of these could be replaced by Axioms as in [1]).

Quantification over H is not used directly in this paper, but it is needed
to define the connectives I', v and A, and the existential quantifier IA and to
prove their appropriate properties (see [2]).

3. ARITHMETIC.

Natural numbers were defined in terms of A-abstraction by Church in [4] and
equivalently by Curry and Feys in [5] in temms of combinators. They have:
Zg = KI (= Ax Ay.y)
Zy4p = SBZ, (= xx ay.x(Zxy))

(Church starts with Z1 = X Ay.Xxy (=BI)). These combinators, called iterators,
have the property:

Xt = an

where XO =1 (= Ax.x)
and 2 po® (= aux(Pu) .
It is easy to prove that:

me = <l>BZmZn

Zm BZmZn
and =

Zm = zmzn.

Thus the iterators themselves can be taken as numbers and addition, multi-
cation and exponentiation can be defined so that the appropriate commutative,
associative and distributive laws hold.

1f however we want to represent numbers in a predicate calculus, a symbol
for equality has to be introduced into that system; combinatory equality (=) is
a primitive predicate.

Church, and also Kleene in his development of Church's system in [7], use

Q = Ay (ux.>, uy),
which is satisfactory when Church's strong deduction theorem for £ is used.
Church's system is hovever inconsistent because of this deduction theorem,and
our weaker theorem (or rule) requires a different equality. The one we use is
an extensional equality giveén ‘by:
Q) = Ax Ay. FAix A FAlty & Ausy G vayu) )
In [3] sets and first order predicates were identified so that "FAHX" stands

——

(2) "~»" stands for "if and only 1f". We will often write X =; Y for Q1XY.
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for "X is a set''.
The main axiom of [3] asserts that all individuals are sets i.e.

A + Au > FAHu.
The empty class, based on Q1, given by:
0= )\X‘I‘(QAIXX)
could then be shown to be a set (i.e. + FAHO), as could the class containing
only 0 (Q1O) the class contammg only that (Q1 (Q10) Q%O) etc.
Now 0, {0} (= 0, {{0}} (= Q10) . have been used as definitions for
0,1,2,... in naive set theory and are very suitable here. Thus we define:
2
1=10Q0, 2=Q0,....,n = ¢0,...
As n = QI;O = 2,Q0, we can define the arithmetical operations in the follow-
ing way:
n+m = 82 7 0,0 = Qj(dj0)
n.m = BZ 7,0 = ("0

and m _
n =77 0,0 = Qr11m0.

As before the appropriate commutative, associative and distributive laws
hold over = ; this fact is independent of our definitions of 0 and Q1 and of
- our axiom (A). Given (A) these laws also hold over Q1 as we then have
- FAH(Q 0) for i > 0.
To prove that for i # j, Q10 and QJ10 are unequal in the Q1 sense we need,
as was shown in [3]:
- AO m

and - FANQ, @

which guarantee that all our numbers are individuals.

These axioms, as was also shown in [3], allow us to prove the cancellation
law for addition.

Thus we have all the simpler ''Peano axioms' in the following form:

FI(0 =qn+1)
Fn+1=ym+1>n=,m, etc.,

where n and m are natural numbers, but we do not have
FW)xeN>T(0 =4x+1) etc.

Also to prove the mathematical induction axiom we need a class N of natural

numbers. This we define as follows:
N =00x(0A Ay 2 Gy = x(Qgy))))
vhere NZ = u. FAHy o Zv > vu.

We then prove that N is a set:



THEOREM 1. + FAHN.

Proof. By (1) FAHX + H(x0)

and FAHX,Ay H(xy)

also by (2) FAHx, Ay l—H(x(Q1y))

so FAHx,Ay +H(xy o X(Qp’))

and FAHX FH(X0 A Ay o, (xy = x(Q))

(this step uses rules PH and PE and results from [2]).
Let W = Ax.x0 A Ay o y()cy =] x(Q1y))

then, by DIE, +— F(FAH)HW

Now, Au, FAHz + H(zu)

and FAHz - H(Wz)

s0 Au, FAHz - H(Wz > zu)

and so Au - H(FAHz o, Wz > zu)
K + FAHOW)

i.e. — FAHN. O

We could note that (A) is not needed in this proof so that this theorem holds
in alternative set theories where (1) and (2) hold but (A) does not.

We now show that N is, in a sense, a subclass of A; again this does not re-
quire (A).

THEOREM 2. Nu  Au.

Proof. By (2) we have Ay l—A(Q1y)
and so Ay Ay o A(Q1y)
and by DT= - Ay 2y Ay A(QIy) .

Then by (1), taking W as above we have:
- WA

Now Nu = NWu = FAHv :vas vu,
so as - FAHA
we have Nub Aau. O

Note that because DTZ holds only for U = A, H and FAH we cannot conclude
+Nu >, Au from this. Using Theorem 1 we can get no more than Au - Nu'> Au,
which is not very useful. If we use the stronger deduction theorem for E given
in [1]:

IfA, Xu - Y then A, FAHX - =XY,

we could obtain +3NA, but this rule makes the system substantially stronger.
The theorem however means that Au 2, (Nu = Xu) has all the properties that
Nu 24 Xu could have, namely:



Au :u(Nu > X), Nu X

and if A, Nu X then A }—Au::u(Nu:: X).
We now prove that mathematical induction holds for N.

THEOREM 3. If X0 A Ay > y(Xy: X(ij))
+Au o u Xu = Nu
+ FAHX,
then I—-Q1XN,

Proog. With W as above we have:
Nu FAHv a2, Woaw

so by (c) Nu — WX = Xu
and by (a), Nu + Xu.
By Theorem 1, Au -H(Nu)

SO Au —-Nu 2 Xu.

Also by (b) Au —Xu © Nu

so Au Xu v Nu

—Au >u Xu > Nu
i.e. I—Q1XN. m]
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(a)
(b)
(c)

The following restricted form of this theorem will be all we need in many -

cases:

COROLLARY. If (a) and (c) hold then Nu Xu.

We now look at some further basic properties of the natural numbers as we

have defined them.

THEOREM 4. Nx |- N(Q1x) .

Proof. Nx, Ftv, [vo A Ay >, vy > v(Qy)] Fvx.
By Theorem 2,
Nx + Ax,
w Nk, FAHv, [vo A Ay o vy o vQy)] + vQp).
Thus as FAHv k-H[vo A Ay = vy = y(Qp)]
Nx —FAHV > [vo A Ay 2 vy 2 v(Qy)] 2 v(Qx)
i.e. Nx F—N(Q1x).

THEOREM 5. Nxbkx =40 v ZA(Az.X = Q1z A Nz).

Proof. Let X = Axex =10 v ZA(Az.x =4 Qqz A N2)

then - FAHX

(3



Now as  FAHO,
Az -FAI(Qq2),

and Az +H(Nz)

—H(EA(Az<0 =4 Q1z A Nz)).
Also A0
o 0 =40
and so X0,
Now AX bx =40 :»Q1x =4 Q0 a NO,
S0 A x =4 02 TA(Az+Qyx =1 Qqz A Nz).

Also  Ax, Az,x =, Q1z A Nz I-le = Q1(Q1z)
and by Theorem4, Ax, Az, x = Q1Z ANz - N(Q1z)

so also by Theorem 2, Ax, x =, Quz ANz I—EAD\w-Q1x =1 QW A Nw)

A HIA(Azex =, Qqz A Nz) @ ZA()\z-Q1x =1 Qz A Nz)
by (5) and (6)
Ax FXx 2 X(QqX)

and using (4) X0 A Ax DxXxD X(Q1x).
Thus by (3) and the Corollary to Theorem 3,

Nx x =40 v ZA(Az*x =, Q,z A Nz).

THEOREM 6. Nx + Au o pxu= EAO\QO]zu A Nz).

Prood. Nx, Au, xu T(x =, 0)
Nx, Au, xu HIA(Azex =, Q1z A Nz)
Nx, Au, xu l—ZA()\z-Q1zu A Nz). O

If we have the following axiom of extent (mentioned in [3]):

(E2) FAu = Az >, FAHt o ¢ Qzu >tz »tu.

We also have as - FAHN:

THEOREM 7. Nx kAu > u> Nu.

Note that this axiom for the weakest form of substitution for equality is

suggested in [3]. The first rule:

Qqzu, tz ktu

leads to anomalous (though not inconsistent results). The second, the axiom:

(E1) FAHu > uI-‘AHz > ZFAHt 2 ,Qzus tz e tu

gives RR“» RR

Q)

(5)

(6)
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where R is the Russell class (which is a set in this paper). We also have RR =
T(RR) and so by Eq, + RR«=T(RR), but as we do not have AR and hence not
H(RR) we cannot prove a contradiction from this anomalous result.

The third possibility, the axiom (E2) mentioned above seems to be free of
anomalies and is sufficient for what we require above.

Note also that Theorem 7 says that N is a transitive set.

Going back now to arithmetical properties in the more general form we find
that we can easily prove:

THEOREM 8. (i) Nz,Nx,Ny kX =1y 5 (x =125y =12)
(ii) Nx,Ny Fx =1y > le =1 Q1y
@ii) Nx FT(0 =4 Q1x)
(Av) NNy HQux = Qy =2 x =qy.

Proo§. By Theorem 2, (A)

FAHx, FAHy HH(x =,y)

and FAHX 1-FAH(Q;)

it is easy to show that on the basis of the assumptions all the formulas to the
right of + are propositions; (i) then follows by the definition of Q and (ii)
and (iv) follow directly from (i); (iii) follows by the definitions of Q1 and 0.0

The four parts of Theorem 8 correspond to the first four Peano type axioms
given by Mendelson [8]. To prove the next one:

Nx  x+0 =X,

however seems to be impossible with + defined contextually as it is.

The alternative is to define addition (and also multiplication) by recursion.
The recursion operator has been defined in [6] in terms of an ordered pair oper-
ator, which is also defined in [6] and a predecessor function which is also defi-
nable in terms of combinators. We can however define the predecessor rela-
tion in terms of terms definable using Z, A and H, in a much simpler fashion.

DEFINITION. [n]=2Az AX*IA(Ayeyx A zy) .
We can then prove:

THEOREM 9. (i) FAHz I-FAH([ﬂ]z)
(ii) FAHt +[n] Qb =1t
@ii) +[n]o =4 0.
Proof. (i) By (A), FAHz, Ax, Ay FH(yx A zy)
so FAHz, Ax,  H(ZAQy*yx A zy))
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i.e. FAHz +FAH([n]2).
(ii) [#] (Qt) = Ax*ZAQAy*yx A Q;ty), so by (A) and Theorem 2
Ay,Ax FH(yx)
and FAHt Ay, Ax H(Qqty)
FAHt, Ax, [] (Qt)x +tx
i.e. FAHt,AX - [1] (Qit)x > tx.
Also Ax,tx,FAHt |-tx A Qtt,
so Ax,tx,FAHt IA(Ay*yx A Q1ty),
and so Ax,FAHt -tx o [n] (Qt)x.
: Ax,FAHt | [7] Qyt)x es tx
so FAHt AX o x[n] (Qt)x = tx
i.e. FAHt H[7](Qqt) =1 t.
(iii) [n]Ox = ZA(xysyx A Oy).
But Ay > T(0y)
so +Ax = T([1]0x)
and so +Q([v]oyo. O

The ordered pair operator D can now be defined by:
DEFINITION D. D = AxAyAzdu.(T(ZAz) o xu) A (ZAz o y([n]x)u).

To prove all the expected results for this however, we need the following
stronger form of (E2), which is however still weaker than (E1) and seems to a-
void the anomalies mentioned earlier.

AXIOM (B). + Au =uFAHz :ZFAHt =tQ1m > tu> tz.

This gives in particular:

TIEOREM 10. (i) Au, FAHz, Qzu FAz
(ii) Nu, FAHz, leu i—Nz,

and also the basm properties of D:

THEOREM 11. (i) FZ(FAH)AH)', FAHx FFZ(FAH)N-I(Oxy)
(ii) FAHx, FZ(FAH)AHy EDxy0 =4 x
(ii) FAHx, F,(FAH)AHy, At -Dxy(Qt) =4 yt
Proof. (i) By Theorem 9 (i) and (A),-
F, (FAH Ay, Au, FAHX -H(y([r]x)u)
FAHz t—H(ZAz),‘
so FZ(FAH)AHy, Au, FAl{x FAHz, I—H(nyzn.)
F, (FAH) AHy, FAHx t—Fz(I-‘AH)A(ny)

also
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(ii) Au,FAHx,F, (FAH) Ay, DxyOu bxu

and by (i)
FAHX, F,(FAH)AHy, Au +DxyOu = xu.
Also FAHx, FZ(FAH)AHy, Au xu > DxyOu
so FAHx, FZ(FAH)AH)' Au o a Xu ¢ DxyOu
i.e. FAHX, F,(FAH)AHy +Dxy0 = x.
(iii) As At Q,tt
At l-—zA(Q1t) (W)
Au, FAHx, F, (FAH) AHy,At,Dxy (Qt)u y([n] (Qt))u. 8
Now as Ar FAHr
we have F, (FAH) Aty , Ar,Au H(yru)
i.e. FZ(FAH)N{y,Ar,Au +H(Cyur)
and .- FZ(FAH)AHy, Au  FAH(Cyu).
By (A) and Theorem 9 (i) At +FAH([7] Q)
and by Theorem 9 (ii) At (7] Q) =1t

.~ by (B) and (S): .
Au,FAHx,Fz(FAH)AHy,At,ny(Q1t)u Fytu.
Similarly using (B)
Au,FAHx, F, (FAH) AHy,At,ytu Ly ([n] Qt)u
so by (7),
Au,FAHx, F,(FAH)AHy, At,ytu kDxy(Qt)u,
and the result can be proved. O

Now we define the recursion operator:
DEFINITION R. R = AxAy.Y(B(Dx)(Sy)).

A result such as that in parts (i) of Theorems 9 and 11, about the funcion-
ality (or type) of R seems to be impossible. We have

Rxy = Dx(Sy(Rxy)),

so to determine, for given x and y, the type of Rxy from that of D we need first
the type of Rxy.

Altematively, we need to know a type for y; however, this is known to be
not derivable from the types for K and S. (These "types'" in fact constitute the
two basic axioms of the kind of system that we are dealing with - they allow
the proof of the deduction theorem for £ - see [1], and for a discussion of the
relation between axioms and types see [6]).

We can however postulate a type for y that does not conflict with those for
K and S and which will lead to a type for R.

(¥)  + F{F[F(FAH) (FAH)] [F(FAH) (FAH)] }[F(FAH) (FA)]Y.
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(+~F(FTT)TY is reasonable for any T as then FITZ +T(¥Z) and FITZ T(Z(¥Z)).
Below we only need the above special case).
We can now prove:

TUEOREM 12. (i) F,(FAH) (FAH) (FAH)y, FAHE, FAHx - FAH(Rxyt)
(ii) F,(FAH) (FAH) (FAH)y,FAHX HRxy0 =y X
(iii) F,(FAH) (FAH) (FAH)y,FAHX,At HRxy(Qqt) =y yt(Reyt).

Proof. F(FAH) (FAH)u, FAHlv - FAH(uv)
dnd FZ(FNI) (FAY) (FA)y,FAtly = F(FAH) (FAH) (yv)
I, (FND) (FA) (FAH)y, F(FAH) (FAH) u, FAHV - FAH(yv(uv))
and so T, (FAH) (FAH) (FAH)y , F(FAH) (FAH)u I—FZ(FAH)AH(Syu)
. by Theorem 11 (i):

Fy A (1NN (FAL )y, F(FAH) (FAH) u, FAHX l—-FZ(FAH)N-l(Dx(Syu))
and so Vo (EA) (D) (1N Dy, FALIX - F[F(FAH) (FAH)] [FZ(FAH)AH] (BDx(Sy)).
Now T, (FADAL = F(FAL (FA), so by (Y) and Definition R:

) FZ(FNI)(INi)(FNI)y FAHx - F(FA) (I"AH)(ny)
s0 the result follows.
(ii) As = ENIO, we have by (1) that
I, (BN (FALD) (FADy , BAHX - FATT(Rxy0) .

Now » .\3'0

YB() (8))0
B(Dx) (Sy) (Rxy)0
Dx(Sy (Rxy))0.
Now F5 (NN (END) (FAD y , FAHu b+ F(FAH) (FAH) (yu)
so by (i) IT:(I:VI)(FNI)(FAIU)' FAlix, FAllu F1=All(}'u(llxyu))
I, (FNI (ENTD (FALD y  FN I l—F,(h\II) A(Sy (Rxy)). 9
S0 hy I'hwrcm 1 (i)

EL (B0 (EAD (D y B - Dx(Sy (Rxy)0) = 1 X,

and the result holds,

(iii) This holds hy (9) and Theorem 11.(iii). O .\
5
O S S UL R R . \\
Noa we e define addition. ']
]
COEFINTTION “ “xy = x 4y = Rx(KQ,)y. -

mlm\u‘\vlv’h ‘(i)_ A Fx 4 0=yx Q&
Tl iy Xy = Qqley)
A s o LD NxNy I-V(x+y) o - oo
CProot. (i) By (N, ENIv,Aw Hl(Q,w) _ Q
b EA, NI 1~ FATL(KQquv) o v
and so o .-l,umn(mmml)(kq,) ' N
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». By (A) and Theorem 12 (ii)
FAHX +Rx(KQ,)0 =X
i.e. FAHX x+0 =
(ii) By (10) and Theorer 12 (iii),
FAHx,Ay Fx+Qy =1 KQqy(x+y)
SO FAHx,Ay l—x+Q1y 1Y (x+y).
(iii) Theorem 12 (i) + FAH(x+0), so by (i) and Theorem 10 (ii)
Nx +N(x+0)
HAX o xNx > N(x+0).
Now Ax > Nx > N(x+y) ,Ax,Nx N(x+y)
so by Theorem 4,
Ax > Nx > N(x+y) ,Ax,Nx I-N(Q,(x*-y)),

also then Ax o Nxo N(x+y) ,Ax,Nx +A(Q(x*y)).
Now Ay +FAH(Qpy)
so by Theorem 12 (i) Ay,FAHx I-FN{(x+Q1y)
by (ii) and Theorem 10 (ii) .

Ax > Nx > N(x+y) ,Ax,Ay,Nx +N(x+Q;y)
so Ay :y[Ax > Nx > N(x+y)] = [Ax o Nx = N(x+Qqy)].
So by the corollary to Theorem 3
Ny HAx > Nx > N(xty)
so Nx,Ny +N(x+y). DO

Clearly (i) and (ii) of this theorem have as special cases:
Nx x+0 =9 X
Nx,Ny ""x"‘Q]Y =4 Qx#y).
We now define the multiplication:

DEFINITION X. Xxy = x-y = RO(K(+x))y.

THEOREM 14. (i) FAHx x°0 =,0
(ii) FAHX,Ay x*Qy =q X *+ x°y
(iid Nx,Ny + N(x-y)
Proof. (i) By Theorem 12 (i), FAHx,FAHy +FAH(x+y)
so FAHu, FAHx,FAlly +— FAH(K(+x)uy) (1)
- FAlix +-F (FAH) (FAH) (FAH) (K(+X))
then by Theorem 12 (ii) FAlx +RO(K(+x))0 =40
so (i) follows.
(ii) By (11) and Theorem 12 (iii)
FAHX,Ay +-x- (Q‘y) =4 K(+x)y(x-y)
so FAHX, Ay -x=(Qqy) =, x+x°y.
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(iii) By (i) and Theorem 10 (ii)
Nx FN(x°0)
so Ax :xNx > N(x-0),

Ax :)J‘lx o N(x*y) ,Ax,Nx FN(x*y)
by Theorem 13 (iii)
Ax :)J\Jx: N(x*y) ,Ax,Nx HN(xy + x).
Now by Theorem 12 (i), (2) and Definition X
FAHx, FAHy }-FAH(x~Q1y)
by Theorem 10 (ii) and (ii)
Ax :xNx > N(x-y) ,Ax,Nx,Ay l—N(x-Q1y)
p@:ny:gxammﬂ]amx:gx:ﬂuoﬂn
so by the corollary to Theorem 3
Ny +Ax ::xNx o N(x°y)
Nx,Ny +N(xy). O

Thus given the extra axioms (B) and (Y¥) which we have had to introduce, we
can develop all the Peano type axioms of [8], and hence Mendelson's development
of formal number theory can be carried out here.
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FACTUAL AND COGNITIVE PROBABILITY

Rolando Chuaqui*

ABSTRACT. The paper presents a modification of the definition
of probability presented in earlier papers of the author (e.g.
A semantical definition of probability, in Non-Classical Logics,
Model Theory and Computability, North Holland, pp.135-167).
This modification separates the two aspects of probability:
probability as a part of physical theories (factual), and as a
basis for statistical inference (cognitive). Factual probabil-
ity is represented by probability structures as in the earlier
papers, but now built independently of the language. Cognitive
probability is interpreted as a form of '"partial truth"”. The
paper also contains a discussion of the Principle of Insuffi-
cient Reason and of Bayesian and classical statistical methods,
in the light of the new definition.

This paper presents a modification of the semantical definition of probabil-
ity introduced in Chuaqui 1977 and 1980. The new definition presented here
brings forth the two aspects of probability; as a basis for statistical infer-
ence and as a part of physical theories.

The main modification introduced is making independent of the language the
definition of the group of transformations that preserve the laws of the phe-
nomenon. Thus, the determination of the probability measure for the simple
probability structures of Chuaqui 1977 becomes independent of linguistic ele-
ments, and the simple probability interpretations <K,B,u> of Chuaqui 1980 may
be considered as models of reality.

The connection with cognitive elements is established via the concept of
probability as degree of partial truth, introduced in earlier papers.

The first section analyzes the different uses of probability, while in the
second, I give a brief account and a classification of theories on probability.
Section 3 introduces the modification of the definition in Chuaqui 1977 and
1980 that permits to consider probability structures as models of reality.

* This work was partially supported by the Organization of American States
through its Regional Scientific and Technological Development Program.
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The fourth section justifies the cognitive uses of probability by considering it
as a logical concept, while the fifth applies these remarks to an analysis of the
Principle of Insufficient Reason. The last section complements the study in
Chuaqui 1980 of classical and Bayesian statistical methods.

I would like to thank Professor William Reinhardt, Newton C.A.da Costa, and
Leopoldo Bertossi for many useful comments.

1. USES OF PROBABILITY.

Probability is used as a basis for statistical inference and as a part of
scientific theories. In its first use, I shall distinguish two different appli-
cations. One application is to use probability as the very guide of life in the
face of uncerfainty. Thus, probability is the basis of decision theory in its
classical and Bayesian forms. The need for statistical inference arises from our
wncertainty as to how we ought to behave under circumstances where we are igno-
rant concerning the state of the world. As Kyburg 1974 says, 'we attempt to de-
velop rules of behavior which we may follow, whatever the state of the world,
in the expectation that we are following rules whose characteristics are’ gener-
ally (1) desirable, and (2) attainable". The most desirable rule is one that
tclls us how to discover the true state of the world; the most attainable and
simplest is to forget about the arithmetic and act as we feel like it. A compro-
misc between these two extremes is to follow what we may know about the probabil-
itics of the different possible states of the world, i.e. about a measure of the
degree of truth of cach possible state of the world.

The second application of statistical inference is the evaluation of scien-
tific hypothesces. This application can be thought of as a case of a decision
whether to accept or not a scientific hypothesis, and thus it can be assimilated
to processes of the first kind. However, I believe with R.A. Fischer that "...
such processes have a logical basis very different from those of a scientist en-
gaged in gaining from his observations an improved understading of reality''.
(Fisher 1956 p.5).

Besides these statistical uses, probability statements appear as part of
physical theories such as Statistical Mechanics or Quantum Mechanics. Also, most
of the theory of stochastic processes serves as basis for scientific theories of
particular phenomena, such as Brownian motion and radioactive decay.

Although the word "probability" itself might not occur in a sientific theo-
ry, probability concepts are present as general statements expressing stochastic
rclations among random quantities. For instance, there may be functions express-
ing distributions or densities of certain quantities under certain circumstances.
Anyway, probabilities of events _are obtained from them and used in applications.
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Intuitively, there are other evidences of probabilities as independent of
our knowledge or belief. For instance, if we toss a coin 100 times and in 60 obtain
"heads'", it seems natural to believe that this is a property of the coin or rath-
er of the coin together with the mechanism for tossing it.

Since the statistical applications stem from our ignorance of the true state
of the world, I shall call them cognitive uses. On the other hand, the other
uses will be the factual uses.

2. COGNITIVE VERSUS FACTUAL INTERPRETATIONS.

The interpretations of the concept of probability which have been offered
stress either the cognitive or the factual uses of probability. Among the first,
I would put the subjectivist and logical views. Among the second, the frequent-
ist and propensity views. The subjectivist do not attempt to explain how we get
our probabilities while the holders of the logical views do. On the other side,
the propensity theories do not attempt to define probabilities but only to mea-
sure them, while the frequentists build models of reality where probability is
defined in terms of other concepts.

Probability, however, has both cognitive and factual aspects. Thus, any in-
terpretation should give an account of both. In order to do this, many scholars
hold a dual view: there is an interpretation of probability as degree of belief
or credence (cognitive) and another as chance or propensity (factual). The con-
nection between the two should be given by a principle of the following form (a
similar principle was formulated in Lewis 1980): 1let X be the proposition that
the chance, at time ¢, of 4 holding equals x, where x is a real number of the
wit interval. Let Cy be any reasonable 'degree of belief'" function of a person
that believes X at time t. Then Cyx(4) = =z.

In this principle, X is supposed to contain the statement about the factual
probability of A. Cy(4) is the cognitive probability of A: The two are supposed
to be connected by the principle.

I believe that any interpretation of probability should explain both the
factual and cognitive uses of probability and justify a principle such as the one
above. I shall attempt to provide such an account by modifying the views espoused
in Chuaqui 1977 and 1980.

3. PROBABILITY STRUCTURES AS MODELS OF CHANCE.

3.1. Simple probability models. In Chuaqui 1977, the theory of simple
probability structures was presented. From the simple probability structures K,
there were obtained probability interpretations of languages, constituted by
triples <K,B,u>, where B is a field of subsets of K and u a probability measure.
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We want to consider these probability structures as models of reality which de-
termine the probability measure u. However, in my original presentation, the def-
inition of u depended heavily on the language used. I believe this to be a fea-
ture that precludes their use as models of reality. I shall now offer a modifi-
cation of the concept of simple probability structures that will give us a def-
inition of p, independentof the language.

There are two elements in <K,B,p> that are language dependent in Chuaqui
1977. The first is the definition of B as the field of sets generated by all the
sets I‘bdx(¢) where ¢ is a sentence of the appropriate language (recall that
ModK(¢) is the set of models of K in which ¢ holds). However, B is the algebra
of events and there is no need of choosing it in this way, it can be taken to be
just the algebra of events that are necessary for an adequate description of the
situation. In case K is finite for instance, B will generally be the power set
of K. A more detailed explanation of B will be given in Section 4.

The other linguistic element is the definition of the group Gl(’ namely condi-
tions (1)(a) and (1) (b). This we have to get rid of.

In order to make the situation clear, I shall begin with the same example as
in Chuaqui 1977, the choosing of a sample S of size m from a finite population
of balls P. When we say "'S has n red balls" we mean that one of the properties
of the outcome was that the sample had #n red balls. The same outcome has many
different properties. We can think of an ideal approximation of an outcome, name-
ly a relational system that represents a possible model of the situation invol-
ved. In the case we are looking at, we can schematize the possible outcomes as
systems @ g = <P,Ry,...,Ry 1,5>, where P is the finite set of balls, RyseosBy y
are fixed subsets of P that represent the properties we are interested in (for
instance, red), and S is any subset of P of m members (the sample). For each
suwbsct S of m members there is a corresponding system Olg; the set of possible
outcomes K, consist of all models (g of the form described above.

Let us analyze a possible outcome O ¢ = PyRyse s By 155>, The properties
Ry,...,Ry 4 are intrinsic properties of the balls in P. That is, when we move
the balls around or choose a sample, their properties remain. Also, these prop-
erties are fixed in all Ol g. We may thus call <P,Ry,...,R 1> the intrinsic part
of K. On the other hand, <P,5> gives the structure of the experiment, and is var-
iable in each dlg. <P,5> is called the structural part of (I g and denoted
Ol~S s¢- We may have different e\xperinents performed on the same set of balls P.
The probability structures for these different experiments might have the same
intrinsic part but different structure. For instance, if the experiment con-
sists of the choosing of a sample with two Rj-balls, the outcome will be of the
form <P,Ry, ... ,Rm_l,Q> where @ is a subset of P with two Ro-balls.

The second example 1 shall give is a modification of Example 3 of Chuaqui
1977. Suppose we have a circular roulette with a point for each real number.
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For simplicity, a fixed force is applied but the roulette starts from a variable
position. Each outcome results from beginning at a particular position. The sys-
tems in K may be taken to be of the form

OLI = <C,n,f, I>

where C is the set of points in the circle, r represents translations in the cir-
cle (a ternary operation, r(a,b,c) is ¢ rotated by the angle from a to b), f is
the continuous unary function that associates each initial position with a final
position, and I is the set containing the initial position (I contains one ele-
ment of C). Here, <C,f> constitutes the intrinsic part of K, because it is an in-
trinsic property of each point xz in C that it yield a final position f(x). With
this f we can express the asymmetry of the roulette, if it is asymmetric. We can
model symmetric roulettes without this f. The structure of the experiment is giv-
en by <C,r,I>, I is variable in the different (I ;. However r is fixed. Thus, we
cannot distinguish between the intrinsic part and the structure by just looking
at the variable part of K. Notice that C is not enough for defining a circle. It
is necessary to add an operation between the elements of C. For instance, I have,
chosen in this paper r. This operation r should be part of the structure of the
experiment, because it really consists of a rotation of the circle.-If we had
just <C,I> in the structure, the experiment would be the choosing of a point in
a set ¢ and not in a circle <C,r>.

From these two examples, we see that in order to describe the simple prob-
ability structure we need to specify, besides the class of possible outcomes K,
its intrinsic part. Thus, we define a simple probability structure as a pair
K = K,d>where K is a set of relational structures of a fixed similarity type
(called the set of outcomes of K) and 0L is a relational structure (called the
intrinsic part of K) such that L[V = 0L for every e K, where J is the index set
of the similarity type of 00 (thus, all structure fe K, have the same universe
say 4).

The group of functions Gg is now determined by K and B without reference to
the language. For L= K, let I‘st = 4} (Z-J) where I is the index set of the sim-
ilarity type of K. That, is zst represents the structure of the experiment. Also,
for B¢ K, B = {f*st : .= B},

The group of functions S that preserve the '"laws of the phenomenon' contains
all permutations f of the universe 4 such that

(1) For any e K, f'@ e K, and 1) =K,

(2) For any B € B, B €8 and Bf‘lc B, vhere 3 is the unique C ¢ K swch
that C,, = {ffe B_}.
Condition '(1) can be expressed simply by l(f < K and Kf'1 < K. The measure u isa
measure invariant under G-
In our first example G¢ consists of all permutations of the universe P. In
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the second, GK contains all automorphisms of <C,r>. In general, if <A,Pg, . 5Py
is constant in all elements of K and none of the relations P,, .eesB 4 are in
the intrinsic part of K, then G is a subgroup of the automorphisms of
<A,Pgs-. 5P 1> .

In order to extend the situation to compound structures, we define a sym-
metry relation between subsets A, B of K:

A~.B ‘ffAf=B for a certain .
gBi fet

The measure p is now invariant under K i.e.AEB implies w(A) = u(B).

Summarizing,we have obtained a model of reality <K,B> that gives a probabil-
ity measure u invariant under 'S If this p were the unique invariant measure,
then <X,B> would be a sufficient description of the model. Uniqueness is not a
rare phenomenon. As a matter of fact, all situations I have analyzed yield a
unique measure. However, the general conditions for uniqueness that I know of
are rather technical and, hence, they are not natural to add as requirements for
<X,B>. Thus, the simple probability models have to be specifed by the triple
d = <X,B,u> where X = <K,d > is a simple probability structure, B a o-algebra
of subsets of K, and u a probability measure invariant under G Kis called
the set of outcomes of dJ.

3.2. Compound probability models. The compound probability structures
introduced in Chuaqui 1980 need only minor modifications.

However, it may be noted that with the new definition of simple probability
structures, the compound structures seem much more natural, since now the sym-
metries are independent of the language.

An outline of the definition of compound probability structure will help to
understand the situation. These structures are determined by three elements.

1. The causal structure. The basic elements of the causal structure are
the (causal) trees <T,&p>. T is a set and & is a well founded partial ordering
on T such that the successors of any te«T are countable and well ordered by <pe
A graphical representation of an example of a tree is:

o

where £p is in the horizontal direction from left to right.
A tree is a generalization of the notion of causal dependence. Thus, what
happens at t « T influences what happens at a succeding s, i.e. at 8p > t. 1f
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s and ¢ are not related by <, then they are independent moments. The elements
of T can be considered in most cases as time moments, but this is not necessar-
ily so.

A causal structure F consists of a family of trees that includes all its
swbtrees. (<T,<,_,,> is a subtree of <5,<g> if <p € &g, and t = T, seS and ¢ <gt
imply s € T.) In most cases, it is enough to consider all the subtrees of a giv-
en tree <T,~<T>.

2. The set of outcomes. The outcomes are functions f with domain a cer
tain T« F. For any ¢t « T, f(¢) is what happens at £, and is a member of the
set of outcomes H(f,t) of a simple probability structure H(f,t). This simple
probability model is detemmined by the preceding values of f, i.e. f restricted
to Ty = {s:s <pt and s # t}. Calling HT the set of all outcomes with domain 7,
the events are subsets of Hy for T € F. In fact, H(f,t) = {j(¢): J « Hr and
Jlry = fIT,} is the sure event determined by fIT,, i.e. the set of outcomes
that are possible if f|T, has occurred.

3. The symmetry relation. On each simple probability model H(f,t) we cb-
tain a symmetry relation ¥, 35 explained above. From these relations, the sym-
metry relation ~ between compound events is obtained. Since now }, ¢ is indepen-
dent of the language, ~ will also be. The relation ~ is defined in several
stages.

a) We first define isomorphism between two simple probability models
J = <K,0>,B,u> and J' = <<K',00'>, B\u'>. Suppose 4 and A' are the universes
of K and K' respectively.

J sg J' if and only if g is a one to one function from 4 onto A' satisfy-
ing:

D) K =K (e K, = {g'k: L K D).

(ii) For any B€ B, BY € B',

(i) For any B< B, u(B) = u'(89).
In case u is the unique Gy-invariant measure, condition (iii) is implied by the
other two, since then p' is also the unique GK,-invariant measure. This is so
because the groups Gy and Gy are related by the isomorphism g as follows:

fe G iff gofog-1 < Gy!
let Be B, C« B', then
BC iff J=g and B? ~5.C.

This definition of isomorphism constitutes the only difference with the defini-
tion in d\uaqui 1980, Section 5, of compound probability structures. We could
use the same definition as there, but I believe that the new one is an improve-
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ment of the fommer; in particular because

K
b) We now introduce the notion of isomorphism between sets Hy and Hyp, for
T, T' « F. These isomorphisms are pairs of functions <h,k> such that % is an
isomorphism between <7, &p> and <T" sy >s and k is a one to one function from
H, onto Hy, with the following properties.

J=gl (i.e. with J' = J) iff g € G,.

(i) fter, f, f'e Hy and fl7, = ' [Tt (i.e. what occurs before t is the
same for f as for f'), then k(f) rT'h(t) = k(f')rT'h(t) (i.e. what occurs
before A(t) € T' is the same for k(f) as for k(f')).

(ii) a#(f,t) and H(k(f),k(t)) are isomorphic (in the sense of (a)) for
feH, and ¢ € T. In fact, the corresponding isomorphism 9r ¢ is such that
if L = j(#) for a certain j € Hy with jth = fIT,, then g}‘.’tist = (k(J)
(h(t)))st. Notice that j(¢) is an outcome in H(f,%¢) and k(J) (h(¢)), an out-
come in H(k(f),h(t)).

c) Now let Ac HT and B < HT' for T, T' « F. We say that A~B iff there is
an isomorphism h of <T,&p> onto <I', &> and there are S, S' and k such that,

(1) <8,%g> is a subtree of <Ty<p> and S' = h*s.

(ii) Hg is isomorphic to Hg, by <hals,k>.

(iii) For every t€ S and f < Hy the corresponding parts of A and B by
<h,k> are equivalent, i.e. if we define A(f,t) = {j(¢): j €A and jf'.l't =
fiT:} then A(f,t) :Qf,tB(k(f'),h(t)).

(iv) For t€T-S and f < Hy, A(f,t) is equivalent to the sure event at its
level, i.e. A(f,8)~p H(f,2).

(v) Similarly, for t' e I'-S" and f' e Hp,, B(f',2')~ ,t,H(f',t').

The measure u on the compound events should be invariant undex ~. In Chua-
qui 1980, a procedure for defining such a measure is given. The algebra of com
pound events consists just of the measurable sets with respect to this measure.

As a first example of a compound probability structure, I shall take the
case of independent trials of the same experiment. Assume that the experiment
is modeled by a simple probability model J = <K,B,u> and that there are n inde-
pendent trials where » < w. We assume a symmetry relation is defined on J, say
~x

The causal structure for the compound model is constituted by the subtrees
of <n, =>, Since the trials are independent, there is no causal relation be-
tween them; thus, we take = for the partial ordering.

The compound set of outcomes is "K, where K = K, >, For every f « g
and t € n, H(f,t) = J. Since <n> is a very simple tree, all <m, => withmg n
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are subtrees. Also, the only condition for the isomorphism of two such subtrees
is that they have the same cardinality, and any isomorphism can be extended to
an automorphism of <n, =>, i.e. a permutation of n.

Events are subsets ome =™ for mc n. For any A_C_Hm, feH andtem
A(f,t) = {j(£): § € A}; thus A(f,t) is independent of f and H(f,t) =

Suppose that H,, and H,, are given and that » is a one to one function from
m onto m'. let us analyze which k are such that <h,k> is an isomorphism of H,
onto Hm.. k should be a one to one function from Hm onto H,,. Since for every
tem, Ty = @, condition b(i) is always satisfied. Condition b(ii) requires
that there be an isomorphism g, of J onto itself (i.e. gy Gl) such that
g:(j(t)st) = (k(7) (n(¢))) 4 for every je H . Thus, if B H and CcH, , then
B~Ciff B(f,t)~KB(f,h(t)) for every t € m.

Therefore, the compound measure is given by the product measure, and the
compound events are the measurable sets according to this product measure.

As a second example, take T = {to,t1}, a set of two elements, with t;<n 4,
and its subtrees, as F. For g, we have the simple probability model I = '
<K, 0 >,By,Uy>. For each L €K,, we have the simple probability model Jf =
<Ky ,0L> By gz The compound outcomes are the functions f with Dof = T and such
that f(to) € KO and f(to) € Kf‘(t ) Suppose, further, that Kf, is not isomorphic
to Kpy, ford # &',

The only subtree of <I,<;> is <{t;},<>. There is only one automorphism of
<T 1$p”s namely the identity.

It is clear that H(f,to) = dJ; and H(f,t,) = Jf(to) for every outcome f. Let
us see which are the k's for which the pair <identity, k> is an isomorphism of
Hp onto Hp. k must be a one to one function from Hy ontoHp; b(i) can be express-
ed by:

() if f(gy) = £'(£y), then k() () = k(f') (¢y),

(b-ii) adds two conditions:

(2) gf’to: GK

@ 1t < Ky

Thus, if B,C cHp, then B ~ C if and only if (i) and (ii), or (i) and (iii) are
satisfied, where
@) Bty CUstp)
(ii) For every Le K;, we have B(i) C(i), where BA) = {f(¢4):f B,
) = 4.
(i) For every if.c Kys B(&)..‘Lli.
The compound measure p is defined by
ue@) = | uB@)d, .
fs(f,t(,) B

I
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As an instance of this last example, assume that Kj = {Z;,L, L3} vhere i,
represents the choosing of urm i (i.e. there are three urns 1,2,3). In urm i

there are n, balls with my white balls. Kii represents the choosing of a ball
from urn i. The event 'a white ball is chosen" is represented by the set of

outcomes f, where f(0) « KO and f(1) « Kf(O) is a model where a white ball is
selected. Let us call this event W. Suppose that u, (.'ﬂ]) = uo(i.z) = uo(f.s). Then
-

MOR Ixoui(wcf-i))duo

= (g W)+ (WCEey) ) iz (W (Eg))) 5

4. PROBABILITY AS A LOGICAL RELATION.

The justification of the Connecting Principle is given via the conception
of probability as partial truth that was developed in Chuaqui 1977 and 1980.
This is a logical conception of probability. We, thus, need a language L.

A probability model J = <K,B,u> is appropriate for L if the following two
conditions are satisfied:
(i) The similarity type of the structures in K is the same as that of L.
(ii) B includes the set {Modg(¢): ¢ a sentence of L}, where Mody (9) =
L €KL = ¢}.

If 7 is an appropriate probability model for L, we define, as in the ear-
lier papers,
PL($) = u(Modp(4)),

for all sentences ¢ of &.

P provides a logical interpretation of probability as a relation between
a sentence and a probability structure J, which is considered as an interpre-
tation of the sentence. PJ(¢) represents a measure of the ''degree of partial
truth of ¢ under the interpretation J'". Notice that J has a dual role. Onone
hand, it is a model of reality. On the other hand, it serves as an interpre-
tation of the language. The usual relational structures (or possible models)
of logic can also be seen in this dual role. But in this latter case, reality
is completely specified and, hence, every sentence is either true or false.

This logical interpretation of probability can serve to justify the Con-
necting Principle, which is now reformulated as follows:

Let Cy be any reasonable ''degree of belief'' function of a person who ac-
cepts the proposition X that the probability structure J is an adequate des-
cription of the situation involved, and that PJ(¢) = r, for a certain



53

r € [0,1]. Then
Cy(9) = 2.

The person p should believe ¢ to the degree PJ(¢), because he believes ¢ to
be true to this degree. Thus, the connection between factual probability anc de-
gree of belief is obtained via truth. This is very natural because we be-
lieve what we believe to be true. Thus, we should believe ¢ with degree a when
we believe ¢ to be true with degree a. This is similar to the relation between
usual logic and belief. If somebody believes ¢ and that ¢ logically implies
then he should believe .

Degrees of belief should be applied to propositionsinstead of sentences.
Thus, a more accurate description should involve Intensional Logic (such as
that of Reinhardt 1980).

Notice that I put Cyx(¢) and not C(¢|X). This is so, because I believe the
acceptance of 4 does not change C by conditionalization (see Kyburg 1980 and
Chuaqui 1980, Section 2).

My main differences with Bayesians (at least with strict Bayesians) are two.
In the first place, I do not believe that probabilities (or degrees of belief)
can be assigned to all events. Only given a well-defined situation in which the
possible outcomes are determined, it may be possible to assign probabilities.
In the second place, as it was mentioned before, I do not believe that the only -
changes in the probability (or degree of belief) function proceed by condition-
alization. The discussion of these matters would take us too far, so they will
be left for another paper.

5. A NOTE ON THE PRINCIPLE OF INSUFFICIENT REASON.

As an example of the application of the ideas given previously, I shall
analyse the Principle of Insufficient Reason or Principle of Indifference:

"The Principle of Indifference asserts that if there is no known reason for
predicating of our subject one rather than another of several altematives,
then relatively to such knowledge the assertions of each of these alternatives
have an equal probability'" (version of Keynes 1921, p.42).

This principle may be interpreted in two different ways: cognitive and fac-
tual. We can say that the equal probability is established when one knows of
no reason or when there are in fact no reasons.The Principle as stated by Key-
nes (and also as stated by J. Bernoulli and Laplace) gives the first interpre-
tation. In this form, it is indeed contradictory, as the well-known paradoxes
show. However, a factual interpretation is also possible and may not be contra-
dictory. In fact, a careful reading of Laplace 1820, leads me to believe that
his intention was factual, although the actual wording is clearly cognitive.
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I believe that my symmetry relation for events in probability structures is
such a factual interpretation. In order to illustrate these ideas I shall give
an analysis of Bertrand's paradox (Bertrand 1889). It is more convenient to in-
troduce first the notion of random variable. Let H be the set of outcomes of a
probability structure (simple or compound). Then a function X: H + R (R the set
of real nubers) is a random variable if and only if x"*!l < B (the algebra
of events) for every Borel set 4 = R.

The experiment for Bertrand's paradox is the choosing of a chord at random
in a circle and determining the probability distribution of the lengths of the
chords. If the experiment is not further specified, we would have a simple prob-
ability structure (K,<4>) where 4 is the set of chords and K contains all mod-
els of the form <4,S> where S consistsof one element of A (the chord selected).
We define the random variable X: K - R by X(<4,5>) = the length of the chord
in S. The o-algebra of events B should be {X""A: A Borel, A € R}. Gg is the
set of all permutations of A that transform B into B. In a sense, they are a
counterpart of Borelian functions on R. It is not difficult to prove that there
is no measure invariant under Gg-

So we should specify the experiment further. In fact, the origin of Ber-
trand's paradox arises from the fact that we can specify this experiment in sev-
eral different ways which yield different distributions. Each of these ways can
be put into the framework of my probability structures. I shall indicate how
this can be done for two of these specifications.

(a) Choose two points on the circle and draw the chord between them. We have
a compound probability structure with a causal structure consisting of the sub-
trees of the tree <{t(,t }, = >, i.e. T = {ty,t,} consistsof two independet
elements. Let K = <K,d > where K consistsof all structures io = <C,r,0> with C
the points in the circle, r rotations, and 0 the selected point; Ol = <C>. The
experiment in question is modeled by K with the random variable X: xR
where X(f) = the diitance between the point selected at f(to) and that selected
at f(t1); B = {X'1 (4): 4 a Borel subset of R}. The group GK corresponds to
the rotations of the circle. Thus, there is an invariant measure.

(b) Select first a point on the circle and then a point on the radius
through the first point. The chord chosen is the perpendicular to the radius
through the second point. We are again in front of a compound probability struc
ture consisting of the subtrees of <I',&p> where T = {tO’t1} has two elements
and ty sptq. At £y we have the same X as in (a). For each g € K we have X =
%.C> where Kgo is the set of structures of the form <D,t,I>, D contains the
points on the radius passing through the point 0, ¢ the translations of the
line modulus the radius, and I the point selected on the radius; ¢ = <D>. In
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order to complete the model we need a random variable Y: H ~ R, where H = {f:
Dof = {to,t1}, f(ty) <K and f(ty) < If‘(to)] is the set of outcomes, and Y(f)
is the length of the chord perpendicular to the radius selected at .I‘(to) and
through the point selected at f‘(t1). The algebra of events is {Y'l A: A a Borel
subset of R}.

the group of K&, is the group of translations; so again there is an invar-
iant measure. By the usual analysis (see, e.g. Parzen 1960) we can obtain the
distributions that are expected.

6. CLASSICAL AND BAYESIAN STATISTICAL INFERENCE REVISITED.

The purpose of this section is to improve the analysis of classical and
Bayesian statistical inference given in Sections 3 and 4 of Chuaqui 1980, in the
light of the modifications introduced so far.

First, I shall analyze classical inference. Let us assume that we have an
experiment which can be repeated and we propose a simple probability model J = |
<K,0>,B,u> for it. This is now a factual model, so we can assume it as a sci-
entific hypothesis. We then repeat the experiment n times for a large n and ob-
tain a sequence of results. The probability of events consisting of sequences
of results is computed by building the compound probability structure “K and
proceeding as in Chuaqui 1980. Recall that here we have a compound probability -
structure, with causal structure F composed of the subtrees of <w, = >, 1.e.
all moments in w are independent. Events are subsets of “X, the set of outcames.
If a compound event A occurs which has a low probability according to “X and
high according to another structure “K', then we reject the original hypothesis
that J = <<K, d >,B,u> is the adequate simple probability model.

This account is the same as that of Chuaqui 1980, and can be completed as
there. What I would like to make precise is the type of simple probability
models J that can be taken as hypothetical models. Suppose, first, that the ex-
periment is that of tossing a coin. In this case, we have a complete physical
explanation of the phenomenon and the model J can be built accordingly. However,
there are many cases where the only known facts are frequencies observed in se-
quences of repeated experiments. Thus, the only natural 4 is one that just mim-
ics the choosing of elements of a set. We have to assume that there is an un-
known physical explanation for this way of choosing.

For instance, suppose that we observe that the relative frequency of the
event is about 1/3. Then we should assume a K V{ith models of the form Olo=
<A,E,0> where A contains three elements, £ (the event considered) -contains one
fixed element of 4, and 0 (the chosen element) contains one element of 4, dif-
ferent for each model. The intrisic part is <4,E> and the structural part
<A,0>.



56

If the relative frequency tends to v2/2, for instance, then our structures
in K should be like that of a symmetrical roulette <C,r,f,E,0>, with E a fixed
interval of length v2/2 and 0 the chosen element.

However, these types of models without any physical explanation are not com-
pletely satisfactory, because we do not know the mechanism 'for choosing 0.

Thus, in a sense, the assumptions dre not as well substantiated in the pure-
ly statistical case as when we have physical models. A case in point is the ob-
served relation between cigarette smoking and cancer. The evidence is almost
purely statistical, since there are no generally accepted physiological models
for this phenomenon. I believe this is one of the reasons for the difficulties
in accepting this connection as proven. The statistical evidence had to be over-
whelming for the general public to accept that cigarrete smoking increases the
chances of getting cancer.

Something similar is true for Bayesian inference. Here we have the causal
tree <{t0,t1}s2> with ¢, <, t;, a simple probability model J = <<K,(L >,
Byilg>s and for each Le [0’ another simple probability model Jy. We may assume
as hypothesis any dy- The trouble here is that it is often the case tbat we
have no evidence for I (JO determines what are usually called "a priori'" prob-
abilities). Thus, these models might be less justified than the classical ones.
Also, we might have evidence for a simple probability structure that admits no
invariant measure. In this case, Bayesian methods cannot be used. Only if we
have good evidence for a Y that admits a probability measure, the method is
perfectly adequate.

Given such probability models as the Jy's for the prior probabilities or
the J's based only on frequencies, it is one of the aims of science to replace
them by probability models based on physical laws.
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STUDIES IN PARACONSISTENT LOGIC I1I: QUANTIFIERS
AND THE UNITY OF OPPOSITES

Newton C.A. da Costa and Robert G. Wolf

ABSTRACT. In this paper, the propositional logics intro-
duced in a previous work (N.C.A. da Costa and R.G. Wolf,
Studies in paraconsistent logic I: the dialectical prineci-
ple of the unity of opposites, Philosophia 9(1980),pp.189-
217) are extended to first-order predicate calculi. Our
aim is to formalize certain aspects of dialectics, as they
are interpreted by McGill and Parry (V.J. McGill and W.T.
Parry, The unity of opposites: a dialectical principle,
Sgience and Society 12(1948),pp.418-444).

In da Costa and Wolf 1980, we constructed a sentential calculus DL whose )
purpose was to formalize the dialectical principle of the wnity of opposites,
as that principle has been interpreted by-McGill and Parry. As we insisted,
such a sentencial logic is only a first step toward richer, more philosophical-
ly useful logics. Here we plan to extend DL (note, not the second system DL*
also formulated in da Costa and Wolf 1980) to a first-order predicate logic DLQ
and show that motivations have not been sacrificed in the move to DI, We shall
also indicate how pLQ can be extended, in a similar way as DL was previously,
to DLO*,

We shall assume that our previous paper is available and will not repeat
the motivating remarks we gave there nor some of the more easily adapted tech-
nical results. This paper will therefore be more straighforwardly technical,
but such technicalities are, we feel, vital to the enterprise. Before moving
on to such technical aspects, we would like however to remark that this (and
the previous) paper is meant also to show the value of paraconsistent logics
-those logics intended to formalize non-trivial inconsistent theories- in
treating philosophical problems. Paraconsistent logics are as yet too little
known or appreciated within the logical commmnity. Hopefully, successful ap-
plication of such logics will help change that situation.
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1. THE FORMALIZATION OF oL AND SoME METATHEORENMS.

.l has the following primitive symbols. 1- The connectives: o,A,v, and °,
2- The quantifiers: ¥ (for all) and 3 (there exists). 3- Individual variables:
an infinitely denumerable set of individual variables which we do not need to
specify. 4- Three disjoint sets of individual constants, A, B and C such that
_{\U}}US =D # #. 5- Three disjoint non-void sets, A', B and C', containing can-
stant predicate symbols of any rank n, 0 <n < w. 6- For every n, 0 <n < w,
an infinite denumerable set of predicate variables of rank n. 7- Parentheses.
The individual variables and constamts are called terms.

The common syntactical notions, for example those of formula, proof, the
symbol +, and deduction, are introduced as usual. The letters A, B and C, with
or without subscripts, will be employed as metalinguistic variables for formu-
las; x, y and z, with or without subscripts, will denote individual variables;
a, b and c are syntactical variables for individual constants; t will denote
any term. The symbol of equivalence, =, is introduced in the usual way. The
metalinguistic abbreviations of implication and of equivalence are respectively
=> and <>,

DLQ is an extension of DL, so we shall assume the axiom schemata given for
DL in da Costa and Wolf 1980 (note that we are using schemata). To get ‘DLQ, we
add the following schemata and rules, which are subjected to the standard re-
strictions:

A18. C o A(X)/C = ¥xA(x)

A9, ¥xA(X) o A(t)

A20. A(t) o 3IXA(X)

A21. A(x) = C/3xA(x)> C

a22. ¥x(A(¥))°> (¥xA(x))°

A23. ¥x(A(D)° > (3xA())°

A24. If A and B are congruent formulas in the sense of Kleene 1952, p.153,
or onc is obtained from the other by suppression of vacuous quanti-
ficrs, then A = B is an axiom.

As hefore A22 and A23 insure that the stability operador © makes well-be-
haved formulas obey the laws of classical logic.

‘Theorem 1 of da Costa and Wolf 1980 generalizes to this new context.

TIEOREM 1. ALL schemata and rules of classtiecal positive predicate logic
are valid in DLQ,

Proof. Consequence of the postulates of DLQ.

In the next theorem, some notations of Kleene 1952 are employed:
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THEOREM 2. If A, B, CA and G are formulas satisfying the conditions of
theorem 14 of Kleene 1952, pp. 151-152, we have: 1- If the occurence of A in
CA 18 not within the scope of an occurrence of 1 or of 0, then: AZB
Xppeee0¥n CA = CB; 2- If the prime componentes of A, B, C are A1’AZ""Ak’
then: AJ,A0,...,A0, A=B + X Mg, = g

Proof. As in Kleene 1952: the postulate of DLQ are selected partly so that
this theorem would hold.

Theorem 3 of da Costa and Wolf 1980 also generalizes to this new context:

THEOREM 3. Let T U {A} be a set of formulas of DLQ, in which © does not
oceur, and whose prime components are A1 ’AZ" ,1-\1 Then T b+ A in the clas-

stical predicate caleulus iff T, A?,Ag,...,Az  Ain DLQ.

It seems evident that theorem 3 can be generalized to cope with the case
in which the formulas of T U{A} belong to DLQ, without any restrictions on the .
formulas.

THEOREM 4. DIQ is wndecidable.

Proog. Consequence of theorem 3 and of Church's result that the classical
predicate calculus is undecidable.

We can in an obvious way introduce strong negation ~ into DLQ just as was
done with DL. Then the corollary to theorem 7 of da Costa and Wolf 1980 also
generalizes to this new situation:

THEOREM 5. In DLQ, the symbols >,A,v,~,¥ and 3 satisfy all the postulates
of the classical predicate calculus. In particular, the following are provable:
(1) +~(@A>B)> ((A>~B)= ~A)

(i) A v~A

(i) +~A> (Ao B)

(iv) +~~A = A

(V) F¥ARX) = ~3x~A)
(vi) FIXA(X) = ~¥x~A(x)
(vil) + ¥x¥yA = Vy¥xA

(vii) -¥x¥WAKy) = VzA(z,2)
(ix) +V¥zA(z,2z) = 3x3yA(x,y)
(x)  +-~¥x¥y¥zA > 3x3y3z-A.

1]

Proof. Left to the reader. We note that the reasons for having the classi-
cal predicate calculus interpretable as a subsystem of DLQ are the same as
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having the classical setential calculus interpretable as a subsystem of DL.

The concept of a k-transform of a formula (cf. Kleene 1952, p.178) is eas-
ily extended to the classical predicate calculus with individual constants and
also to L, Definition of such a notion is useful to prove a motivationally
crucial conservative extension result.

THEOREM 6. IfT k A in DLQ, then any k-transform of A can be deduced in
DL from the k-transforms of the formulas of T.

Proog. Similar to the classical one, but taking into account the fact that
the prime propositional components of the formulas of DL will not be proposi-
tional symbols (variables or constants), but predicate symbols of rank n, fol-
lowed by n occurrences of the symbols (numerals) 1,2,3,...,k (0 <n < w).

‘The next theorem is crucial.

TIHHEOREM 7. DLQ 18 a conservative extension of DL, i.e. schemata not valid
in DL are not vatid in DL either.

Proof. Apply theorem 6. ~

The import of theorem 7 is that adding quantifiers to DL does not disturb
the intuitions underlying DL. If DLQ did not conservatively extend DL, then ei-
ther I)LQ would verify a formula scheme, in the vocabulary of DL, which on the
intuitions that we are assuming is a false theorem; or DL would have been poor
ly formulated as it left out a theorem which it could have contained, since it
uscs only the connectives of DL, and which is on the same dialectical intui-
tions a true theorem. In one case DLQ would be branded false, since it would
lcad from true assumptions to false conclusions; in the other, DL would be at
best inadequate, precisely in the area where we have claimed adequacy.

The way in which we have added the quantifiers is not the only possible
way; indeed it might be valuable to try other options. The value of the ap-
proach taken here is that it makes DL™ as close as possible to the classical
predicate logic (as indicated, the classical predicate calculus is close to
LY in another way; it can be interpreted as a subsystem of DLQ). For our pur-
poses, this is good for two reasons: 1- it facilitates proving metatheorems
and obtaining technical information about DLQ; and Z- it isolates the intui-
tions which separate dialectical logic from classical logic from the intuitions
underlying other issues in the philosophy of logic. We do not need here to
fight intuitionistic, modal or relevant battles, though we may opt to do so
¢ lscwhu" re.
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To pinpoint some of the significance of theorem 7, we -(ic that the follow-
ing schemata are not valid in DLQ:

(xi) AATIA.> B

(xii) AA1A. > 1B

(xiii) 7A > (A>B)

(xiv) A> (TA >B)

(xv) TA> (A>1B)
(xvi) A> (TA>71B)
(xvi) (A2B) > MB>714)
(xviil) 971 A= £

(xix) 1(AATTA)

(xx) AATA

However Ll also deviates from classical predicate logic on some properly
quantificational theorems.

THEOREM 8. In DLQ, the following schemata are not valid:

(xxi) 13x TARX) = ¥xAKX)
(i) Tvx TAX) =z IxA(X).

Proof. Consider the k-transforms of the above schemata and apply theorem 6. ,

It is important to realize that we don't want either (xxi) or (xxii) to be
valid. If we consider cases where neither A(x) or -1A(x) is applicable, then
(xxi) and (xxii) should fail. )

We now move on to the semantics for DLQ, which, as we shall see, is a gen-
eralization of that for DL. For similar semantics for predicate calculi, see
Arruda and da Costa 1977 and Alves and Moura 1978.

2. A SEMANTICS For L.

A sentence is a formula without free individual variables. In what follows,
I' and A will always denote respectively a set of sentences and a sentence.

DEFINITION 1. Let D be a nonvoid set. An interpretation of DLQ inDis a
function i which associates to each individual constant of i an element of D.
The diagram language of piQ relative to D is denoted by DLQD. (See Schoenfield
1967.) A valuation of DLQ in D, having i as its base, is a function v of the
set of sentences DL on {0,1}, such that:

(1) v satisfies the conditions of a valuation of DL;
(2) v(¥A(X)) = 1+>For every individual constant c of DL, v(A(c)) = 1;
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(3) v(3xA(x)) = le>For some individual constant c of DLQD, v(A(c)) = 1;

(4) vO¥X(A(X))®) = 1 =v((¥AX))) = V(@A) = 15

(5) If A and B are sentences satisfying the conditions of postulate A24,
then v(A) = v(B); :

(6) For any individual constants of DLQD, aandb, if i(a) = i(b), then
v(A(a)) = v(A(b)).

The valuation v satisfies a sentence A of DLQD (and of DL) if v(A) = 1.

DEFINITION 2. Suppose that T U{A} is a set of sentences of pLQ and that
v is any valuation; v is said to be a model of T if, for every element B of T,
v(B) = 1. A is called a semantic consequence of T, if every model v of T is
such that v(A) = 1. In this case, we write I' EA, If T = @, wé write EA, and
A is said to be valid.

As in da Costa and Wolf 1980, these definitions are meant to be as unstart-
ling as possible. By paralleling previously studied cases, especially the clas-
sical one, our proofs also parallel, and can be presented very quickly.

We now move to prove L sound and complete relative to the above semantics.
As typical, the soundness half is immediate.

THEOREM 9. n DL T - A =T KA.

Proog. By induction on the length of a deduction of A from I'.

We now turn to the completeness half, which is very close to the classical
case, given the following definitions.

DEFINITION 3. T is said to be trivial if for every sentence A, I' FA;
otherwise T is called nontrivial. T is said to be inconsistent if there is a
sentence A such that T A and T + 71 A;-otherwise T is consistent. T is said
to be "1-incomplete if there is a sentence A such that T' ¥ Aand I H T A;
otherwise T is called 71-complete. T is maximally nontrivial if it is nontrivial
and is not properly contained in any nontrivial set.

DEFINITION 4. T is called a Henkin get if, for every formula A(x) having
x as its sole free individual variable, there exists an individual constant c
(of LY such that T + 3xA(x) = A(c).

We now prove some crucial preparatory theorems.

THEOREM 10. If T is a nontrivial (Henkin) set, it i8 contained in a max-
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imal nontrivial (Henkin) set.

Prood. Similar to the classical proof.

THEOREM 11. Let T denote a nontrivial Henmkin set; then, one has:

(1) T has all the properties of a maximal nontrivial get of DL;

(2) VXA(X) € T <> For every individual constant ¢ (of DLY), A(c) € T;

(3) 3IXA(X) € T <> There ig an individual constant c (of DLQ) guch that
A(c)=T;

(4) If A and B are sentences as in postulate A24, then A =Be€T,

Proo§. The classical proof is immediately adaptable to the present situa-
tion.

THEOREM 12. Every (consistent or inconsistent; Tl-complete or Tl-incomplete)
nontrivial Henkin set has a model.

Proof. Analogous to the proof of the corresponding theorem for DL.
COROLLARY. Any nontrivial set of sentences of il has a model.

We have now proven everything necessary for completeness.

THEOREM 13. In DIQ: T = A =T  A.

Proof. Again, analogous to the classical case.

COROLLARY. T + AerT EA.
Proog. See theorems 9 and 13.

As the model theory here is so close to the classical case, some results of
the usual model theory can be extended to Q. For example, though we shall
not prove it, a Lowenheim-Skolem theorem for any denumerable I' in piQ is: if T
has a model, then I' has a infinite denumerable model. Such results are of
course of more than technical interest, as they indicate that we have enough
control over Ll to use it in (later) applications, without worrying overmuch
as to DIQ behaving in a pathological manner, fouling up attempted proofs of in-
teresting results. It is worth while to observe that our semantics is a general-
ization of classical semantics; in particular, Tarski's scheme T remains valid.

We prove one last, motivationally important theorem:

THEOREM 14. DLQ i8 consigtent and nontrivial.

Prood. Consequence of theorem 6 and of the fact that DL is consistent and
nontrivial.
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3. THE UNITY OF OPPOSITES, AND CONCLUSION.

We can (as with DL*) formulate the dialectical principle of the unity of op-
posities explicitly using the resources of DLQ (and also use some of the symbols
introduced way back at the beginning of the paper).

We can formulate two important forms of the principle of the unity of opp.
sities (see da Costa and Wolf 1980) as follows:

First form (#5 ~f McGill and Parry 1948): If ae« A and P is a unmary contant
predicate symbol « " A', Then:

A25'. T1(P(a) : P(a)).

Second form (#6 of McGill and Pz Ty 1948): Suppose that b e and that Q is

a unary constant predicate symbol be onging to B'; under these conditions, we
have:

A26'. Q(b)A QD).

Finally in order to insure the existence of well-behaved formulas, we as-
sume :

A27'. VXIXZ‘ . .Vxn(R(x1 Xpyeen ,xn))o,

where R is a constant predicate symbol of rank n, 0 < n < w, belonging to C.

A25' and A26' can obviously be generalized in various ways. pLQ* (DL +A25'
+ A26' + A27') is both inconsistent and nontrivial and presumably can be inter-
preted as a logic of vagueness without any real difficulty.

Ne conclude that DLQ (and DLQ*) is a well-motivated and technically well-
behaved logic which answers to (some of) the intuitions behind a dialectical
logic. Its development and investigation promises to be of interest to philos-
ephers interested in dialectical philosophy. Extension of L to get a tensed
dialectical predicate logic seems to offer no real difficulty.

On to tenses'
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SORTS OF HUGE CARDINALS

C.A. Di Prisco and J. Henle

In this note we consider some large cardinal properties related to huge car-
dinals. We establish some connections between these notions and the concepts of
multihuge cardinals and superhuge cardinals introduced in [B.DP.T].

A cardinal k is huge if there is an elementary embedding j:V + M of the u-
niverse V into a transitive model containing all the ordinals,such that k is
the critical point of j and M is closed under sequences of size j(x). If k is
huge and j is an embedding as described above, we say that A = j(x) is a tar-
get for « and denote this by k -+ (A). We use the notation « 3’ (A) to make explicit
which is the embedding under consideration. A cardinal k is a times huge if .
there are cardinals )\0 < )\1 <...<)\E<...(£ < o) such that for each £ < a,

K+ ()\g). A cardinal k is superhuge if it is o times huge for every ordinal a.

In the paper cited above it is shown that if the existence of a 2-huge car-
dinal is consistent (see for example [S.R.K]), then so is the existence of a
superhuge cardinal (moreover, it is consistent that a stationarily superhuge
cardinal exists).

The large cardinal properties considered in the present work are in between
2-huge and superhuge (or stationrily superhuge) in consistency strength. We also
prove that, in this sense, stationarily superhugeness is strictly stronger than
mere superhugeness.

1. A TARGET LIMIT OF TARGETS.

The proof of the consistency of a superhuge cardinal from the consistency
of 2-huge cardinal [B.DP.T] indicates that it is enough to have a multihuge car-
dinal with a target which is a limit of targets to obtain the consistency of
superhugeness, in fact:

THEOREM 1.1. Let « and X be cardinals such that k + (A) and {a <]k~ (a)}
18 unbounded in A. Then VA k" k i8 superhuge and the limit of superhuge car-
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dinals", and Vo E there are unboundedly many superhuge cardinals''.

Before proceeding to prove this theorem we need a lemma. We will denote by
x + (<)) the fact that the targets of k are unbounded below A, k + (<)) means that
K =+ (<A) and k » ()).

LEMMA 1.2, If k= (<) and A+ (y) then k-~ (<y).

Proog. The proof of the lemma is just routine; suppose x ‘J? (<A) and A g (V).
Then, if k:V +M, by elementarity M satisfies ''there are unboundedly many tar-
gets for « below Y'", and by the closure properties of M this is true in V.

Proof of Theorem 1.1. Let X be as in the statement and let j:V ~ M be such
that j(x) = A and }\Mc M. o < A is a target for «, i.e. ¥ + (a), if and only
if there is a normal ultrafilter on [a]'(. The inaccessibility of A guarantees
that this normal ultrafilter belongs to M, thus M k' k has unboundedly many
targets below \'. From here it follows that the set A = {0 < k|a has unbound-
edly many targets below k} is in the ultrafilter on « generated by j; there-
fore, VK E "There are wnboundedly many superhuge cardinals'. By the lemma 1.2,
the set of targets of each element of A is unbounded below A, and thus V, k

A
"k is superhuge and limit of superhuge cardinals".

COROLLARY 1.3. Con("There is a cardinal x with a target which ie limit
of targets for ') implies Con("'There are unboundedly many superhuge cardinals')
and Con(" There is a superhuge cardinal limit of superhuge cardinals').

In fact we have:

COROLLARY 1.4. If x is superhuge and has a target which is limit of tar-
gets of k then there is a normal ultrafilter on k concentrating on superhuge
cardinals.

We have thus seen that having a huge cardinal with a target limit of tar-
gets is consistency-wise stronger than superhugeness. Nevertheless, the local
character of the former property implies that the first cardinal with this
property is not above the first superhuge (suppose Ky, the first huge with a
target limit of targets,is above k, the first superhuge, then it is enough to
consider an elementary embedding associated to k + (A) for a A bigger than the
target limit of targets of ST and apply the usual kind of argument. Corollary
1.4. above indicates that K1 # x, so we have that if both cardinals exist,

Ky <K).
Moreover, the existence of a huge cardinal with a target limit of targets
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does not imply the existence of a superhuge cardinal. Indeed,

if xq is the first such cardinal and X is its first target limit of targets,
then let y be the first inaccessible cardinal above A, then VY E "« has a
target limit of targets and there is no superhuge cardinal'. Nevertheless, the
existence of a cardinal « with a target limit of targets, does imply multihuge-
ness.

PROPOSITION 1.5. « has a target limit of targets strongly implies that
K 18 many times huge. More precisely, there is a normal ultrafilter on Kk con-

centrating on cardinals with a huge collection of targets.

Proof. Let « + (<)) and let j:V +~ M be the embedding associated to k + (A).
Then M E "k + (<A\)". Thus {a < k|a » (<)} belongs to the normal ultrafilter
induced by j on k.

2. A STATIONARY COLLECTION OF TARGETS. .

In this section, we show that the concept of stationarily superhugeness is
strictly stronger than that of superhugeness.

PROPOSITION 2.1. Let k be a cardinal with a set of targets stacionary .
below a regular cardinal A. Then x has a target which is a limit of targets.

The converse 18 not true.

Proof. Let A < A be the set of targets of x below A. And let B = (A) = the
set of limits of elements of A. The set B is closed and unbounded (below 1) so
there is y € ANB. The cardinal y is a target limit of targets of «.

The converse is not true: just take VY where vy is the first strongly inac-
cessible above the first target limit of targets. In this model there is a tar-
get limit of targets but no stationary set of targets. Moreover, the existence
of a cardinal with a target limit of targets does not imply the consistency of
the existence of a cardinal with a stationary set of targets, because the pre-
ceding argument shows that Con ("3k with a stationary set of targets') implies
Con("3k with a target limit of targets'). So if a cardinal with a target limit
of targets implies the consistency of a cardinal with a stationary set of tar-
gets we would have that the theory ZFC + "3k with a target limit of targets"
implies its own consistency.

COROLLARY 2.2. If k <8 stationarily superhuge then there is a normal ul-
trafilter on x concentrating on superhuge cardinals; moreover, there is a nor-
mal ultrafilter on k concentrating on superhuge cardinals with a target limit

of targets.
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Proof. The proof of Proposition 2.1 shows that k has a stationary class of
targets which are limits of targets. From this and corollary 1.4 we obtain
that that there is a normal ultrafilter on k concentrating on superhuge cardi-
nals.

For the second part, suppose Ay < A, are targets of k which are limits of
targets and let j:V > M be the elementary embedding associated with k + (Az) .
We observe that M E 'k -+ (11), A 18 a limit of targets of x, and x has un-
boundedly many targete below )\2". i.e. M E 'k has a target limit of targets
and k > (<Ay)". Therefore the set {a < k|a has a target limit of targets and
a + (<x)} belongs to the normal ultrafilter induced on k by j. But by lemma 1.2,
all these cardinals o are superhuge cardinals.

3. MANIFOLD HUGE CARDINALS.

DEFINITION. A sequence {Ka}<Y of cardinals is a y-fold sequence if
Ko * (Ka+]) for all a,oa+1 <y and Ko ™ (K)‘) for all o < A <y, Aa limit ordinal.

For cardinals x < y, we say that k is a-fold huge (resp. <a-fold huge) and
Y is its a-fold target (<a-fold target) if there is an a+1-fold (a-fold) se-
quence {K€}€<a+1({i<£ £<a) with Ko = K and Ko =Y ( UK = vy). We denote this
by k 3 (1) (x (V).

The various gradations of x-fold hugeness form a hierarchy between 2-huge
cardinals and those discussed above. The following chart summarizes this order-
ing. The symbol " —=>..." indicates that Con(ZFC+ —) implies Con(ZFC+...) but
not the reverse. The numbers refer to the proofs that follow.

« is 2-huge > v ¥ (1) B e ¥ ()

3, K 18 o-fold huge for all o

& ¢ is super a-fold huge for all a
UG super «k-fold huge 8 « ig k-fold huge

2 K 18 super <k-fold huge gl( g <k-fold huge

25 Kk 8 super o-fold huge for all a < x

8 « ig a-fold huge for all a < k L ...

Z K 18 super B-fold huge LN Kk 28 B-fold huge...(for B < o)

and for A a limit (A < B):
t8 super A-fold huge S« is A-fold huge

~J
¢
=

3

18 super <\-fold huge 9’>K'I:8 <\-fold huge

bos

U

ig super a-fold huge for all a < A
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5, Kk 18 o-fold huge for all a < XA => ...

L Kk t8 2-fold huge g ¢ is stationarily superhuge
EN Kk has a target the limit of targets

=> k 18 superhuge, the limit of superhuge cardinals
=> there are unboundedly many superhuge cardinals
= k 18 superhuge.

In general, the prefix "super' indicates unboundedly many targets of the rele-
vant sort, e.g. 'k is super <k-fold huge'" means that for unboundedly many v,
¥ (y). First a simple lemma:

LEMMA 3.1.If {k }01<Y is a y-fold sequence, then k + (KB) for all a<B<x

Proog. It is true by definition for B = XA a limit ordinal and, by induction
on n, it is true for A+n since « + (§) and § + (n) implies «k + (n) (see [B.DP.
T], theorem 2C).

Our proofs will now proceed in each case by showing that the first property
implies the consistency of the second.

1. Let x be 2-huge and j:V + Mwitness this fact. M k'« + (j(k))'", so if
u is the normal ultrafilter induced by j on x, X = {o < k|a + (kK)} e p. Define
G:[n<]2 + 2 by G({0,8}) = 0 if and only if a + (B). Let Y = X be homogeneous for
Gwith Y «€p, For o =X, since o + (k) is true in M, a + (B) for a set of B's
in the ultrafilter u, so there is a B €Y such that o + (8). Thus, G"[Y]2 = {0}.
So every o €Y has the property a 5 (x).

2. We use Lemma 3.1. Let x ¥ (Y) and j:V > M be an embedding associated

with the fact that k + (Y). As M E'k by (v)", there are unboundedly many a < k
such that o & (x).

3. Let k Y (Y) and {Ka}a<y be a y-fold sequence with kg = « and qu'(ot =y,
For a < vy, let Ky -5 (K‘a+1) Then J \' L 18 an a-fold target of k", so there
are (in V) unboundegly many § < Ko, Wthh are o-fold targets of k. If Kq > (|< )
(such a k, exists by lemma 3.1), then k,V & ""there are wnboundedly many a-fold
targets of K below Ky''s and then (in V) there are unboundedly many § < K4 which
are o-fold targets of k. As this holds for all a < y, we have that Vo < 1
n < KI(K $ (M). So, by the closure properties of gV, this statement holds in
jgV. Hence the set {8 < k|¥a <k 3x <k(8 % (A)} is in the ultrafilter induced
by Jo on k. Therefore, V is the required model of ZFC+"33 B e a~fold huge for
all o, (Notice that we only used k + (|<1) and K4 -> w).

4. Obviously the second property implies the first. Suppose that « iso-fold huge
for every o. Given £ and n we want to show that there is an n-fold target of «
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above £. Indeed, if we take y > max (E+,n+), as Kk is y-fold huge, the first
v-fold target of x must be above £. Moreover, there is a y+1-fold sequence for
x above £. But then, by Lemma 3.1, there is an n+1-fold sequence for k above E.

5. Proofs of this sort follow a similar pattern. We prove, for example that
k is k-fold huge = k is super <k-fold huge. let {Ka}a«ﬂ be a k+1-fold se-
quence with Kg = K. Claim: V,<1 k' ig super <k-fold huge'. If not, let B < Kk,
be the number of <k-fold targets of k below .. Let «x, 3 (<) then jV k' has
at least B+1 <k-fold targets below k' hence (V satisfies) k has at least B+1
<k-fold targets below x,, a contradiction.

6. Routine. For example, if « is super <k-fold huge, let y be an inaccessible
above a <k-fold target of k. Then VY is our model.

7. In general, « is B-fold huge => « is super a-fold huge for o < B, by the
method of S above.

8. We prove that k is 2-fold huge strongly implies that k has a stationary
set of targets below a regular cardinal. By hypothesis there is a sequence
{kgskqsxp} with kg =k, & 77, (kq) and k, J-’Z (;). We have that j,V ki + (kq),
and therefore the set S = {§ < s<1[|< + (£)} is a stationary subset of k. More-
over, for each £ €8S, j,V F " > (£)", and thus j,V k' has a stationary set
of targete below k" (since all subsets of x, belong to j,V and if j,V F'"Ack;
is closed and wnbounded", then A is really closed and unbounded below K1). From
here we conclude that {a < k|o has a stationary set of targets below k} is in
the ultrafilter induced by j, on k.

9. Proved previously.

10. Trivial.

This ordering can be expanded further in several ways. First, for all prop-
perties not involving unboundedness, an additional property can be placed above
by requiring superhugeness as well, e. g.,'between " is super <k-fold huge' and
" ig <k-fold huge' can be placed: 'k is <k-fold huge and superhuge"  (If
{Ka}a« is a <-fold sequence, let y,A > k be such that «x + (y), v + (1), and
Vy k' is <«-fold huge". Use the technique of 8, to show jV k' has a station-
ary set of targete below Y". Conclude that {a < KIVK k"o is superhuge and o i8
<a-fold huge''} is in the ultrafilter induced by j on k). Second, for most prop-
erties, the existence of unbowndedly many, or stationarily many cardinals are
two ways of generating statemenis of greater consistency power. Similarly, one
can consider the analogue of stationarily superhuge, for example, a cardinal k
with a stationary set of x-fold targets.

~
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THE COMPLETENESS AND COMPACTNESS OF A
THREE-VALUED FIRST-ORDER LOGIC

Itala M.L. D'Ottaviano

ABSTRACT. The strong completeness and the compactness of a
three-valued first order predicate calculus with two distin-

guished truth-values are obtained. The system was introduced

in Sur wn probléme de JaSkowski, I.M.L. D'Ottaviano and N.C.

A. da Costa, C.R. Acad.Sc. Paris 270A (1970),pp.1349-1353,

and has several applications, especially in paraconsistent 0
logics.

1. INTRODUCTION.

A theory T is said to be inconsistent if it has as theorems a formula and
its negation; and it is said to be trivial if every formula of its language is
a theorem.

A logic is paraconsistent if it can be used as the underlying logic for in-
consistent but nontrivial theories.

JaSkowski, motivated by some ideas of Lukasiewicz, was the first logician
to construct a system of paraconsistent propositional logic (see [11], [12] and
[13]). His principal motivations were the following: the. problem of the system
atization of theories which contain contradictions, as it occurs in dialectics;
the study of theories in which there are contradictions caused by vagueness;
the direct study of some empirical theories whose postulates or basic assumptions
could be considered, under certain aspects, as contradictory ones (see [2] and
(3.

JaSkowski proposed the problem of constructing a propositional calculus ha-
ving the following properties:

i) an inconsistent system based on such a calculus should not be necces-
sarily trivial;

ii) the calculus should be sufficiently rich as to make posible most of
the usual reasonings;

77
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iii) the calculus should have an intuitive meaning.

Jaskowski himself introduced a propositional calculus which he named 'Dis-
cussive logic'" and which was a solution to the problem. However he did recog-
nize it was not the only solution (or even the best); in [11] he states:

"Obviously, these conditions do not univocally determine the solution,

since they may be satisfied in varying degrees, the satisfaction of

condition (iii) being rather difficult to appraise objectively".

In a previous paper (see [10]), we presented a propositional system, denoted
by JS’ which is another solution to JaSkowski's problem. A characteristic of
Js is that it is a three-valued system with two distinguished truth-values. Fur-
thermore, it reflects some aspects of certain types of modal logics.

In the same paper, we extended J3 to the first-order predicate calculus
with equality J§=.

Some of these results about Jz were improved by J. Kotas and N.C.A. da Cos-
ta (see [15]).

Our aim here is to develop further the calculus Js.

In Sec. 2 we axiomatize Js and establish relations between this calculus
and several known logical systems like, for example, intuitionism. We especial-
ly emphasize the close analogy between J3 and Lukasiewicz' three-valued propo-
sitional calculus £3.

Our solution to JaSkowski's problem is discussed in the latter part of Sec2.

In Sec. 3 we introduce the L;-Languages, among whose predicate symbols may
appear in addition to identity other equalities. We axiomatize Js-theories,
which are three-valued extensions of J§=, and we introduce a semantics for
them.

In Sec. 4, after obtaining some theorems about first-order J S—theories, we
define a strong equivalence which is compatible with the fact that the matrices de-
fining J 3 have more than one distinguished truth-value. This relation allows
us to prove the Equivalence Theorems for J S—theories and the Reduction Theorem
for non-Trivialization. .

Finally, in Sec.5, after giving a suitable definition of canonical struc-
ture, we present a Henkin-type proof for the Completeness Theorem and the Com-
pactness Theorem.

In this paper, definitions, theorems and proofs, when analogous to the cor-
responding classical ones, will be omitted. -

The Modcl-theory we developed for J; allows us to obtain J3-versions of
the following classical results: Model Extension Theorem, Lo§-Tarski Theorem,
Chang-ko$ Susko Theorem, Tarski Cardinality Theorem, Lowenheim-Skolem Theorem,
Quantifier Elimination Theorem and many of the usual theorems on categoricity.

Some of the above results about J 3 Wwere also extended to Jn-theories,
3<ng R, .
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The mentioned results about Jn-theories and Model-theory will appear else-

where.

2. THE CALCULUS Jsg.

The propositional calculus J3 is given by the matrix M = <{0,%,1}, {3%,1},

vV, V, 1>, where V, V and 71 are defined as follows:

AVB A\{Io ¥ 1 Al vA Al0A
olo 35 1 00 ol 1
1% % 1 5 1%
111 1 1 111 1] o0

The set of truthn-values and the set of distinguished truth-values are de-

noted by V and Vd respectively.

The goamulas of Js are constructed as usually from the propositional vari-
ables, by means of V, V and 1, and parentheses. To write the formulas, schemas;

etc. we use the conventions and notations of [14], with evident adaptations.
The concept of a truth-function is the usual one. The truth-functions de-

fined by the tables above are denoted by Hy, Hy, and H, .

A truth-valuation v for J 3 and the truth-value v(A) for a fornula A are de-

fined in the standard way; and we observe that A is valid in M if, for every

evaluation v, v(A) belongs to Vd (see, for example, [22]) .
The following abbreviations will be used:

AG&B =def"1("'|AV T1B)

AA “def 1V A

A =def"|VA

A= B =lef VA VB

As> B =4 (A= B)G(T1B>1A)
A>B =def-|VA VB

A =B =def(A::B)G(B:A)

1 is called weak negation or simply negation, 71* is called strong negation,

and = basic implication of J3.

We present the tables of some of the non-primitive connectives:

g A>B
A% Al ma ANJo % 1
01 0fo o1 1 1
510 %10 1% 1 1
1]o0 1] 110 % 1
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ASB AZ B

B B

No 51 No ¥ 1
o1 1 1 ol1 o o
10 % 1 10 % 4
110 % 1 1 5 1

In the following theorems, we mention only those results which are useful
to the proofs of later theorems.

THEOREM 2.1. The following schemas of J3 are valid in M:

TIAZ A VA = A

T*A 2 A VA = VWA

AV A JAV VA

TAG 1A) A§TIA = TTAGVA

AG(B VTIB) = A AVVA=SVA

(A V B)2 A IB VA > (VA 2 B)

AV B z7(7A§1B) A > (VA > B)
TAG3) =1AV TIB V@AEB) = VAEVB

7A = 1471A V(AVB) =VAV VB
(A= 1\ A A> (B> A)
(1IA2)> A (71A>>71B) > (B> A)
(VA V TIVA) © B (A>> B)>> ((B>> C)> (A> ()
((A>B)2A)>A (A>TB) > A)>> A
(A> B) ® (A> B) A(A>> B) >+ A(AA>> AB)

(A> B) = (IB> TA),

THEOREM 2.2. The following schemas are not valid in J.’S:‘

A > (Ao B) (A= B) = (1B=1A)
A>(JA>B) (1A=>"B) = (B 2A)
A > (A>11B) (A>1B) 2 (B= 1A)
A > (A=1B) (MA>2B)= (B> A)
A47IA oB (A =B)> (1A =71B)
A§IA> B AV B§ TIB) = A
(Az7A)> B A>B =1QA§7B)

(A =A)> 1B ASB=1AV3B

(A> B) = ((A>1B) 274).

N

It can be verified that, instead of V, V and 71 it is possible to use only
7 and > as primitive comnectives of J;, considering A V B and VA as abbre-
viations respectively of (A>> B)>* B and TTA> A.
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So, there is a close analogy between J 3 and Eukasiewicz' three-valued prop-
ositional calculus L5, defined by the matrix M' = <{0,%,1}, {1},71,>>, in
which the Rukasiewicz-Tarski operators T1and>> are given by the respective
tables of J; (see [4]).

J3 can be axiomatized by:

Axiom 1 : A(A>> (Bo>> A))
Axiom 2 @ A((A> B)> ((B>> C)=> (A> ()))
Axiom 3 : A((TA>7TIB) o> (Bo>+ A))
Axiom 4 . A(((A>>71A)>> A)>> A)
Axiom 5 : A(A(A> B) > A(AA> AB)
Rule R1 : A0(A> B) ‘g» B
. YA

Rule RZ : A

The completeness theorem for J 3 is proved from the completeness of 33, due
to Wajsberg (see [4] and [23]), using the following theorem.

THEOREM 2.3. If A s a theorem of .C3, then AA ig a theorem of J3.

Proof. As the axioms 1 to 4 are the axioms of 133 preceeded by A, if A is an
axiom of 23, then AA is a theorem of J3.

Let A be obtained from B and B>> A by the rule 2B & of L. By induction
hypothesis, AB and A(B>+ A) are theorems of J3. By axiom 5 and Ry we obtain
A(AB>> AA). Applying Ry, we have that AA is a theorem of J 3

THEOREM 2.4. (Completeness theorem for J3) . A formula A is a theorem of
Js if and only if A is valid in M.

Proof. A straightforward induction shows that if A is a theorem of J 3 then
A is valid in M. On the other hand, if A is valid in M, then v(VA) = 1 for eve-
ry truth-valuation v. By the axiomatization and completeness of £3, both VA
and A(VA>> VA) are theorems of .L'3. By the above theorem and R], VA is a theorem
of J;. By Ry, A is a theorem of J.

COROLLARY (Modus Ponens Rule). If both A and A 2B are theorems of JS’
then B is a theorem of JS'

However, contrary to 113, the Rule of Modus Ponens is not valid with respect
to>.

For some of the theorems that follow it will be convenient to assume that
the 1anguage of J3 contains, as primitive symbols, all the connectives intro-
duced so far. In particular we shall often identify J; with the set of M-valid
formulas in the expanded language.
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The following theorems will be used in the proofs of many of the results
about J3.

THEOREM 2.5. J3 18 a non-conservative extension of the classical positive
propositional calculus with camectives V, & o, = .

THEOREM 2.6. J3 ig a conservative extension of the classical proposition-
al caleulus with comnectives 1%, V, § D and =

THEOREM 2.7. JS is a non-conservative extension of Lukaseewicz' three-
valued logie .£3 with connectives ™1,>.

TIEOREM 2.8. J3 is8 not functionally complete.

Proog. It is not possible to define a connective, from the primitive conec-
tives of J3, such that its truth-value is identically 4.

On the other hand, if we add the Stupecki T operador to the primitive con-
nectives of J,, the calculus becomes finctionally complete (see [21]).

By Theorem 2.4, the formulas TA = (A 2B), A2 (1A >B), A= (1A=1B),
(A§ 7A) ® B, (A=B)> ((A>71B)= 1A), A > (B§ 7IB) = A, etc., are not theo-
rems of J3. So, in Jg, in general, it is not possible to deduce any formula
whatsoever from a contradiction. Therefore, based on such a calculus we can .
construct nontrivial inconsistent deductive systems, in the sense of [11]. So,
Iz satisfies condition (i) of JaSkowski's problem.

By Theorem 2.5 to 2.8, Jz is quite a strong system, which evidently satisfies
JaSkowski's condition (ii).

Jz admits intuitive interpretations. For instance, it can be used as the
underlying logic of a theory whose preliminary formulation may involve certain
contradictions, which should be eliminated in a later reformulation. This can
be done as follows; among the truth-values of J3, 0 can represent falsity, 1
truth, and % can represent the provisional value of a proposition A, so that
both A and the negation of A are theorems of the theory, in its initial formu-
lation; in a later reformulation, the truth-value % should be reduced, at least
in principle, to 0 or to 1.

Therefore, Jg is a solution to JaSkowski's problem.

JS can also be used as a foundation for paraconsistent systems, in the
sense of da Costa (see [S], [6], [7] and [8]). In this case, the value 0 rep-
resents falsity, 1 truth,and % represents the logic value of a formula that is
simultaneously true and false.
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Finally, as the calculus J 3 Was constructed from £3, it is possible to ob-
tain similar calculi J, from Lukasiewicz n-valued calculi .En, 3<n <R°.

3. SEMANTICS FOR FIRST-ORDER J,-THEORIES.

The symbois of a first-order L;-language are the individual variables, the
function symbols, the predicate symbols, the primitive connectives 71, V and V,
the quantifies 3 and ¥, and the parentheses.

The identity = must be among the predicate symbols. Other equalities can be
especified among the predicate symbols.

We use x,y,z and w as syntactical variables for individual variables; f and
g, for function symbols; p and q, for predicate symbols, and c for constants.

The definitions of term, atomic formula and formula are the usual ones; a,
b,c, etc. are syntactical variables for terms and A,B,C, etc. for fomulas.

By an L,-language we understand a first-order language whose logical sym-
bols include the ones mentioned above.

The symbols §,>,>*, 5, =, A and 1* are defined in the Ls—languages, as
in J 3

.

Free occurrence of a variable, open formula, closed formula, variable-free
term and closure of a fornula are used as in [22].

The definition of a is substitutible for x in A is also the usual one.

We let bx, ... x,[a;,...,3,] be the term obtained from b by replacing all
occurrences of XyseeosXy by apyeeesdy respectively; and we let AX1 yees ,xn[a1 ,
- ,an] be the formula obtained from A by replacing free occurrences of Xq5e-
< Xy by ayyeeesdy respectively.

Whenever either of these is used, it will be implicitly assumed that Xy
.,X, are distinct variables and that, in the case of Ax,,... ,x,[31,-.-53,], 3
is substitutible for X i=1,...,n.

In the following definitions, let L be an L;-language.

DEFINITION 3.1. A structure 0L for a first-order L3-language L consists
of:
i) a nonempty set |0L|, called universe of (L;
ii) for each n-ary function symbol f of L, a function £ from || to | |;
ii}) for each n-ary predicate symbol p of L, other than =, an n-ary predicate
Py » Such that py is a mapping from |0L|x...x|a| to {0,%,1}.

As in [22], we construct the language L(CL); define (L (a) for each variable
free term of L(OL), and define O -instance of a formula A.
We use 7 and j as syntactical variable for the names of individuals of OC.
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DEFINITION 3.Z. The truth-value 0L (A) for each closed formula A in L(4)
is given by:

i) ifAisa=b, then AZ(A) = 1 iff d(a) = A& (b); otherwise, A(A) = 0;

ii) if A is p(a1,...,an), where p is not =, then 0L (A) = pci (@ (ay),...a (an));
iii) if A is 7B, then @ (A) is H_'(OL (B));

iv) if A is VB, then & (A) is HV(OL (B));

v) if Ais B v C, then 0L (A) is HY(@ (B), A (C));

vi) if A is a 3B, then a (A) = max{ol (Bx[i])/i e L(a)};

vii) if A is a ¥xB, then O (A) = min{& (Bx[i])/i e L(a)}.

DEFINITION 3.3. (1) A formula B of L(Ol) is true in Ol (or & is a model
of B) iff A (B) « vy

(2) A formula A of L is valid in Ol iff for every OL-instance A' of A, A'
is true in a4 .

A first-order predicate calculus J;= is the formal system whose language
is an L; plus the following, with the usual restrictions (see [14]):

Axiom 6 : ¥x(x = x)

Ariom 7 : x =y o (A[x] = Aly]) .
Aziom 8 : Ax[a] > IxA

Aziom 9 : ¥xA o A [a]

Aztom 10: 13IxA = TIyxTA

Axiom 11: ¥xA = T3x7IA

Axiom 12: T13xA = ¥xTIA

Axiom 13: TIyxA = 3xTA

Axiom 14: V3IXA =IxVA

Aziom 15: VV¥XA = ¥xVA

"

"

Rule R3 : (3-introduction rule): 5%-:—’5%

Rule R4 : (V-introduction rule): CQ'E:‘VQ_A

THEOREM 3.1. J;s i8 a conservative extengion of J3.

Proof. We apply the Hilbert-Bernays theorem of k-transforms, that can be
extended to this case.

THEOREM 3.2. J§= ig8 an extension of the classical predicate calculus,
with conmnectives ‘I*, v, §, o2, =, 3and V.

DEFINITION 3.4. A first-order J3—theary is a formal system T such that:
i) the language of T, L(T), is an Ls-language;
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*
ii) the axioms of T are the axioms of J3=, called the logical axioms of T, and
certain further axioms, called the non-logical axioms;
iii) the rules of T are those of J;=.

A is a theorem of T, in symbols: l-,—rA, and B is a semantical comsequence of
a set T of formulas of L(T) are defined in the standard way. If B is a seman-
tical consequence of I, then we shall also say that "B is valid in I''.

THEOREM 3.3. (Validity Theorem): Every theorem of a J stheory T is valid
in T.

4. SOME THEOREMS IN FIRST-ORDER J3-THE0RIES AND THE EQUIVALENCE
THEOREM.

DEFINITION 4.1. A J3-theory T is finitely trivializable if there exists
a fixed formula F such that, for any formula A, F o A is a theorem of T (see
(2.

THEOREM 4.1. The Js—theoz‘ies are finitely trivializable.
Proof. Any formula T1(TIVA V VA) trivializes a J3-theory.

The following results hold in any J,-theory T:

Generalization Rule: If b A, then b VxA.

Substitution Rule: Is b A and A' is an instance of A, then 'T A,

Substitution Theorem: a) bp Axy, ... xy[aqs---58] 2 3% XA

b) by ¥V AS A, x[ag,e e nsa)

Distribution Rule: If br Ao B, then br 3XA> 3xB and br VxA=> VaB.

Closure Theorem: 1f A' is the closure of A, then br A if and only if by Al

Theorem on Constants: 1f T' is a J 3—theory obtained from T by adding new
constants (but no new nonlogical axioms), then for every formula A of T and
every sequence e,,...,e, of new constants, by A if and only if l-T,AX1,__ s Xn
leqs---seq]-

In the case of classical logic, the equivalence = behaves as a congruence
relation with respect to the other logical symbols. Unfortunately this is not
the case in Js—theories, for it is possible to have by A =B and ur'u\ =71B.

However we can introduce a stronger equivalence, E*, which is a J;-con—
gruence reglation and thus allow us to prove a Js-version of the equivalence
theorem (see [22]).



DEFINITION 4.2. A =" B =4 (A = B)§( 1A ="1B).

THEOREM 4.2, If T is a Js-theory and ITA E*B, then br A if and only if

I-T-B.

THEOREM 4.3. (Equivalence Theorem). Let T be a Js—theory and let A' be
obtained from A by replacmg some occurrences of Bl’ Bn by Ba,...,BI'l respec-
tively. IfhrBI- ,I-T-B , then "TA— A'

Proof. After cons1der1ng the special case when there is only one such ocaur-
rence and it is all of A, we use induction on the length of A.

For A atomic, the result is obvious.

A is 1C and A' is 1C', where C' results from C by replacements of the
type described in the theorem. By induction hypothesis, hy C =* C', that is,
b C = C andl—-‘lC =7C'. AsbyTheorem24 lTC 'l"lCanleC' = c,
we have 7171C = 171C'. So 11C = '1C'

Ais VC ad A' 1g VC', with b c=*C'. From lTC = C', it follows that
’T *cz (.' by Theorem 2.6. Also from b C= C' it follows that b vC = vC',
since br VC = C by Theorem 2.4. Therefore, "T VC = VC'

Ais CV Dand A' is C'V D', with i C =" Cand kD = * D'. As by theorem
2.6,

b ((C=C)&(D = D)) = ((cvDp) = (Cc vD))
and
br ((1C =27C)&(TD =7DY)) = ((1CcgD) = (1C'§DY)

we have that bx CV D= C' VD' and bT‘!(C v D) =7(C' v D).

A is IxCand A' 1s 3IxC', with C = o, By Distribution Rule, by IxC = 3xC'
and br ¥x 1C = ¥xC'. Using Axiom 12 we complete the proof.

I A s ¥xC and A' is ¥xC'; with br Cs C' the proof is similar.

In the spirit of the equivalence theorem, we have the following corollaries
and remark.

COROLLARY 1. In a Js-theory T, it 28 possible to replace:
i) TTA by A;
i) 117 A by 1N
iii) 7(A V B) by 1A§ 1B;
iv) T¥(A V B) by 1*A§1"B;
v) ¥xA by T13x7IA;
vi) T3xA by ¥xTA;
vii) TI¥xA by IxTTA;
viii) V3xA by 3xVA;
ix) V¥xA by VA
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Proog. It is enough to verify that by 1A =" A, kx 1" 1%A =¥ 11", etc.
COROLLARY 2. In a J3—theory T, 2f brx =y, then, for every formula A,
A(X) can be replaced by A(y).

REMARK. Although IT‘I*"I*A = A, it is not possible, in general, to replace
%% by A.

DEFINITION 4.3. A formula A' is a variant of A just in case A' has been
obtained from A by renaming bound variables.

*
THEOREM 4.4 . (Variant Theorem). If A' Zg¢ a variant of A, then by A=z A.

Proog. In view of Theorem 4.3 and Corollary 1, it is enoughto observe that
*
bp 3xB = 3yB [y].

Let T[T] be the J;-theory whose non-logical axioms are those of T plus the
formulas of the set T.

THEOREM 4.5. (Reduction Theorem). Let T be a set of formulas in the J3-
theory T and let A be a formula of T. A is a theorem of T[T] if, and only if,
there is a theorem of T of the form B1 D ...D Bn > A, where each Bi ig the -

closure of a formula in T.

Given a non-empty set I' of formulas we let:

Tyaw = {B | B is a disjunction of negations of closures of formulas of
the type VA, with A €T}

FV'IVV = {C | C is a disjunction of negations of formulas of the type VA',
where A' is the closure of a formula of I'}

THEOREM 4.6. (Reduction Theorem for non-trivialization). Let T be a non-
empty set of formulas in a Js—theory T. Then the extension T[I] ie trivial, if

and only if, there is a theorem of T which belongs to Ty qw:

Proog. The corollary to the replacement theorem gives us that every formu-
la of Tyaw is strongly equivalent to a formula of Ty qoye The proof of the
theorem can be completed using the properties of strong negation.

COROLLARY. If A' ig the closure of A, then the formula A is a theorem
of T if, and only if, T[1*A'] ie trivial.
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5. THE COMPLETENESS AND THE COMPACTNESS THEOREMS FOk J3-THEORIES

We study certain aspects of the J;-theories and present a Henkin-type proof
of the completeness theorem for this type of many-valued theories.

DEFINITION 5.1. IfT is a Js-theory containing a constant, and if a and
b are variable-free terms of T, then: ’
i) aofbb =def lTa=b;
ii) a” = {bla v b}.

DEFINITION 5.2. A canonical structure for the J3-theory T is the struc-
ture & :
i) whose universe |1 | is the set of all equivalence classes under ~;
1) £, a],...,a0) = (£(ay,-..,a )%
i) py (a,.--,a0) is in V4 iff kpp(ag,...,a).
Observe that (iii) could have been replaced by

pa(a?,...,aﬁ)=0 iff l/rp(a1,...,an).

THEOREM 5.1. If O is a canonical structure for T and p(a1,...,an) is a
vartable-free atomic formula in L(T), then:

i) Ol(p(al,...,an)) =0 <ff yrp(av...,an)
ii) OZ(p(a],...,an)) =Y Iff lTp(a1,...,an) and I-T-'1p(a1,...,an);
iii) OZ(p(al,...,an)) =1 iff ITp(a1,...,an) and b‘f“lp(av...,an).

Proog. ii) If a(p(a1,...,an)) = 3 then OZ(‘Ip(a1,...,an)) = %, By the last
definition, I-Tp(a1,...,an) and I-T'Ip(a1,...,an).

On the other hand, if l—Tp(al,...,an) and IT"lp(a],...,%), also by Defi-
nition 5.2, 01(p(a1,...,ah) and 01(‘1p(a1,...,an)) belong to Vd' Then, OZ(p(a1,
...,an)) =4 . ]

iii) If (l(p(a1,...,an)) = 1, then (l(‘lp(a1,...,an)) =0; then,i-.fp(ap,..
.,an) and Kr‘Ip(a1,...,an).

On the other hand, if hrp(a1,...,an) and Ia(r'1p(a1,...,an), we have that
Ol(p(al,...,an)) belongs to Va and 0L (‘lp(a],...,an)) does not belong to Vd;
if Ol(p(a1,...,an) =1 then (& (‘Ip(a],...,an)) = % and, so, +T1p(a1,...,an).
Then, OZ(p(aP...,an)) = 1.

Now, (i) is immediate.

As a consequence of the theorem we obtain that there is exactly one cano-
nical structure for a J3-theory. Furthermore, as in the calssical case, in
order for a canonical structure to characterize the theorems of a theory, the
theory must be in some sense maximal, for there may be a closed formula A such
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*®
that b%A, KT'IA and b.Lr-'l A.

DEFINITION 5.3. A fornula A of a Js-theory T is undecidable in T if nei-
ther A nor T1*A is a theorem of T. Otherwise, A is decidable in T.

DEFINITION 5.4. A J;-theory T is complete if it is non-trivial and if
every closed formula of T is decidable in T.

THEOREM 5.2. 4 Js-theory T ie complete if, and only if, T maximal in the
class of nontrivial theories.

DEFINITION 5.5. A J3-theory T is a Henkin Js-theory if for every closed
formula 3xA of T, there is a constant e such that 3xA =A [e] is a theorem of T.

THEOREM 5.3. If T is a Henkin J 3-theor'y, then for every closed formula
VXA in T there is a constant e such that A [e] = ¥xA is a theorem of T.

.

Proof. As T is a Henkin J3-theory, there is e, such that br X ‘1*A=>‘|*&[e-|-
We obtain the desired result, by successive applications of Theorem 2.6.

THEOREM 5.4. If T is a complete Henkin Js—theory and A is the canonical
structure for T, then for all closed formulas A of L[T]:
) ) =0 iff HA
i1) A (A) =% ff bp A and by A
iii) @ (A) 1 iff I-T-A and hf: TA.

Proof. By induction on the height of A. For atomic A, the result follows
from Theorem 5.1.

Case: A Z¢ TI1B. i) If 0L (A) = 0, then Gl (B) = 1. Thus hfr 7B, that is
h‘r- A. On the other hand if hfr A, then since T is complete I-T'I*A, and then
#r1A, bp17B, by B. Thus we have that by B and HB, from which if follows
that & (B) = 1 and that & (A) = 0.

ii) If OL(A) =%, then Ol (B) = %. Thus by B and ky71B, from which it fol-
lows that l—-r"|A and ITA, the converse is analogous.

iii) If 0 (A) = 1, then 0L (B) = 0 and thus hfrB. Since T is complete,
l-r‘l*B and thus kpIB. Since hf B, we obtain that byl 7B, inother words, we
have that by A and I-;f.'lA.

Assure next that Hf A and by A, that is, hfT1B and ke1B. Then lllvB, and
so by induction OL(B) = 0, from which it follows that G (A) = 1.

Case: Ais BV C. i) If (A) = 0 then OL(B) = 0 and 01(C) = 0. Hence
W C and W B, from which it follows, since T is complete, that urB v C. The
converse is analogous.
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ii) If 0L (A) = %, then either: @ (B) = % and 0L (C) =
or OL(B) =% and & (C) = 0,
or OL(B) =0 and (L (C) = 4.
Let us only consider the situation when O (B) = % and & (C)+= 0 (the others are
analogous). The induction hypothesis give< 'y that

br B, I-T- B, hf C.
Since T is complete we obtain that kgl *C and br1C. From by B we get kB V C,
and from hr‘lB and hf-‘lc we may conclude that l-f"l(B vQO.

Conversely, suppose that br B v C and bl (B v ). The latter gives us that
lT'IB and hr‘lC. From the former, since T is complete, we obtain that either
by B or b C. The induction hypothesis allows us then to conclude that
a@Bvace = .

iii) If a (A

1, then either:

a(B) =1and @(C) =0,
or . (B) = 1and & (C) = %,
or L(B) =1and o (C) = 1,
ord(B) =0and 2 (C) = 1,
or 0L (B) =% and @ (C) = 1.

We will only consider the case when Ol (B) = 1 and 0L (C) = %. The induction
hypothesis gives us that

brB, ¥ B, b C, by IC

From the first we obtain that "'I'(B Vv C). Suppose on the other hand that
l-r‘l (B v C). Then b (B A1C), from which it would follow that hr'lB, contra-
dicting that VT"IB. Thus b}r'l BvO.

On the other hand, suppose that hl.-(B V C) and Mr"l (B v C). Then from the
completeness of T we obtain that either

hrB or I-TC.

From %1 (B v C), we obtain that

¥ B and ¥ TIC.

The induction hypothesis then gives us that @ (B V C) =

Case: A i8 VB, i) If & (VB) = 0. Then Ol (B) = 0. Thus ler; from which it
follows that ¥y VB. Converse, analogous.

ii) A& (VB) is never %.

iii) 0L (VB) = 1 then either 0L (B) = 5 or A (B) = 1.

Subcase: 0L (B) = %. Then by B and I-TWB, from which we obtain ’T VB and
bp V7B, Using that T is complete we conclude hy VB, and by T1VB.

Subcase: @ (B) = 1. Then +r- B and WpTIB. Suppose that by TVB. Then since
‘T B, we should obtain that T is trivial, which we are assuming it is not. Thus

)
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ur'!VB and b VB. On the other hand, suppose that STA and MT"IA. That is sup-
pose that

brVB and b TIVB.

Then br B, and either |-T1B or hfr B. In one case the induction hypothesis gives
that OL (B) = %, and in the other that 0L (B) = 1. Thus & (VB) = 1 in both, That
is (A = 1.

Case: A Zg 3xB. i) If & (A) = 0, then for every variable-free tem b,

@ (B, [b]) = 0, and by induction hypothesis this is equivalent to by B, [b]. As
T is a Henkin theory this gives us that Wr 3xB. The converse does not need to
use that T is a Henkin theory.

ii) If L (A) = %. Then for all b we have that 0L (B [b]) < %. The inductin
hypothesis then tells us that

(1) for those b such that 0 (B, [b]) =% (and there is at least one such):
br B, [b] and 1B, [b].

(2) for the remaining b's: Wy B, [b] and (because T is complete) kp71B, [b].
Thus we have that for all constants b: kp71B, [b]; from which it follows that
I‘TVX B, i.e. ’T 3xB. From (1) we obtain b 3XB.

Conversely, suppose that "TA and IT"IA; that is b IxB and by 13xB. Using
that T is a Henkin theory and induction, we obtain an e such that ky B, [e],
br71B, [e], and thus (Z (B,[e]) = %. A proof by contradiction shows that there
is no b such that UL(Bx[b]) = 1. Hence O (3xB) = k.

iii) If & (A) = 1, then there is at least one b such that OZ(Bx[b]) =1,
From the induction hypothesis, we obtain that by B, [b] and W:71B [b]. From the
former, we obtain that br 3xB. Suppose next contrary to what we want to show,
that by 73xB. Then by 3x 1B and thus bp71B, [b], a contradiction. Thus Wp713xB.

COROLLARY 1. Let T be a complete Henkin J S-theory, A the canonical
structure for T and A a closed formula of T; then, A (A) belongs to Vd if and
gnly if A is a theorem of T.

COROLLARY 2. If T is a complete Henkin J3—theory, then the canonical
structure for T is a model of T.

By the above corollary, to prove the completeness of a Js-theory T, as in
the classical case, it is enough to show that it is possible to extend T to a
complete Henkin J 3-theory.

Thus, given a nontrivial J;-theory T, we will first extend it, conservative-
ly, to a Henkin J 3-theory Tc' and then extend it to a complete Henkin Js-theo-
Ty Té. ,

Given a J-theory T with language L, we proceed as in [22] and define the
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special constants of level n, the language Lc with the special constants, and
introduce the special axioms for the special constants.

DEFINITION 5.6. Let T be a J;-theory with language L. Then T_ is the Hen-
kin Js-theory whose language is L. and whose nonlogical axioms are the nonlogi-
cal axioms of T plus the special axioms for the special constants of Lc‘

THEOREM 5.5. TC i8 a congervative extension of T.

Proof. By Theorem 4.4 and by Theorem 5.3, the proof is similar to the clas-
sical one.

THEOREM 5.6. (Lindenbaum's Theorem). If T is a nontrivial Js-tkeory, then
T admits a complete simple extension.

Finally, we can obtain the completeness theorem for Js-theories.

THEOREM 5.7. (Completeness Theorem). 4 J:,’-theory T s nontrivial if, and
only if, it has a model.

Proog. If 0L is a model of T and A is a closed formula in T, then
oL (A§ “I*A) = 0. So, by the validity Theorem, A&'I*A is not a theorem in T. Then
T is nontrivial.

If T is nontrivial, then we extend T to Te» which is a non-trivial Henkin
J 3-theory. By Lindenbaum's Theorem, we can extend T. to a complete Henkin Jz-
theory T(':. By Corollary 2 to Theorem 5.4, T’c has a model (¢ . Therefore,
@& [L(T) is a model of T.

THEOREM 5.8. (Godel's Completeness Theorem). A formula A in the Js-theo-
ry T is a theorem in T if, and only if, it is valid in T.

Proof. By supposing that the closed formula A is a theorem in T and using
the above Completeness Theorem, we shall show that there is no model of T in
which A is not valid.

Therefore,suppose that the closed formula A is a theorem in T.

By the corollary to the Reduction Theorem for non-Trivialization, b A if
and only if T[ VA] is trivial; which, by Theorem 5.7, is equivalent to T[ VA]
not having a model. ‘

On the other hand, a model of T[ 1VA] is a model dlof T in which -1VA is
valid, that is, a structure & such @(VA) = 1. This is equivalent to OL (VA)
= 0, and so & (A) = 0.
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Therefore, b A if and only if A is valid in T,

COROLLARY 3. If T and T' are J;-theories with the same language, then T'
i8 an extension of T if, and only if, every model of T' ig a model of T.

THEOREM 5.9. (Compactness Theorem). 4 forrmula A in a Js-theory ig valid
in T 1f, and only if, it ie valid in some finitely axiomatized part of T.

COROLLARY 4. 4 Jz-theory T has a model if, and only if, every finitely
axiomatized part of T has a model.
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A THEORY OF VARIABLE TYPES

®

Solomon Feferman

1. INTRODUCTION.

Several publications in recent years have presented various formal theories
T in which considerable portions of mathematical practice (particularly analy-
sis) can be more or less directly formalized and which are proof-theoretically
weak; cf. Feferman 1977, Takeuti 1978 and Friedman 1980. Indeed, on the classi-
cal side we have such T which are conservative over PA (Peano's Arithmetic) (2)»

The paper Feferman 1977 will be taken as the point of reference here (but
the reader need not be familiar with it to follow the present paper). It used
functional finite type theories as the basic framework. One of the theories, de-
noted Res-ﬁ(w)+(u) is shown there to be conservative over PA, but stronger the-
ories for more substantial portions of mathematics were also dealt with.

For the past several years I have been engaged (off and on) in working up
the material of my 1977 paper into a book. One of the first improvements in car
ryingon that project was to obtain a theory VI of variable typee which provid-
es a much more natural framework for the.direct formalization of mathematics.
In this paper the system VT is further improved and presented in print for the
first time. VT and its extension and restrictions to be considered are described
formally in Sec. 2. Some conservation results are stated in Sec. 3 and their
broofs are outlined. The concluding Sec. 4 outlines how one goes about formal-
izing substantial portions of classical and modern analysis in the VT systems.

2. VARIABLE TYPE SYSTEMS.

In ordinary functional finite type theories one begins by specifying the

(1) Research for this paper was supported by a grant from the U.S. National Sci-
ence Foundation, grant number MCS81-048869.

(2) There are comparable results for constructive theories T, e.g., such T in
which,Bishop's constructive analysis can be formalized and which are conser-
vative over HA (Heytingfs Arithmetic); cf. Friedman 1977, Feferman 1979 (esp.
pp. 217 ££f.), and Beeson 1980.
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type symbols o,T,... . For 7° these are generated from 0 by closure under o,T
» oxt, (o0 + r)(a). For each type (symbol) one then has variables xT,yT,zT,. ..
of type 1. The intended interpretation is that these range over M. where M, =
N = the set of natural numbers, M, . =M M and M(a-rr) is a (the) set of
(all) functions from M; to M. One advantage of such a setting is that func-
tional existence axioms are simply provided by the typed A-calculus. However,
there is no natural way of forming sub-types {x°|¢(x°,...)} in this framework
and then iterating the operations of x and + applied to them, etc. Further,
cquations between individual terms t; =t, are permitted only between terms of
the same type. If we were to regard members of {x°|#(x’,...)} as belonging to
a new type ol¢, we could not say that an object of type ol¢ is (equal to) an ob-
joct of type o. The VI systems to be described here have the following advan-
tages: (i) the types are variable , so that statements of generality can be
expressed direcftly, yet (ii) every individual term t is still syntactically of
@ unique type, and hence (iii) the typed A-calculus may be extended to this
language; but also (iv) equations between terms of arbitrary type are admitted,
and (v) we can apply separation to form sub-types from given types.

The basic system to be described is denoted Vl'o. To specify its language we
generate simultaneously the following syntactic classes, together with the re-
lation, t is of type T:

1. individual terms s,t,...
a) With each type term T is associated an infinite list of individual var-
iables xT,yT,zT,... (of type T). ’
b) If s is of type S and t of type T, then (s,t) is of type SxT.
c) If u is of type SxT, then p;(u) is of type S and p,(u) is of type T.
d) If s is of type S and t is of type (S+T), then ts is of type T.
) 1f t is of type T, then Ax>.t is of type S .T.

2. type terms S,T,...
a) Each type variable X,Y,Z,... is a .type temm.
b) If S,T are type terms and ¢ is a formula, then SxT, S » T, and {xsl¢}
are type terms.

3. formulas ¢,y,...
a) Each equation't; = t, (t,,t, of arbitrary type) is a formula.
b) If ¢,y are formulas so also are 11 and ¢ + ¢
c) If ¢ is a formula and S is a type term, then szd» is a formula.

NOTE. (i) In extensions of the language we may specify some individual

(3) Actually the z” described in the 1977 paper only built types by the opera-
tion 0,71+ (0 + 1). The dispensability of product types is familiar from
the combinatory literature.
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constants (of certain types) and type constants, which are then counted as in-
dividual temms and type terms, resp. Other means of constructing individual
terms may also be supplied. (ii) Quantifiers are not applied to type variables.
This simplifies the conservation arguments below. However, one can also extend
those results to VT systems with quantified type variables.

Before stating the axioms of VI we make some abbreviations and conventions.
(1) The operators A,v,»,axs(. ..) are defined classically.
) VXS¢(x,. ..) is written for VXS¢(xS,. ..), and similarly for Elxscb(x,. ).
That is, once the type of a variable is established, we suppress it in the fol-
lowing context.
(3) Types are also called classes and type variables are called class variables,
etc. The former terminology figures in our syntactic description, the latter
in our mathematical uses of the theory.
(4) t €T is defined as axT(t = x), where 'xT' does not occur in t. {x € T|¢}
is written for {xT|¢}, and vx € T(¢) for VXT(¢).
(5) S T is defined as ¥x =S (x «T), i.e., as vxS 3yT(x =vy).
(6) S=T is defined as S TAT< S.
(7) We write t(s,...) for t(s/x) when t(x,...) is written for t; similarly for
¢(x,...) and ¢(s,...) = ¢(s/x).

AXIOMS OF VTg:
I. Abstraction-Application.
vy € X[Xxx.t(x,...)y = t(y,...)].
II. Pairing-Projections.
i) wvxeX vy eY[p(x,y) = X A p,(x,y) =]
ii) vz € XxY[z = (®4(2) ,pz(z))].
II. Separation.
{x € X|#(x,...)} X A vye X[y € {x €X|o(x,...)} = ¢(y,...)].

The logic of VI is that of the many-sorted classical predicate calculus.
Since the type variables are treated as free, we use the rule of substitution
for these: ¢(X,...)/¢(T,...).

The system VI is an extension of VTO with axioms for the natural numbers.
We adjoin a constant type symbol N, individual constants 0 and sc, and indivi-
dual temms rp for each type term T, where 0 is of type N, sc is of type (N + N,
and Tp is of type (NxT - T)xT - (N + T). The variables 'n,' 'm,' "'p' with or
without subscripts are reserved for variables of type N. We write n' for sc(n).
We shall tend to use letters 'f,' 'g,' etc. for members of function types G+ T).
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AXIOMS'OF VT (= Vl‘o plue):

Iv. 0, Successor.
i) (' #0).
ii) (' =m' > n =m).

V. Induction.
lcXawmheX+n'eX+NeX

VI. Recursion.
feMNX +X) Aae)(/\rx(f,a) =g-+g0=aagn = £f(n,g).

REMARK. Officially, Axiom VI would be written
vfmxx*x)vaxv}»xwy[rx(f,a) =g+g0=anrgx=f(x,)].

We put 1 =0', 2 = 1', etc. Then {0,1} is defined as {n|n =0 v n = 1}. By
a characteristic function on T we mean an element c of T » {0,1}. Identify 0
with "true" and 1 with "false'; then write x e c for cx = 0. The elements of
T + {0,1} are also called sets, more precisely subsets of T, and we also write
S(T) for the class of all such, i.e., for T + {0,1}. Set-induction (onN) or
restricted induction is the principle

ceSN)A Oecavnnec+n'€c)+>¥hec).
This is equivalent to the statement
f.g €« >N) A £0=g0Avn(fn=gn~>fn' =gn') > ¥n(fn = gn),

as well as the same with g = An+0. By restricted recursion we mean the princi-
ple VI taken only for X = N; this means use only of primitive recursion with
values in N. By Res-VT is meant the system VI in which V is replaced by restric-
ted induction and VI by restricted recursion.

Primitive recursive arithmetic and Kleene's extension of it to higher fin-
ite types are routinely developed in Res-VT. The following compares the pres-
ent systems with those of Feferman 1977.

LEMMA. (i) VT is an extension of Z°. .
(ii) Res-VT i8 an extension of Res-Z%.

Each type symbol T of v corresponds to a closed type term T‘r’ where T, =N,

T(axr) = 'I"JX'I‘T and T(a»r) = (T(,‘-»TT). The TT are called the finite types.

For classical analysis we need to adjoin various non-constructive functions
to VI. The first of these is the wnbounded minimum operator u of type (N +N) -
N. When this is adjoined as a constant symbol, the associated axiom is taken
to be: :
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(W) feMN> N Aafn=0~+f(uf) =0 apufgn

This allows us to define quantification over N as a functional operator:

Mg - [0 if f(uf) = 0, 1 otherwise]. Stronger systems are obtained by intro-
dricing functionals corresponding to the Suslin quantifier, quantification over
I »N), etc. We shall not detail those here.

The final principle to be considered is the Axiom of Choice taker as a
s eme:

(AC) VXX':!qu:(x,y) > BZX*YVX o(x,2zx) .

We denotc vy (AC)S r the result of replacing X by 5 and Y by T in (AC). By re-
’
stricted (AC)S T is meant the statement:
3

ST, S[

nes(AC)S,T c € S(SxT: A VXS3YT[(X,)’) ec] + 3z (x,2x) ec].

In other words, this takes A« only for matrices ¢ which define sets. The scheme
(AC)]N N is already quite st 'ng (stronger than full second-order analysis).
Writing]NO for N and I*I1 for. + N, we write (AC)O,1 for (AC)]\L),N . In Feferman
1977 the scheme Res(AC) S,T » all finite types was denoted (QF-AC) LQF =
quantifier-free]. We shall w the same designation here. Then(QF AC)0 1 is
RBS(AC)NO Ny° By way of com ison with familar systems, 22 () o+ (QF AC)O 1
contains the second-order sy m ( -AC). The same thus holds for

VI o+ (W) + (QF'AC)O’-I

3. CONSERVATION RESULTS.

The type levels 1lev(T) of .inite type terms are defined by lev@) =
lev(SxT) = max(lev(S)',lev(T)) and 1ev(S$+T) = max(lev(S)+1,1ev(T)). For T = Tr’
we put lev(t) = lev(T). By a second-order sentence of the language of v is
meant one, all of whose variables are of type-level g 1

MAIN THEOREM.
(1) VI + () * (QF-AC), . - a comservative extension of 1" * () * (QF-AC) 4
for second-order . . 1 s,
(ii) The same holds w* - Res-\T in place of VI and Pes-’Z\m in place of v,

COROLLARY.

(i) Res-VT + (u) + (QF- AC)0 1 18 a conservative extension of PA.

(ii) VT + (u) + (QF- AC)() 1 i6 a conservative extemsion of (ZI-AC) [and hence
of (l'[1 CA) ]

The «corollary follows by Feferman 1977, 8.6-8.7 [and Friedman's theorem for
Z}-AC also proved loc. cit.]. Similar conservation results may be obtained with
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adjunction of stronger functional constants.

The steps in the proof of the main theorem are now outlined. For simplicity
we concentrate on the reduction of VT to Z°. Each of the other stated results
follows by a parallel argument.

Step 1. Reduction of VT to a theory CT of (semi-) constant types. CT dif-
fers from VI in that it has no type variables, though it has type terms which
may vary depending on individual parameters. (For this reason they are called
semi-constant.) The terms and formulas of CT are generated as in 1.-3. of the
preceding section, omitting 2.a) (type variables), but including N, 0, sc, and
rp for each semi-constant type term T. The axioms of CT are obtained from those
of VI by substituting semi-constant type terms throughout for the type variables.
The logic of CT is the same as for VT except that one can dispense with the
substitution rulc for types. It is readily seen that VT is conservative over CT.

Step 2. Reduction of CT to a theory FT of finite types. The finite types
were defined above. The language of FT is a part of CT with two essential re-
strictions: (i) there are no sub-type terms {x € S|¢}, and (ii) equations
t, = t, are allowed only between terms of the same finite type. The axioms of
IT consist of appropriate restrictions to its language of:I (Abstraction-Appli-
cation), II (Pairing-Projections), IV (0, successor), V (Induction), and VI
(Recursion), where now V consists of all instances of the induction scheme
#(0) A ¥n[o(n) + ¢(n')] + ¥no(n) for ¢ a formula of FT. (Note the Axiom III is
dropped). The proof that CT is conservative over FT is by a model-theoretic ar-
gunent. With each model M of FT is associated a model M* of CT which satisfies
the same sentences of FT.

Without loss of generality one can assume that the types of M are disjoint.
Let Ll:l’ Ly be the languages of CT, FI, resp. with constants for all the indivi-
duals in M. With each term or formula of L;l is associated a corresponding term
or formula of Ly which will be its interpretarion in M, except that type terms
S are interpreted as pairs (A,¢(x)) or formmal temms s* = {xAlq:(x)} with A a
finite type (of FT) and ¢ a formula of Ly. Given also T = {xB|¢(x)} of the
same kind, we take

(sm* = Plee ) A v,
&n* = Bl » vz,
S8 1" = Mo A 8" (0},

*
t is then defined in an obvious way for individual terms t. Next, for formu-
las, if s, t are terms of type S, T, resp. we take
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s"=t" if A=B

0#0 if A#B.

this definition is appropriate since if A # B, then A and B are disjoint by hy-
pothesis. ( )* preserves 71 and +, while (sze(x))* = VxA[¢(x) > e*(x)] for

S* = {xA[¢(x)}. It is then straightforward to prove that this interpretation of
L:d in LM serves to define a model M* of CT ()

Step 3. Reduction of FT to FT[0] with type 0 equations. The system FT[0]
is obtained from FT by use only of those formulas built up from equations t, =
t, between objects of type-level 0. Equality at higher types is introduced by
definition. This is used in re-expressing Axioms I, II, VI of VT and CT. To ver-
ify the laws of equality at higher types we need the axiom Ext of Extensionality.
It is then shown that FT[0] + (Ext) is interpretable in FT[0], by the following
(formal) model of hereditarily extensional objects. With each finite type A is
associated a pair of formulas x 2 and EA(x) for objects x, y of type A by:

(1) R+ x=x, x5yvx=y, )
(i1) Epp(x) + E;(P1(2)) A Eg(Py(2)), 2 Zp g+ Pi(z) 53 Py(w) A Py(2) 35 P,(w),
(iii) E(A+B) (z2) & VXA[EA(X) > EB(zx)] A VXAVyA[x Sy > ox EBzy],

2 Zep)" ™ VXA[EA(X) + zx Zwx].

Note that when lev(A) < 1 we have VXA.EA(X). It follows that FT is conservative
over FT[0] for second-order statements. (This is the point where restriction of
conservation to second-order statements enters the Main Theorem).

Step 4. The system FT[0] is actually a form of Z° As noted in ftn.3, the
system Z* of Feferman 1977 is practically the same, but without product types.
The latter are eliminable in the presence of extensionality, i.e., FT[0] + (Bxt)
is conservative over z“ + (Ext). Then 7¥ + (Ext) is reduced to 7 as in Step 3.
The present step is unnecessary if the conservation results of Feferman 1977,
8.6-8.7 are established directly for FT[0] in place of Z“. That can be done by
the same methods described loc. cit.

Step 5. The conservation results apply to extensions by the Axioms (u)
and/or (QF-AC)0 1 since these are second-order statements.
’

Finally it may be seen that each step can be carried out just as well to
reduce Res-VT to Res-ﬁ“’, again with conservation for second-order statements,

(4) Because of the interpretation of VI (via CT) in FT, I have also called VT
a theory of variable finite types and denoted it VFT. For formalisms in
which one can construct transfinite types cf. Feferman 1979.
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and thence the same for extensiones by (u) and/or (QF-AC)0 1
b

4. MATHEMATICS IN Res-VT+(u)

The following is an outline of an informal development which can be formal-
ized directly in Res-VT+(u). This shows that a considerable portion of mathe-
matical analysis is predicative and, indeed, is no stronger than PA. Cf. also
Feferman 1977, §3.2, Takeuti 1978, and Friedman 1980(5). In the approach taken
here neither extensionality nor AC is needed, though both can be admitted to a
certain extent by the formal results of Sec. 3.

A,B,C,...,X,Y,Z range over classes (which are treated formally as the type
variables of VI). All constructions on classes are given explicitly, so all
statements about jasses are given in universal form VX1, .. .,VXn¢(X1, . ..,Xn);
this is justified in our framework when the formula ¢(X1, )S']) is established

in Res- VT+(u) Structures are f the form A = <A,E Ry, &n’fP' L PP ,ap>
where E < A' = At f eA '+ A, and a; €A, and E is a congruen" lation
on A. E is called the equalztz relation of A and is often denoted =, even

A A homomorphism between structures A = Ay=pseen>, and A' = <A’ v of
the same signature .s . member h of A > A' such that vxeA Vyef\Lx=Ay->hx=A,hy],
and h preserves the operations and relations of A. The appropriate notion of
injective and surjective homomorphisms then leads to the notion of <somorphism
for such structures.

We start with N = <N,=,<,+,+,0,1>, where N is the identity relation. The
integers 2 are then defined to be NXN with (x1,y1) =2(x2,y2) Xy, = Xty
A ordered integral domain structure Z = <Z’=Z’<Z’+Z’°Z’OZ’]2> is put on 2 in
the usual way, so that one has an injective homomorphism h of N into Z, and 2
is generated from the range of h. Similarly one passes from Z to the rationals
Q = <Q’=(Q’<Q"">’ i.e., the quotient field of (an image of) Z. Finally the
real number systemR = <lR,-]R,<R,. ..> is defined by taking R to consist of all
Cauchy sequences of rationals, i.e.,

' 1
R= {z CQN[Vm In ¥k ky[ky 2 naky 30 [zkg-zk,y| < =)

where the expresion ' |zk1-zk21 < “-H_%-' is evaluated in Q. The relations RR
and the operations on R are then defined as usual. R forms an ordered field
which is Cauchy complete in the sense that every Cauchy sequence of reals has
a limit in R. But R is not (provably) complete in the Dedekind sense that every
Dedekind section in Q determines a real. The complex number system C= <I3,=m, w2
is obtained in the standard way from R.

From the reals we can move to metric spaces. All of the topological work

(5) For further original sources on predicative mathematics cf. Feferman 1964
and the references there to the work of Weyl, Lorenzen, and Kreisel.
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is done with separable metric spaces A = (A,...) wich carry as part of their
structure a dense countable subset <x > & Among the spaces wich are
specially used are the real and complex finite-dimensional spaces R® and C" ,
Cantor space ZN, and Baire space 1‘3N A1l of these (and more) are show to be le-
cally sequentially compact, i.e., every bounded sequence contains a convergent
subsequence. The proof uses Konig's Lemma, which is here applied to trees t
which are represented as members of S(N) (i.e., which have a characteristic func-
tion). Here the operator p and the associated operator WNe qu + {0,1}) make
an essential appearance. The definition of an infinite path through t is prim-
itive recursive in B]N (and t). Only restricted induction is necessary to verify
the required property of the path.

One cannot prove (local) compactness of these spaces in the usual sense of
reduction of open covers to finite subcovers, but one can give a form of this
for countable open covers. Some further general theorems which can be establish-
ed in this setting for (Cauchy) complete separable metric spaces are the Baire
Category Theorem and the Contraction Mapping Theorem.

Turning to classical analysis, the objects one deals with must usually be:
presented with additional information so as to be able to operate with them by
the limited functignal means provided in Res-VT+(u). For example, an element of
the class C(A,A') of continuous functions from A to A' (where A,A' are given
metric spaces), is a pair (f,8) for which f is a mapping in A -~ A' and § is a
modulus-o f~continuity function §(x,e), i.e., such that '

dy(x,y) < 8(x,€) > dy, (£00,£(y) < €.

Similarly, wniformly continuous functions are given as pairs (£f,8) where § isa
modulus-of-uniform continuity &(e) for £. It is shown for countably compact
spaces that continuity implies uniform continuity and that maxima and minima
are attained. Sequencesand series of functions are studied in C(A,R) when A is
sequentially compact. This forms a metric space with respect to the sup-norm
Jf-gl = sup|£(x)-g(x) |; the Stone-Weierstrass Theorem can be proved, thus show-
ing C(A,R) to be separable.

Mo.st classical topics in the differential and integral caleulus (Riemann
integration) go through quite readily. The extensions to complex analysis are

(6) In this respect we follow Bishopts lead in his development of constructive
analysis (Bishop 1967); cf. also Feferman 1979, esp.pp.177 ff. The use of
() and thence of 31“ is a way of incorporating mathematically what Bishop
calls the Limited Principle of Omiscience, LPO. Bishop says that his re-
sults are constructive substitutes ¢' for classical counterparts ¢, such
that ¢'+LPO implies ¢. Thus the formalization of Bishop's work in a system
conservative over HA (cf.ftn.2 above) implies the formalization (in prin-
ciple) of the corresponding body of classical mathematics in a system con-
servative over PA. The point of the approach here is to be able insteadto
step as directly as possible from current classical mathematics to its form
alization in systemsof known limited strength.
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also straightforward, as are establishment of the properties of the familiar
stock of transcendental functions.

New considerations are required when one passes to more modern topics, viz.
measure theory and functional analysis. Standard approaches which start Lebesgue
measure theory in R" with outer measure u*(X) make essential use of the g.1.b.
operation on scts of reals, which in turn requires Dedekind completeness of R;
but that is not available in VT+(u). Instead, one can define measurable sets X
and their measure u(X) directly, using sequences of covering approximations to
cach of X and the complement of X by countable unions of open intervals. Another
clegant route is to obtain the theory of Lebesgue integration directly using
Riesz's approach: every measurable function is represented as a difference of
two monotone sequence of step functions which converge a.e., and its integral
is defined in terms of integrals of step functions. For this only the concept
of sct of measurz 0 is needed. Then the theory of measurable sets is obtained
from the integration theory. Itturns out all of that can be carried out in Res-
\T+(u). However, when performing operations on measurable functions and
scquences of such, one must consistently work with presentations of them in
terms of sequences of step functions (as described).

Finally, one can obtain the main initial material from functional analysis
for linear operators on separable Banach spaces and Hilbert spaces. Usable
forms of the Riesz Representation Theorem, Hahn-Banach Theorem, Uniform Bounded-
ness Theorem, and the Open Mapping Theorem are obtained (under heavy use of sep-
arability). Finally, I have verified that one can obtain the principal results
of the spectral theory of compact self-adjoint operators on a Hilbert space. It
seems then that all applicable analysis can be carried out in this conservative
cxtension of PA.

A theme running throughout this development is that the Z.u.b. (or g.7.b.)
property of the reals, which is constantly used in classical analysis, but which
is not derivable in VI+(u), can be avoided by dealing systematically with se-
quences of reals rather than sets of reals. For bounded sequences we do have
l.u.b., g.1.b. (and sequential compactness more generally).

There are of course many results of theoretical analysis which cannot be
derived in this setting. Additionally, by the result of Paris-Harrington 1977,
there are simple combinatorial I, statements which are consequences of RT (in-
finite Ramsey's Theorem) but which are not provable in Res-VT+(u). We leave the
question of what can be done in various extensions of this theory to another
occasion. '

REFERENCES.

M.J. Beeson, 1980, Extensionality and choice in constructive mathematics, Pac.
J. Math., 88, 1-28. .



105

E. Bishop, 1967, Foundations of constructive analysis, McGraw-Hill.

S. Feferman, 1964, Systems of predicative analysis, J. Symbolic Logic, 29, 1-30.

S. Feferman, 1977, Theories of finite type related to mathematical practice, in
Handbook for Mathematical Logic (ed. J. Barwise), North-Holland, 913-971.

S. Feferman, 1979, Constructive theories of functions and classes, in Logic Col-
loquium '78 (eds. M. Boffa, D. van Dalen, K. McAloon), North-Holland,
159-224.

H. Friedman, 1977, Set theoretic foundations for constructive analysis, Ann. of
Math., 105, 1-28.

H. Friedman, 1980, 4 strong conservative extension for Peano arithmetie, in The
Kleene Symposium (eds. J. Barwise, H.J. Keisler, K. Kunen), North-Ho-
1land, 113-122.

J. Paris and L. Harrington, 1977, A mathematical incompleteness in Peano arith-
metie, in Handbook for Mathematical Logic (ed. J. Barwise), North-Ho-
1land, 1133-1142,

G. Takeuti, 1978, 4 conservative extension of Peano arithmetic, in Two applica-
tions of logic to mathematics, Pub. Math. Soc. Japan, 13, 73-137.

£33

Depts. of Mathematics and Philosophy.
Stanford University
Stanford, California, U.S.A.






Revista Colombiana de Matemdticas
Vof. XIX (1985), pdg. 107 - 115

SEPARABLY REAL CLOSED LOCAL RINGS

André Joyal and Gonzalo E. Re_yes*

It is well known that several types of ''variable reals' arising in topos
theory (Dedekind reals, Cauchy reals, smooth reals, etc.) are not real closed,
in the sense that a polynomial (with '‘variable real' coefficients) may change
sign in an interval without having a zero in that interval.

This phenomenon stems from the fact roots of polynomials are not, in general
continuous functions of the coefficients, as the example of the cubic x™ +px+q
shows. Indeed, there is no continuous function x(p,q) such that *

: x(p,a)> + px(p,@) *q = .
in a neighbourhood of p = 0, q = 0. ThlS is most ea511y visualized by looking at
the catastrophe map x (''the cusp")

x: {(p,a,x) € ROJx> + px + q = 0} » R
defined by
x(p,q,x) = (p,q).

3

surface x” +px +q =0

* Researeh partially supported by the Natural Sciences and Engineering Research
Council of Canada, and the Ministére de £'Education, Gouvernement du Québec.
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curve 4p3 + 27q2 = 0.

It is obvious that X has no continuous sections in any neighbourhood of p = 0,
q = 0 (just goaround a circle with centre (0,0) in the (p,q) plane).

This phenomenon has the following physical interpretation: the positions of
equilibrium of a dynamical system given by the potential

2

do not depend continuously on the parameters p, q. In pictures.

WAL WAV VAW SRV

For more information on this subject, the reader may consult Poston-Stewart
(1978) .

The question then arises as to the appropriate topos theoretic notion of
"rcal closed field". A.Kock (1979) has proposed the notion of '"separably real
closed local ring', meaning a commtative ring with unit which is local, Hense-
lian and has a real closed residue field. We recall (see e.g. Raynaud (1970))
that a ring A is local if it has exactly one proper maximal ideal m,. A is Hen-
selian if any simple root in its residue field l(A = A/mA of a polynomial
p « A[t] can be 1lifted to a (necessarily unique) root of p in A.

To show the appropriateness of his notion, Kock (loc.cit.) proves that

(i) it generalizes the notion of a real closed field, which is just a sepa-
rably real closed field,

(ii) various sheaves of continuous, C°, analytic,... real functions in appro-
priate spatial toposes are examples of this notion,

(iii) it is cohcrent (see e.g. Johnstone (1977) or Makkai-Reyes (1977) for this
notion),

(iv) it is c-stable (or infinitesimally stable) in the sense of Kock (1979).
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A.Kock (loc.cit.) also conjectured that the object of Dedekind reals, in an
arbitraty elementary topos with a natural number object, is a separably real
closed local ring (object). For the particular case of Grothendieck toposes,
this conjecture was verified by P. Johnstone (1979).

In this paper we prove Kock's conjecture, as well as related results about
Cauchy reals and smooth reals.

Our main tool is a strengthening of Tarski's theorem on elimination of quan-
tifiers in real closed fields, due to Coste and Coste-Roy, Delzell, Bocknak,
and Efroymson (see e.g. Coste and Coste-Roy (1979)). This result provides a new
coherent axiomatization of the notion of the title which is the key for the
whole proof. '

Throughout the paper, we shall use the set theoretical language as described,
e.g. in Boileau-Joyal (1981).

1. THE COHERENT AXIOMATIZATION.

We say that a local ring A is ordered if it has an order relation, <, which
is compatible with the ring operations and.induces a linear order in its residue
field k, = A/mA. More explicity, < is assumed to satisfy the following axioms:

1>0

(x>0ay>0) > (xty >0 axy>0)

(x invertible) + (x > 0 v -x > 0)

We define x > y+ x-y > 0.

Our axiomatization will be formulated in the language L of the theory of
ordered ring with +, -, +, 0, 1, > as non logical symbols.

If A is any ordered local ring and ¢ any formula of L whose free variables
are among X = (x,,...,xn), we let

A(9) = fae AM|A & o¢[a]}
be the "extension of ¢ in A",

The strengthening of the theorem of Tarski mentioned in the introduction
is the following.

THEOREM. Let ¢ be a formula of L whose free variables are among X = (x1,.
..,13,1). Assume that Rx(¢) <R i open (in the usual topology). Then there is
a formula ¢0 having the same free variables of ¢ and of the form

\il J{\Pij x) >0
where thé Pi. are terms (i.e. polynomiale) and such that K k ¥x(¢ ¢o), for
any real closed field K.
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The erucial property of such a formula ¢° is this: it is preserved and re-
flected by local homomorphisms (i.e. homomorphisms which reflect invertible el-
ements) between ordered local rings.

To state our main result, we shall identify a monic polynomial p(t) = th o+
p1tn L <Py with the sequence p = (p1,. . ,pn) of its coefficients. Consider

the following formula of L:
§(p) = (p(0). p(1) < 0) A (p'(0) > 0) A (p' (1) > 0) A¥x(0<x<1 > p' (x)>0).

Using the previous theorem and the fact that R (§) = R" is open (in the usual
topology), there is another formula 50 of L of the form v A P (p) > 0 such
that K k ¥p(8« 8 ), for any real closed field K. ij

PROPOSITION. If A is any ordered local ring, then A E Vp(G + 8).

Proof. Assume that A k §_[p]. From the theort_?m and the crucial property of
6 we conclude that k E 6[(1OTA) (p)] where A ——»k is the canonical map
and k —-—»ﬁ is the 1nc1us1on of k in its real closure ]’( A fortiori,
ky = 6[1A(p)] and this implies that Ak §[p].

THEOREM. The following is a (coherent) axiomatization of the notion of a
separably real closed local ring:
(1) commutative ring with unit axioms,
(ii) localness:

{1(0 =)
(x invertible) v (1-X invertible),
(iil) order:
1>0
(x>0 A y>0) + (x+y > 0 A xey > 0)
(x invertible) «+ (x>0 v -x>0),
(iv) do(p) + 3x(0<x<1 A p(x)=0 A p'(x)>0).
(Notice that, since p = (p1,... ,pn) is é sequence of n eiements, (iv) is actual-
ly an infinite set of axioms,one for each n = 1,2,...)
Prood. Assume (i) - (iv). Let p ckA[t] be either p = t2-6, with § > 0 or
a monic polynomial of odd degree such that (p,p') = 1. Going over to the real
closure ky i, k,, we find a simple root y of p in k,. In pictures:
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for some interval (o,B) such that p' > 0 throughout that interval (this is al-
ways possible, by changing p to -p, if necessary). Using the transformation
u+ a+(B-a)u, we may assume that a =0, B =1, y «(0,1), i.e.
ky k8. [i)].
By the crucial property of § o (reflection under local homomorphisms between or-
dered local rings)
Ak 8. [p],
where P « A[t] is any lifting of p to A.
From (iv), P has a simple root in A whose image in kA is a (simple) root of
p = k,[t]. This shows that k, is real closed.
To show that A is Henselian, let a = k, be a simple root of p « A[t]. Since
k, is real closed (as just proved), k, l-Go[tA(p)] (using a transformation of
the form u+ a+(B-a)u again). Hence A héo[p] and so there is a simple root
ae Aof p. If TA(a) = o, there is nothing else to prove; if not, write p =
(t-a)q in A[t] and use induction on the degree of p.
The proof in the other direction is obvious.

2. APPLICATIONS TO VARIABLE REALS.

COROLLARY 1. (Kock's conjeture). The object RD of Dedekind reals in any
elementary topos with an object of natural numbers is a separably real closed
local ring.

Proog. It is well known that RD satisfies axioms (i) - (iii) (see, e.g.
Johnstone (1977)). Assume that Rp #60[p]. Since 6+ § is (equivalent to) a
coherent sequent and is true for all local ordered rings (whose theory is co-
herent), then it is true in RD by the Metatheorem of Makkai-Reyes (1977). There-
fore Ry k&[p] and the result follows from the following.

R
LEMMA. Let f = RD Dbe a locally uniformly continuous function such that
(1) x<y~>£(x) < £(y)
(i) £=) == |
(i) £(-) = - in the obvious sense.

Then £ is a homeomorphism. .

Proof. Just check that, for each r = Rp, the pair {a < Q}£(a) < 1},
{a = Q|f(a) > r} constitutes a Dedekind cut.

COROLLARY 2. The (object of) Cauchy reals, RD’ in any elementary topos E
with nathral number object is a separably real closed local ring.

Proog. Let Sh(NU{=}) be the E-topos of sheaves over the Alexandroff com-
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pactification of N « E. The (object of) Dedekind reals (resp. the algebraic
reals) will be denoted, in both toposes, by RD (resp. AR) . Let R € Sh(NU {=})
be defined by

R={xeRy|[xeA] 2N .
More precisely
R(V) = {xe CO(V,RD) |¥vxe NnV(a(x) = AR)}

for all Ve O(NU{~}). As an €tale space, R has the following representation:

It is immediate that R e g, the germ at =, is isomorphic to the ring of
Cauchy sequences of AR modulo of Frechet filter of cofinite subsets of N.
Since every algebraic real has a decimal expansion, a diagonal argument shows
that the quotient of R by the Cauchy sequences converging to 0 may be identified
with the Cauchy reals:

Rw—-»RC: E.

lurthermore, since separably real closed local rings are closed under non-
trivial quotient, it is enough to prove that R, is such a ring. On the other
hand, since this notion is coherent and the operations of taking germs preserves
coherent logic, we only need to prove that R « Sh(NU {=}) is separably real
closed. This is a consequence of the following.

LEMMA. Let Ry > R, be a local monomorphism between separably re.'l closed
local rings. Thenm R = {x « RZH[X e Rlﬂ c U} <8 again such a ring, for all U > 1.

Proo§. Only axiom (iv) needs a proof. Let p = R[t] be a monic polynomial of
degree n such that R k So[p}. Since RZ' is separably real closed, the unique root
in (0,1) = R, of any monic polynomial satisfying 60 defines a morphism

tg: {pe RglR2 hso[p]}—* R,

whose restriction to R? lies in R; (given that Ry is separably real closed).
But [p e R?B > Uand so [e(p) « Ry] 2 [p = R}] 2 U, i.e. the unique Toot of
p in (0,1) lies in R. O

To formulate our next result, let ® < E be the (internal) theory c =
{R": n e N} whose n-ary operations are CQ(Rn.R) c RRn, the (internal) smooth
functions from R into R. (We are using R to denote the object of Dedekind reals
in E). .
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A -ring in E is an (internal) functor A e EC” which preserves products.
A is loeal if and only if A(R) is a local ring (object) in E,

COROLLARY 3. 4ny local C“-mlng in E i separably real closed.

Proo§. There are two sources of difficulties in this proof. First, the the-
ory of separable real closed local rings was formulated by using < as a non-log-
ical relation symbol. We need to relate > with smooth functions, which are all
what Cm-rings know about. This is easily done, by constructing ( as usual) a
"characteristic" function of the open set {x € R|x > 0}, i.e. a Ffunction
x € C'(R,R) such that

x>0 iff x(x) invertible.

We now reformulate the axioms for a separably real closed local rings in terms
of x:
(i), (ii) as before,

(1ii) x(1) invertible
(X(x) invertible ax(y) invertible) + (X(x+y) invertible aX(x-y) invertible)
(x invertible) + (x(x)+X(-X) invertible)
(x(x) invertible) + (x invertible)

(iv) replace "x > 0" by "x(x) invertible" throughout.

Now comes the second difficulty: our axioms are not equations and hence .do
not hold, a priori, in a Cw-ring. Our solution (lemma 3) is to show that axioms
of this type are consequences of equations true in R.

We need some auxiliary results.

LEMMA 1. (Existence of bump functions). For all e«R, € > 0 there is
r e C(R,R) such that

0Zif |x| > ¢
r.(x)1> 0 if |x]| <e
14f x = 0.

it

In particular, 1 (X) is invertible if and only if |x| < e.

Prnoof. The usual proof which starts from the function
-1/x2 .
e ifx>0
f(x) =
if x< 0.
is constructive and valid in £. Furthermore, such an f is clearly defined on Q

and is uniformly continuous. Hence, it has a unique extension to R.

LEMMA 2. Let ¢ € C'(RY) and U = {x € R* | ¢(x) invertible}. Then
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ERENY /e = C).
Proog. Let p: C(R™) + C(U) be the "restriction" map defined by
PE(x,Y) = (X sgrky) -

We claim that p is surjective, i.e. any h e C"(U) may be "extended" to some
fe ¢ (Rnﬂ) . The argument below was suggested by Ngo van Qué.

Let h « C°(U). Define, for € > 0,
r_(y- (p—(:a-)h(x) if ¢(x) invertible

f(x,y) =
Y if |ye(x)-1] > e]¢(x].

Using the fact that R is an ordered local ring, one easily checks that
fe C°°(Rn+1).11ndeed either |$(x)| < E—”’-;'- and hence |y$(x)-1] > e|¢(x)| or
[e(x)]| > HCTDE which implies that ¢(x) invertible. Clearly,

h(x) = f(x,ﬁﬂ) for all x e U.
Assume now that f «Ker(p). Using Hadamard's lemma for f e Cm(RnXR,R):
13f
£(x,t) - £(x,5) = (t-5)[ $L(x,5+(t-s)u)du
0
we conclude the existence of some f1 e® (Rn”) such that

1 1 1
f(x,}’) - f(xam) = (y'¢m)f1 (X,}’,W)-

)ﬁbxtx%lT- if y¢(x)-1 invertible

1
£1(x%,7, 57
—1—76)(1—?—6(1— if ¢(x) invertible
X

Define

v(x,y) =

Once again, it is easily checked that v « Cw(Rnﬂ). Therefore, f(x,y) =
vX,y) (yo(x)-1) e (yd(x)-1).

LEMMA 3. Let ¢(x), 8(x,2), ¥(x,t) i)e smooth functions. Assume the exis-
trnece of some h € Cm(U') such that 8(x,h(x) = 0 and ¥(x,h(x)) invertible, for
all x € U, where U = {x €R" | #(x) invertible}. Then any Cm-ring satisfies the
sentence:

¥x(¢(x) invertible + 3z(8(x,2)=0 A Y(x,z) invertible)).
Proof. By Lemma 2, we can "extend h(x) to f(x,y) in such a way that
8(x,£(x,y)) = 0 modulo (y$(x)-1)
and
y(x,f(x,y)) invertible modulo (y¢(x)-1).

In other words, there are smooth functions v, vy and ¥y such that the following
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equations are valid in R:
8(x,£(x,y)) = v(x,y) (y¢(x)-1)
VO EG,Y) )y () -1 = vy 0e,y) (ye(x)-1).

Any Cm-ring is a model of these equations.

To finish the proof of Corollary 3, we notice that all axioms for separably
real closed local rings, as reformulated in terms of X, are of the form stated
in Lemma 3. The result thus follows from Corollary 1.
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ON INTUITIONISTIC SENTENTIAL CONNECTIVES I

E.G.K. L6pez-Escobar

INTRODUCTION.

Recently there have appeared a series of articles on a non-classical logic,
called the Heyting-Browser Logic (H-B L), see (2], [3], [5] and [6]. The H-B
Logics are obtained by the addition of new sentential connectives to intuition-
istic logic so that the resulting Lindenbaum algebras enjoy some duality prop-
erties.

In a pseudo-Boolean algebra A = <A, n, U,=> 0 >, the element a=>b is th;
pseudo-complement of a relative to b and has the property that for every xe A:

x < a=b iff anx g b.

The dual notion to the pseudo-complement is the pseudo-difference. The pseudo-
difference of b and a is denoted, when it exists, by 'b = a'" and it has the
property that for every xe A:

x>b+a iff aux>b.

As is well known, a Boolean algebra always has both pseudo-complements and
pseudo-differences. On the other hand, pseudo-Boolean algebras (also called Hey-
ting algebras) have pseudo-complements but may fail to have pseudo-differences.
The dual of Heyting algebras, the Browwerian algebras, have pseudo-differences
but may fail to have pseudo-complements.

The fusion of Heyting algebras and Brouwerian algebras are called semi-Boo-
lean algebras; that is, A = <A, N, U,=>, =, 0, 1> is a semi-Boolean algebra iff
<A, N, U,=> 0> is a Heyting algebra and <A,N, U,*, 1> is a Brouwerian algebra.

The Heyting-Browwer Sentential Calculus, H-B SC, is the extension of the
Intuitionistic Sentential Calculus, ISC, obtained by adding a new sentential
connective =~ to the language. The axioms and rules of inference were chosen so
that the resulting Lindenbaum algebras are semi-Boolean algebras.

An interesting development of the H-B SC, obtain by C. Rauszer in [6], is
that there is a complete and sound semantics for H-B SC in terms' of Kripke
models. The condition for a formula (A - B) to be forced (or satisfied) at a
node N of Kripke model K = <K,g,...> is given by:

117
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KN (A=B) iff IN'y, <N[I(,N' = A& K,N' I+ B].

From the Kripke semantics for H-B SC it immediately follows that H-B SC is a
conservative extension of the ISC. Thus it would appear that - might be consid-
ered as a new intuitionistic connective. '
Unfortunately in a (complete) semi-Boolean algebra we have the following
distributive law:
ﬂi(bUai) =bu niai
so that it is not surprising that in the H-B Predicate Calculus the schema:

¥x(B v AX).o .B v ¥xAx,

is provable, and thus H-B PC is not a conservative extension of the Intuition-
istic Predicate Calculus, IPC. Thus we have second thoughts on whether = should
be considered as an intuitionistic sentential connective.

This leads to the following problem:

PROBLEM. Suppose that S is a schema, essentially involving quantifiers,
such that S is provable in the Classical Predicate Calculus, CPC, but not in the
IPC. Then, (s there a sentential commective ® (with assoctiated rules) so that
ISC + ® <5 a conservative extension of ISC and IPC + & I+ S?

Possiblc examples for S are: [P 23xQx. 2.3x(P 2 Qx)] and [vx 7 IPx.>.
71 1¥xPx]. A rcason why we believe it may be possible, at least for some schemas
is the following observation (suggested to us by the corresponding property for
scmi-Boolean algebras).

THEOREM. If H is an extension of the IPC such that there is a binary oper-
ation I' on the formulas of H such that for all formulas A,B,C of the first-or-
der longuage:

HH+ FAB)2C iff H - A= (B v (),
then the schema (restricted to first-order formulas):
¥x(P v Qx). 2.P v ¥xQx
18 provable in H.

Prood. let P,Qx be formulas of IPC and let a be an individual parameter
which docs not occur in ¥x(P v Qx), nor in F(¥x(P v Qx),P). Then:

IPC + vx(P v Qx).2 .P v Qa
H+ x(PvQx).2.PvQa
H + F(¥x(P v x),P) @ Qa
H - vx[F(¥x(P v Qx),P) ® Qx]
H - FO¥x(P v Qx),P) o vxQx
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HE vx(P v Qx).>.P v ¥xQx.

1. SENTENTIAL CONNECTIVES IN INTUITIONISTIC LOGIC.

Before we can decide what it is meant by an intuitionistic sentential con-
nective, we must have some agreement on what is understood by intuitionistic
logic. And to define "intuitionistic logic" one must first define intituitionism
and intuitionistic mathematics. Troelstra [8] suggests the following:
"Intuitionistic mathematics" is mathematics consistent with L. E. J. Brouwer's
reconstruction of mathematics.

"Intuitionism' refers to the body of concepts used in the development of intui-
tionistic mathematics.
"Intuitionistic logic" is a formalization of (a part of) intuitionism.

It would thus appear that the place to look for intuitionistic connectives
is in "Intuitionism' rather than in Intuitionistic Mathematics or Intuitionis-
tic Logic. Since the principal activity in Intuitionistic Mathematics is obtain-
ing constructions (that prove, or justify, mathematical assertions),we find
that the concept 'the comstruction c proves A" is one of the fundamental con-
cepts of Intuitionism. Or in other words, Intuitionism encompasses some, per-
haps informal, theory of constructions T. We shall further assume that in T
there are (possibly partial) predicates of the form:

Tr(c,r61) read: the construction c proves 6

TTA(C) read: the comstruction C proves A,
and (possibly partial) operations of the form:

c'd = the result of applying the construction C to d ,

c:d = the ordered pair of the comstructions c and d (also a construction).

1.1. Intuitionistic sentential connectives.
L]

The conditional is usually the most problematic of the. connectives. However
in classical logic, once one accepts the truth tables then the mysticism of the
conditional, as well as of the other comnectives, disappears.

Similarly for intuitionistic logic. The intuitionistic conditional (A = B)
is explained by giving the conditions under which a construction proves (A= B);
i.e.

Ao py(c:d) Aff n(c, My (x) * '),
And correspondingly for the other connectives v, a, 1. For "new'" connectives we
can then proceed as follows:

Suppose that P is a sentential parameter and that Cp(a) is a formula of the
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theory T of constructions in which there is at least one occurence of Tp- Then
Cp(a) can be used to define a unary sentential connective C by stipulating that
for all formulae A of the extended language:

"QA(c:d) iff m(c, 'cA(d)" ),
where CA(d) is the formula obtained from CP(a) by replacing all occurrences of
P by A, and all occurrences of a by d.

Given a language L, then by L + C we understand the extension of L obtained
by adding the (unary) sentential connective C ; SC is the sentential language
with the connectives A, v,5, and 1.

NISC is the natural deduction axiomatizacion of ISC, in the language SC (see
Prawitz [1]).

1.1.1. DEFINITION. A sentential comnective ( is axiomatizable w.r.t. T
iff there is a finite set R of rules such that for every formula A of SC + C ;
2f NISC + R A then there is a construction C such that in T, ﬂA(c).

1.1.2. DEFINITION. Suppose that C is an axiomatizable connective,R its
agsociated rules and H an extension of intuitionistic logic not containing the
connective C . Then the connective ( is an intuitionistic sentential connective
w.r.t. H <ff (H*R) ©s a conservative extension of H.

1.1.3. DEFINITION. C and its associated rules, is an intuitionistic sen-
tential connective iff C s an intuitionistic sentential connective w.T.t. every
intuitwonistic logic H such that H does not contain C.

2. THE SENTENTIAL CONNECTIVES r, O, < AND MODELLINGS.

In the H-B PC the unary connective ™ can be defined by A = (( L=1)-A)
and the corresponding condition in the Kripke models is:

KN rA[s] iff aN'y, OGN e A,

where s is an assignment of the individual parameters of A to the individuals
at the node N. It is almost immediate from the above that for it to make sense
the Kripke model must be one of constant domains, otherwise K,N' |-Afls] might
fail for the wrong reasons. And it is well known that the formulae valid in all
Kripke models with constant domains is not a conservative extension of the IPC.
Thus any attempt to discover, ’chro;igh the use of Kripke models, if there is
an intituitionistic connective corresponding to I appears to be doomed from
the start. Nevertheless the Kripke models give us a hint of what to look for.
The interpretation of Kripke models as stages of positive research (see [6],
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page 36) give us: to assert A at stage N we need to know that there exists
an earlier stage N' such that our information about A is not sufficient to ver-
ify A at stage N'.

Since under most interpretations, ¢ and d come before c:d, the above remarks
suggest that a possible formula Cp(a) for the connective I is '|1rp(a) so that:

plc:d) iff m(c, ’ﬁnA(d)’). ™

Unfortunately, if we wish to use (*) in order to discover an axiomatization
for r we must first develop part of the theory T of constructions and the cur-
rently available theories of constructions are quite complicated.

Thus we shall use a more ad hoc method for obtaining an axiomatization.
Namely, we take the Beth semantics, which is complete and sound for IPC and
which uses constant domains, and try to accomodate the connective I". The seman-
tics then suggest a set R of rules so that NISC+R is sound and complete. Once
we have a set R of rules we can return to the theory T of constructions and ver-
ify that R is indeed an axiomatization (in the sense of definition 1.1.1).

As a matter of fact, the Beth semantics leads us to another connective
(whigh is inter definable with ") and which, in certain respects, is much more
natural.

2.1. Beth models for SC+I .

We extend the usual definition of satisfaction (forcing) in Beth structures
to formulae of SC+I~ by adding the clause:

B,N - rA[s] iff aN', \(N(B,N' H Als]).
Then we define:
VAL = {A| for all Beth structures B and all assignments s in B: B I-A[s]}.

An induction on the complexity of the formula A of SC+I~ give us the fol-
lowing:

2.1.1. LEMMA. For all Beth structures B,

(1 IfBNI-A and N ¢ N' then B,N' I-A

(2) B,NI-A iff W8y cBHt(B,ét I-A),

where B ranges over paths through B, "N € B" expresses that the node N belongs
to the path B and Bt is the node <B0,B81,...,B(t-1)>.

2.1.2. DEFINITIONS. OA = TITA, GA =T TIA

2.1.3. COROLLARIES.
() BNI-TA iff BIA iff Bl A
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(2) BN DA iff WN'(B,N' IA) iff B I-A iff B I-DA.
(33 BNKOALFf IN'BN A iff BI-OAiff Bi- O OA.

2.1.4, LEMMA. The following schema belong to VAL:

() QA=A (6) rA = D0A.
(2) A>OA. (7} Av rA

(3 O(A>B).>.0A>0OB. (8) —10 1A = QA.
(4) OA> OOA. (9 ©0A> OA.
(5) OA> OOA. (10 0OAv T0A.

2.1.5. LEMMA. There are instances of the following schemas which do not
belong to VAL:

(1) A= OA. (5) (OA=>0B) > O(A>B).
2) A=A (6) MOA= OA.
(3 O vB).o.UAv OB. (7) 1o 1A 0OA.

(4) C IxAx o IxOAx.

2.1.6. DEFINITION. A formula A of SC+I~ is essentially modal (e.m.) &ff
either:
(i) Jfor some B, A =0OB, or
(ii) for some B, A =< B, or
(iii) for some em Band C, A= (Bv C) or A= (BAC), or
(iv) for some e.m. B, A = 3xB or A = ¥xB, or
(v) Ais 1, or
(vi) for some €e.m B, A= "1B (=B 21).

2.1.7. LEMMA. If A is an e.m. formula then (A> OA), Av TTA and A = OA,
all belony to VAL.

From the above results we see that the sentential combinations —1 1™ and
I~ 1 behave as modal operators. Since modal operators are better understood
than weak (paraconsistent) negations and since according to lemma 2.1.4 1A
is (semantically) equivalent to T1OA, we shall now change to the language
PC(O) in which O is a sentential connective and I, < are atbreviations for
70, 07, respectively. The definition for the satisfaction of O A in Beth
models is given by 2.1.

2.2. Rules of inference for I .
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g 52 (OD &x
X
©F) 2A . B

Restriction on the Q1 rule: Every undischarged assumption formula on which A
depends must be an essentially modal formula.

Restriction on the OF rule: B and every undischarged assumption formula on
which B depends (except possibly A) must be an essentially modal formula.

2.3. Some theorems of NMPC.

By NMPC we understand the system of natural deduction obtained by adjoining
the rules 2.2. to the intuitionistic system.

2.3.1. THEOREM. The following schemas are provable in NMPC:
(M Av ra.
(2) 10A= A,
(3) OAAO(A>B).2.B provided B is an e.m.f.
4 <©A>"107A.
(5) o~B="0OB.
(6) ©A = T1I0MA.
(7) <©0OA> OA.
(8) (A= 1gA)=10 A
9) 11A>0A
(o) OAv 110OA
(1) Av 7A, if Ais an e.m. f.
(12 A=OA, ifAis an e.n.f.

2.4. Soundness theorem for NMPC.
For every fornula A of PC(0), every Beth structure & and every assignment
Sinl:
if NMPC A then L1 A[9].

Prnoog. By induction on the length of the derivation in NMPC.

2.5. Completeness theorem for NMPC.

We prove the (weak) completeness theorem in the form that if a sentence S
of PC(0) is not provable in NMPC then there is a Beth structure :’S such that

Iy M s.

14
2.5.1. DRAMATIS PERSONAE.
(1) S, an unprovable sentence of NMPC.
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(2 s*=rs (= 7Os),

(3) QS = the (finite) set of quasi-subformulae of S,
() F=QU{1G: GeqS}U{0G: GeQS}U{1G: G QS}*
U{D"G: GeQSIU{1O1G: Ge(QS} U {i}
(5) L= {A: Ais a formula and A is a substitution instance of some G « ¥},
(6) Par (8) = the set of individual parameters ocurring in 6,
(1) L ={A: AeL and Par(A) ¢ {ao,..,ak_1}},
(8) EM= {A: Ae L and A is an e.m. formula} ,
(9) EMk = EMnLk,
(1) NM =L - EM,

(0 N4 =L - EM,

(12 AO,A1,. .. is an enumeration with infinite repetition of NM, such that for
each k, Ak < NMk, R

(1) T={A: A«EMand S A},

(14) 1"1 2 I' is such that I‘1 < EM is consistent and for each formula 3xBx ¢P1
there correspondsan individual parameter a,; such that B(a,;) « Ty. Fur-
thermore if A « EM and Ty HA then Ae T

(15) T, =T, U{IG: G<EMand G #T,}.

i

2.5.2. CONSTRUCTION OF THE TREE 2
Basis: J(0) = §(<>) =T,. .
Recursion step: Suppose i(ﬁ) = 2(<u°,...,uk_1>) has already been defined.
Consider then the formula A (=L).
Case 1: Ak is neither a disjunction nor an existential formula then we have
3 subcases to consider.
Subcase 1: L(wn L FA-
Then we define J(u™<1>) = J(W) U {A}.
Subcase 2: J(u)n L +A.
Then we define J(u"<0>) = L(u).
Subcase 3: Neither subcase 1 nor subcase 2.
Then we define J(u%0>) = J(W), J(@X1>) = (@) U{A).
Case 2: A =B, v B,. Then the definition of ] is changed as follows:
Subcase 1: J(Ux1>) = J(W) U{A,B,}, if consistent,
J(u%2>) = J( U{A,B,}, if consistent.
Subcase 2: No change. .
Subcase 3: J(u7<0>) = Z(\':),
Jx1) = Y U{A,B;}, if consistent,
J(d"%2>) = J(U) U{A,B,}, if consistent.
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Case 3: Ak = 3xB(x) . The definitions are then:

Subcase 1: J(u"<0>) = J(0) U{Ak’B(aZkﬂ)}'
Subcase 2: No change.
Subcase 3: J(u<0>) = J(1),

J@<1s) = JWu (A Bagy ) )

2.5.3. PROPERTIES OF THE TREE J.

(1) If A L, £th (@) = k then
(WL, A iff VBicgel at[J(Bt) nL, HA]
(2) If A<l £th (W) =k, then
L@ L - TAEE veg o oVt > K[TGRO N Ly b A]
(3) If (A=2B)el, Lth (W) =k, then
TN Ly (A= B) iff vey_o g¥t > K[if J(BO MLy A then J(Bt) NLy+-B]
(4) If AvBeL. £th (i) =k then
I@NL (A v B) iff ¥icpeyt 2 k[Either J(Bt)NL, FA or
J(BtynL, +B].

2.5.4, DEFINITION OF THE BETH MODEL :Ls. 1g is the Beth model <§ <, V>,
where | is the tree just defined and V is the function defined on the nodes of
y such that V(<u, .. u ) =

{A: A is an atomic formila, A € L, and }:(<uo,...,uk_1>) N L HA}.

2.5.5. RELATION BETWEEN THE TREE J AND &g. If k = £th(i), then for
all formulae A €Ly, J(wn L, FA iff &g, G #-AlS|, where S is the identity as-
signment.

2.5.6. COROLLARY . is - T10S and thus is - S.

2.5.7. THEOREM. NMPC ig a consgervative extension of NPC (i.e. of the
intuitionistic predicate calculus).

2.7. The connectives m, 0 and theories of constructions.

Now that we have a set of rules of inference for the new connectives we
must consider if they are an axiomatization, in the sense of 1.1.1, w.r.t. a
theory of constructions.

The,most problematic rule is (IE), which in presence of the rules for v
is equivalent to the axiom schema A v I~ A. Now the schema A v ™ A is forced up-
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on us because we are considering satisfaction in Beth structures and, at least
from a classical viewpoint, A is valid in the Beth structure B or it is not,
from which it follows that B =A v A,

One way to avoid such possible unfaithful results would be to use an intu-
itionistic metatheory on the Beth structures, however we feel that would be
counterproductive since one of the pleasant aspects of Beth (and Kripke) seman-
tics is that one can operate on them using classical techniques to obtain re-
sults about intuitionistic theories.

So, for the time being, we are stuck with the axiom schema A v TA. Is there
then any reasonable interpretation of ™ in terms of constructions?

when the predicates Tps T Were first introduced by Kreisel it was stipulated
that they be decidable (the argument being that one always knew if one had a
proof or not).’ Unfortunately too liberal use of that principle quickly leads to
a contradiction; nevertheless it is a useful heuristic principle, so we shall
temporarily adopt it.

Originally we had stated that a construction e proved A just in case that
c =c:d and n(c, © -—|1rA(d)"). Now if A is decidable then we need not give ex-
plicitly the construction that proves "InA(d) . In other words, it suffices that
A satisfy the conditions:

ﬂ,_A(d) iff _INA(d).
Now the decidability of m, also gives us:

ﬂA(d) v “IﬂA(d).
lience for all proof constructions d we have that:

1A v T ().

From which it follows that for all proof constructions d there corresponds a
proof construction d* such that:

A v FAdY-

OA was originally introduced as “IrA, so nDA(c:d) iff w(c,rﬂnr_A(d'x)-')
iff n(c,™ ﬂnA(d'x)") iff m(c', '"nA(d'x)").

It now is routine to verify that relative to the informal theory of con-
structions considered above, the rules of inference given in 2.2 form an axjo-
matization for O in the sense of definition 1.1.1.

Section 2.5 then give us that the connective O (with the associated rules
2.2) is a intuitionistic connective w.r.t. the Intuitionistic Predicate Calcu-
lus.

CONJECTURE. There is an extension H of the IPC such that the conmective
O (with the rules 2.2) 18 not a intuitionistic conmnective w.r.t.H (see §1).
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3. CONCRETE MODELS.

A concrete model for a theory of (proof) constructions is an arithmetically
definable model, with the natural numbers.as the domain of constructions and
decidable predicates P, P, as interpretations of m, A respectively.

In Troelstra [8] a concrete model is given for IIL, the intuitionistic im-
plicational logic (with the rules (oI) and (oE)). In this section we show how
to extend the model to the extension IILp of IIL obtained by the addition of
the unary connective O and the rules (O1I) and (QE) of 2.2.

3.1. The simple model for IILp.

3.1.1. SOME PRELIMINARY DEFINITIONS.
(1) PR a formal (intuitionistic) number theory including at least primite re-
cursive arithmetic. Prf(x,y) is the canonical, primitive recursive, proof pred-
icate for PR.
2) On, the n-th numeral (in the language of PR).
(3) "A", the numeral corresponding to the G3del number of A. .
(4) <A>(x) the primitive recursive term such that:

PR - <AS(O") = 0,

where k is the Godel number of Ai)(
(5) Der(x,y) is the canonical, primitive recursive, proof predicate for IILp
such that PR HDer(0™,"A") iff n is the GSdel number of a derivation in IILg
of A.
(6) wu is the canonical, primitive recursive term such that if n is the Gddel
number of the derivation n, of (A »B), m is the Gdel number of the derivation
1, of A, and k is the G8del number of the derivation of B obtained by (=E)
from I, and I,, then

PR — pu(o™,0™ = ok,
«(7) 6§ is the canonical, primitive recursive temm such that if n is the Godel
number of the derivation I of OA and k is the GSdel number of the derivation
of A obtained from Il by (OE), then PR — &(0") = oK.
(8) (j,j1,jz) are primitive recursive temms forming an onto pairing system.

3.1.2. DEFINITION OF Cp. To each sentential parameter p of IIL[] we
assign a primitive recursive predicate C P such that PR l—Cp(x) > Der(x,"p'").

3.1.3. DEFINITION OF Ty To each formula A of IILg we assign a (primi-
tive recursive) predicate T as follows:
(i) if A is a sentential parameter p, then TA(x) 2C (¥,
(ii) if A is not a sentential parameter then, then TA(x) = Der(x,"A").
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3.1.4, DEFINITION OF PrA AND fA. To each formula A of IIL[g we assign
a primitive recursive predicate Pry and primitive recursive function fA such
that:
PR T (x) :PrA(fo)
and
PR FPry(y) = Der(j,y,"A").

(i) If A is the sentential parameter p, then
Pro(x) = T (%) A (Gyx = 3,0
fp(XJ = j(x,x).
(ii) If A= (B = C) and Pry, PrC, fB and fC have already been defined, then we
proceed as follows:

Assume that T(B=’C) (0 ) and PI‘ (y) Then Ibr(O MB2OM, DeT(JZ)’ "B,
Hence Der(u(0" »J2¥),"C") and thus Tc(u(O »J,¥)). Therefore Prc(fc(u(ﬂ »3¥))).
In other words, we have shown that:

PR + T(B:’C) (On) = [PTB(Y) = Prc(t(on,)’))]’
where t(x,y) = fc(u(x,jzy)) . From the latter we obtain
PRk Tipo ) (01 = ¥y [Prg(y) = Pre(t(0”,y))]. *)

Furthermore, the Godel number of the proof of (*) is primitive recursive in n
so that there is a term g such that

PR —Prf(g(x), a(B=C) x = vy[PrB(y) > PrC(t(x,y))]>(x)).
Also, using the fact that T(BD 0 (x) is primitive recursive, we obtain that
there is a term h such that

PR ‘_T(BDC) (x) = Pri(h(x) ’a(BDC) x)>(x)).

Combining the last two observations and using the u function, we obtain a prim-
itive recursive 8 such that:

PR T(g ) (x) @ PrE(O(x) ,e¥y[Pry(y) = Pre(t(x,y))]>().
Thus we define:

Prgscy (0 = Tigsgy () A Pre(jx ¥y [Pry(y) = Pr(t(x,y))]>())

f(B s (¥ = j(6X),x).

(iii) If A = OB and we have at hand PrB and fB then we pmceed as follows:
Assume that TDB(O ). Then TB(G(O )) and hence PrB(fB(G (0 ))). Let s be the
primitive recursive term such that s(x,y) = fB(G (x))), then what we have shown
is that
PR T (0™ = vy Pry(s(0",y)).

Procceding as in case (ii) we then obtain a primitive recursive ¥ such that
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PR b Tgy(x).2 Pri(#(x), <V¥y Pry(s(x,y)) > (x)) .
Thus we define:
Prp(x) = Tgy(j,x) @ Pri(jx,<¥ypry (s(x,¥))> (X)) .
fap) = J(#(0,x).

3.1.5. DEFINITION OF P AND P,.

P(X’Y) = Del'(jz)(,)')l\ Prf(j1x,y)
PA(x) = PrA(x).

3.1.6. THEOREM. For each B, C of IILy and natural number n:
() PR Ppo ) (01 = P07, "wy[Rpy) = Pelt,(5))]™.
(2) PR -Pgp(0™) = P50, "¥yPy(s,(»))").
(3) If IILg B then for some m, PR l-—PB(Om).

3.2. Extension to IILpOr

Since Pr, is a decidable predicate , so is Pry, and thus we may trivially
extend the concrete model to the extension IILprof IILp obtained by adding the
unary connective I™ and the following rules of inference (suggested by 2.2):

&£ P X
B B rA
-5 TA
rra
A

The extension in the concrete model is as follows:
TrA(x) = Der(x,"I"A"),
PrrA(x) = T'_ A(jzx) A ‘IPrA(x) .

We still obtain that there is a primitive recursive f'_A such that:
PR I-—TrA(x) =) Prr.A(f'_Ax);

in fact, fl_.A(x) = j(x,x). For suppose that TI’A(X)‘ Then clearly TrA(j ZfrAx)'
Now suppose, for reductio ad absurdum, that PrA(frAx). That is, suppose that
PrA(j(x,x)). Then Der(x,"A"), but Der(x,'TA"). Thus '1PrA(q_Ax). In other words,
we have shown that PrrA(frAx) .
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DERIVATION-BOUNDED GROUPS

K. Mad1ener* and F. Otto

ABSTRACT, For some problems which are defined by combina-
torial properties good complexity bounds cannot be found
because the combinatorial point of view restricts the set
of solution algorithms. In this paper we present a phenom-
enon of this type with the classical word problem for fin-
itely presented groups. A presentation of a group is calld
E ~derivation-bounded (E;-d.b.), if a function k€ E; ex-
ists which bounds the derivations of the words defining the
unit element. For E, -d.b. presentations a pure combinator-
ial Ep-algorithm for solving the word problem exists. It is
proved that the property of being E,-d.b. is an invariant
of finite presentations, but that the degree of complexity
of the pure combinatorial algorithm may be as far as pos-
sible from the degree of complexity of the word problem it-
self.

The complexity of logical theories and of algorithmic problems in algebraic
structures has been object of intensive studies during the last years ([Av],
[Av-Mad1], [Can], [Can-Gat], [Fer-Rac], [Gat], [Madl]). One interesting aspect
in the proofs of good lower and upper bounds is the fact that some of these re-
sult were achieved not only by using combinatorial methods but also by using al-
gebraic arguments. Even more, for some problems which are defined by combinator-
Jal properties good complexity bounds cannot be found because the combinatorial
point of view restricts the set of solution algorithms.

In this paper we want to present a phenomenon of this type within the clas-
sical word problem for finitely presented groups ([M-K-S]).

let I = {51,...,5 } be a finite alphabet, I = (31,...,5 } a disjoint cooy
of I (s is the formal :mverse of s, ) t=1Uf, and Z the set of words over
I, Forw aj...a €1 z* ya; €L, let be w ! = a ...::11 (§=s), letn= |w| be
the length of w, e the empty word, and L& Z

The group G given by the presentation <Z,L> can be viewed as the set of e-
quivalence classes of the Thue system

14

* This research and the participation to the congress was partially supported
by the DAAD.
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T=(; wW=elwe LUL-IU (ss,ss: s €3I1}),

where u ~ v if there is a derivation from u to v in T. The set of equivalence
classes forms a group with the operations [u]e[v] = [uv] and [u]'1 = [u'1], [e]
being the unit element.

L is the set of generators, and L is the set of defining relators of this
presentation. If I is finite, <I;L> is a finitely generated (f.g) presentation
of G, and G is called f.g.. If L is finite, too, then <I;L> is a finite presen-
tation of G, and G is finitely presented (f.p.).

The word problem for the presentation <I;L> of G is the problem of decid-
ing for an arbitrary word w « " whether w defines the wnit element of G or
not, i.e. the membership to the set {w « £t | w gel=1 ez’ | there is a de-
rivation from w to e in T}. It is well known that the complexity of the word
problem for G is independent of the chosen f.g. presentation for G, and we can
speak therefore about the complexity of the word problem for G.

We call an algorithm solving the word problem for <I;L> a natural algorithm
(n.a.) if for w ge it produces a derivation w = Wy el W = e in the Thue
system T. Of course the length cf a produced derivation is a lower bound for
the complexity of a n.a..

From each solution of the word problem for <I;L> we can define a n.a. sim-
ply by generating all derivation in T for the words w with w ge in some or-
dering.

Some questions concerning the n.a. arise. Does the complexity of any n.a.
give information about the complexity of the word problem? Of course, it gives
an upper bound, but does it give a lower bound in any way, too? Starting with
an algorithm which solves the word problem can we produce a n.a. of the same
complexity? Given two presentations of the same group, what is the relation
between the complexities of natural algorithms in both presentation?

We introduce the concept of derivation bounded presentations to formulate
these questions more precisely and also to give the answers. Let K be any com-
plexity class of word functions. We will restrict ourselves to the Grzegorezayk
classes Ej which are well known ([Weih]). A finite presentation <I;L> is called
K-derivation-bounded (K-d.b.) if there is a function k = K such that -every
word w € §* which defines the unit element of <I;L> can be derived to e in T,
within no more than |k(w)| steps.

For a K-d.b. presentation there is always a standard n.a. for solving the
word problem. In order to decide for a word w « 2_2* whether w te just produce
all possible derivation in T which start with w, of length bounded by |k(w)]|,
and test whether e has been derived. If K = En (n 3> 3) this is an En-algorit}un.
In particular the word problem for an E -d.b. finite presentation is decidable.
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On the other hand if there is a natural E,-algorithm solving the word problem
for <Z;L> then <I;L> is En-d.b..

We will prove the following results.

(a) If a f.g. group has an E -d.b. finite presentation for some n > 1 then
every finite presentation of this group is E -d.b.. So the standard n.a. is an
En—algorithm for all finite presentations of this group, for n » 3.

(b) Every f.g. group G with E -decidable word problem (n > 3), and hence
any countable group with E -decidable word problem ([ott]), can be embedded in-
to a f.p. group having an En-d.b. presentation. This means that a n.a. of the
same complexity can effectively be constructed from an algorithm solving the
word problem for G, but in general for a larger group only. The restriction of
this n.a. solves the word problem for G, but is general it is not a n.a. for G.

These two facts give the hope that at least for f.p. E -d.b. groups with
n > 3 an optimal n.a. exists. But this hope is disappointed by the following
fact.

(c) For every n > 4 there is a f.p. E -but not E _,-d.b. group G having an
E;-decidable wurd problem. So G has no natural En_1-algorithm for solving the
word problem although there is an E-algorithm for solving it. Thus the complex-
ity of any n.a. may be as far as possible from the complexity of the word prob-
lem. These results show that combinatorial properties of a Thue system are not
sufficient to prove good complexity bounds for the word problem. Similar re-’
sults can be proved for semigroups.

Since there is a f.p. group with Es-decidable word problem such that none
of its finite presentations allows a natural Es-algorithm, the following ques-
tion seems to be natural: is there an infinite "easy' presentation of this
group for which a natural E;-algorithm exists?

Of course one could take all relators of the group as defining relators of
a presentation, which then triviall\y is Ec-d.b., since each derivation is of
*length 1. But such a presentation is not "easy" because the full complexity of
the word problem is contained in the defining relators and so in the presenta-
tion. Let an easy presentation of a group be one for which the set of defining
relators is E;-decidable. Then we have:

(d) Every f.g. group G with E -decidable word problem (n > 3) has a f.g.
presentation with an Erdecidable set of defining relators which allows a nat-
ural E -algorithm for solving the word problem.

Similar questions may be posed for finitely axiomatized (f.a.) theories.
Are natural decision algorithms for f.a. theories optimal, or are there easily
decidable theories for which the optimal proofs in any finite axiomatization
are too long?
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1. E,-DERIVATION-BOUNDED GROUPS.

1.1. DEFINITION. Let G = <I;L> be a group, and let w « L™ be such that
wEe.

a) A derivation from w is a sequence of words w = WosWgse oW S € from £*
such that w;,, is formed by insertion of a word u between any consecutive sym-
bols of w. i or before Wi, Or after wl, or by deletion of a word u if it forms
a block of consecutive symbols of w;. In both cases u must be a member of
LUL™ U{ss ss: s:Z} Here L~ -
(ws) = sw 1, (ws) = sw 1, and = denotes the identity of the free monoid Z_I*.
k is the length of this derivation.

b) Let be n > 1, <Z;L> is En-demlvation-bounded (En-d.b.) if there is a
function k = En(g) satisfying for all w *w ge implies’ that there is a
derivation from w of length < |k(w)|, where | | denotes the length of a word,
i.e. the number of letters. Then k is called an En-bound for <I;L>.

is defined as {w'1|we L}, where e lze,

Of course a natural algorithm for solving the word problem exists for a
finite En-d.b. presentation.

1.2. LEMMA. Let n > 1, and ke E (Z) be such that k(e) = e. Then there
is a monotonous function ke E(Z) satzsfymg Ik W |+ Ik W < |k1 (w) | and
[kw) | < Ik W) | for all u,v,w = Z

Proog. m = 1. Let k  E,(2) with k(e) Ze. Then 3c > 1 Wi » & (Jk(W)| <
c|w|). Define ky by k (w) = wC, then k eE1(Z) k1 is monotonous, and |kWw)| €
[k,(w)| for everyw z): . let u,v %" then [ky () |+]ky (M | = clul +c|v] =
c|uv[ = ]k1(uv)|. n>2. letke En(g) with k(e) = e. Then there is a mono-
tonous function k' =E_ () satisfying k(W) | < |k'W)| and k'(e) = e. Define
k1(e) ze, k1(ws) = vk(k1(w) ,k'(ws)), where the function vkcE1(2_‘.) denotes the
concatenation of two words. Then

ky(s51..siD) z,j(;k'(s;l}..s?%)
and therefore |k1(w)| < |w|e]k'(w)|; since k' is monotonous and n > 2, k{€E (@)

k1 is also monotonous, and k1 a bound for k. Now,

lul ,
[k | + |k, (v)l L COl I iEllk'( Nl

Ll | P

Z [k'(s)| + 2 k' (us))| = Z1|k'(53)l = |ky(w)].
This proves Lemma 1.2.

1.3. REMARK. If k is an En-bomd it may be assumed that k(e) = e. But
then because of 1.2 it may be assumed that k is monotonous and satisfies

k(w| + k(W] ¢ [k@v)].

Now we give an example of an Eo-d.b. presentation.
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1.4. LEMMA. F = <Z;0>, the free group generated by I, is Eo—d.b.

Proof. Define k(w) = w, then k = Eo();). Now let we 2* such that w Fe
This means Yf(w) = e, where Yg denotes the function calculating the free reduc-
tion. But the execution of the free reduction gives a derivation from w of
length %|w|. So k is an E -bound for <z;@>.

The following three propositions give technics to construct En-d.b. presen-
tations of groups from given E -d.b. presentations, such that the groups de-
fined by the given presentations are embedded into the groups defined by the
constructed presentations.

1.5. PROPOSITION. Let H1 = <IpsLp and Hy = <Ip;Ly> be groups such that
1,L1> and <22,L2> are En-d.b. for some n > 2. Then
Ly,Ly>of H M, is E -d.b., and
b) the presentation <, U):Z;L1,L2,abab: ae Zl,b < I,> of H1><H2 i8 En—d.b.

a) the presentation <E1 UEZ;

Prood. Without loss of generality it may be assumed that I, and I, are dis-
joint alphabets. Let k e E (21) and k < E (Zz) be En bounds for <X L1> and
<EZ,L >, respectively, and let w = UV UV UV, U E 21 v; < g , where

u; and v; are the syllables of w.
a)w=einH1*H2.Thenthereisanic{0 1}suchthate£uﬂeor

e £ v; 5 e. Sowithin no more than k4 (ui)] respectively lk o)l steps w

can be derived to a word w' containing less syllables than w. Hence there is a

derivation from w of length
€ lk.°H21(w)|+|k2° 2 W],
where IIE e E (Z UZZ) denotes the projection onto Z

Deflne for s =§ UZ , U (w) = sl l, ‘which is an E -function. Let k(w) =
vk(k,an1(w) ,k2°Ub1(w)) for some a, €I, b1 < 22. Then k cEn@] UZ_:Z) with

kW) | = |k °Ua1(W)| [k °Ub1(w)| |k Hzl(w)lﬂk °Hg ) |

since IHET(W)I < lwl = |Uay ()| and In;z(w)l < |wl = |Ub1(w)]. Hence k is an
E -bound for <f, Ui_‘.Z;L1 Ly

b) w=-e¢e in H1><H2. Thenw=IIZ1(w) ng(w) in HIXHZ’ Hm(w) ﬁ1e’ and n;z(w) ﬁze
There is a derivation from Ilg;(w) of length not exceeding |k Miz;(w)| in
<21;L1>, and there is a derivation from ng(w) of length not exceeding
[k1°H22(w)l in <z,;L,> . W can be derived to I{;_.-‘(w)ﬂ;z(w) by sequences of the
form ba El ababba 3 ab. Therefore Hm(‘”)HZz(W) can be derived from w within no
more than SIHzl(w)l-lHZZ(w)I steps. Define VK(w,e) = e, VK(w,us) = vk(VK{w,u,w)
Then

Wew,w = wll and w B, (7, Uz,

Now let k(w) = vk((VK(w,w))S, vk(k1°Ua1(w) ,k2°Ub1(w))). Since n 3 2,
ke En();1 U);Z) and
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IkGa) | > 3|w| 2+ [k, oligy o0) | +]K, Mg, 06) |  3]Tg 4 () | | Mg, () [ +1k oy (W) | + [k oTg ().
Hence k is an E -bound for <I, UZZ;LILZ,abéE: ael;bely>.

1.6. PROPOSITION. Let H = <L;L> be E - d.b. for some n 3.

a) If H* = <H,t; tultv11: i =1,...8> i8 an H\N-extension of H with rewriting
functions w, for SUpyeee,Up>y and wy, for ViseeesVpiy bounded by polynomials,then
the given presentation of H* is Ep-d.b.
b) If H* = <H, t tk,tlu”tlv;; j=1, ,ll, i=1,...,k> 78 an HNN-exten-
sion of H with remrmtzng functions wyy fbr Ujqseeeslip >y and Wyy for

Viqree ’V1I. H? i=1,...,k, bounded by polynomials, then the given presenta-
tion of H* is E -d.b. (See [Lyn-Sch] for the definition of HNN-extension).

Proof. As part (b) is nothing else than a finite iteration of part (a) it
suffices to prove part (a).
Define ¥: U = <u1, Uy ->V=<v1, VLHasfollows fwerl nu,

then w 5 w, (W) = H1uj’ let $(w) = ﬁ] v§l. Define #:v > U analogously, Now 3
j=

and ¥ realize the isomorphisms used for constructing the HNN-extension H of H.
wy and w, are bounded by polynomials, and so are ¥ and $. Therefore c > 1 and
d 2 can be chosen 1n such a way that for all w € * Iwu(w)l, |wv(w)|,
[P ], |PW)] < c]wl are valid.
Define f(e) = e, f(ws) = f(w)s, s

n

L.

ug(v) if f(w) = utv, v cg*n U
f(wt) =
f(w)t otherwise
_ up(v) if f(w) =z utv, ve ;*n \'
f(wt) = R
f(w)t otherwise.

According to [Av-Madl] 3.2, p.94, f is a t-reduction function for H* satisfy-
ing
we (EUEH® [fw] < 22cdlwl
Let kH €E (Z) be an En -bound for <Z L>, and let be w € (T c{t})
that w fix € Then fw) Z and f(w) ie> f(w) results from w by pmchmg out
’th t-pinches, and subsequently f(w) can be derived to e in <I;L> within no
more than |k °f(w)| steps. Let

H
Wt 1w1..t"l\v , W

*
o,..,wk:Z: s u1,.-o,uk‘:{il}

and
¢ iy ¢ 1*1
i
be the lefmost t-pinch contained in w.

3]
Y = -1 wzwot W 1tw twlﬂ wk--(-l»

Woe oWy 1twi(w (wi)) w (w Jtw,

w 2

1410
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z 3
L 'wi-1t“’u(wi)twi+1 - Wy _L),

Ui .
w . .ghi-l Hi+2 =,

o wiq (wi)wint W = w'

ad (1), Iw (wy )| trivial relators are mserted

ad (2), wl(wu(wl)) "1 5 e, and so w;(w(w;)) " can be derived to e in <E;L>
within at most IkH(wl(wu(wi)) 1| steps

ad (3), Iwu(wi) |u = the number of generators Uq,...,up in “’u(wi)' Now (3)
can be realized by |w (w;)|, steps of the following kind:
(a) Insertion of tt.
(b) Insertion of v‘.1vj by using trivial relators.
(c) Deletion of Eujtv31.
Hence within at most

m = ]wu(wi)]+]kH(wi’wu(w N )|+]w W) [, 2+ max ]vjl)
=t
steps the first t-pinch of w can be pinched out.
-1 . .
< Iwu(wi)l-{i‘w.max ‘le}"' kﬂ(wi( u(wi)) )| =2 m,

J= >

since

’Wu(wi)lu < lmu(wi)l-
- IJ1
. =1 :w=wt

: m
i o . 1 1tw twi+1"wk
wo..wi_1tw (w (w DR w (w )tw, 41" Yk —L)»
(3)
wo"wi~1t“’v(wi)twi+1""k
Hi-1 - Hi+2 =
Woet wiq (wi)wth RS w'
ad (1), |w (W )| trivial relators are mserted
ad (2), W, (w (w)) The, and 50 ;@ ,01)) ! can be derived to e in <I;L>
within no more than IkH(w (0, (w; N )| steps.
' ad (3), by !wv(wl)l v Steps of the following kind (3) can be realized:
(a) Insertion of tu; itu.t by usmg tnvml relators.

(b) Deletion of thuJ't (= (tthv ) ) and of tt.

In this way ujt is derived from tvj. Hence within at most

my = g |+l (0,000 ™) [+, 60 | e max  Jug)
LERE
steps the first t-pinch of w can be pinched out.
+

my <€ l“’v("i)l.{yj:n?i., i 3+ gy (g (103 bl =
since

lwv("i) Iv < lmv(wi) |.
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Let A = __qxax {|uJ| |v |}, and a € Z. Now the first t- pmch of w can be pinch-
ed out in at most clw|™e {5+A}+|kH(a(CH”w| )| steps. Let w be the word formed
by pinching out the first i t-pinches of w.

, . @?i-1 gl
ASSERTION. Let i e {1,2, ..,!;Iw| }. Then lw'] (c+1) [w|™ , and w}
o be derived from w‘ -1 wzthm ml steps where ml samsfzes
d i
< - (e E i @Dy
Proog. By induction on i.
i=1:w)=w', then |wj| = |w|—|wi|~2+|‘fu(wi)|
< Iulselug |4 < pulrelwl® € ey wld < ety 9wl
d dy . id
I N R P O L I IR PN E L M WA LT
iri+l: w;H is formed from w' by pinching out a t-pinch, then
iyl < i lrelwg |9 < certy w9
(e e @ i34 o (oo @
< (c+1)d21+1|w[dlﬂ,

i+l

and
(c+D) |w

=
A

1| )l
(5+A) cx {(cr1) 17T | dlydy i

d
sl (5+A)c|w'] *|ky(a

@ (c+1)-{(c+1)dzi"lwldi}d),
c+1)d 1"1[wldl+1

A

H

(s+A)e(c+1) 44 ] 41T i al

. . d2i+1 d1+1
(5 (1) 421 484 L i o (XDl

A

)

let w' be the word formed by pinching out all t-pinches of w. Then W= w'

%lwlt’
wWle-1 (li) W
' "'l < (C+1)d| I'C I Id ' |t

and hence

< {(c+1)|w|}d|WI

The derivation fromw to w' can be performed within

Blwle ,  lw dai
0= I e ccon i Tt a0
i=1 i=1

Iwl
< sl 5o (e @y alw ’+|k (CDIDLNS

steps. At last, w' is derived to e in < ;L>‘w1th1n at most
d w
Ik, < lkn(ac(”]”wD )| steps.

*
llence there is a derivation from w in the given presentation of H of length
not exceeding

w dlwl
nh=ﬁﬂmmﬁtuﬂuwmuuwwndlﬂmw““”““ 3.
Define d(w) = adll d,w) = VK(w,a*"), and

ds(w,e) = a, di(w,us) = VK(d;(w,u),w).
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Then  d; eEg(ZU{t}), d, €E,(ZU{t], dy eE(ZU{tH), dy(w) =T,

[dz(w)| = (c+1) |w]|, and ds(w,u) = al“"| lul d;(w) =d5(d,w),d;(W) is a
function from E4(Z u{t}) satisfying

4, = al(e*D pd

and k(w) = VK(vk(VK(d, W) ,2>"™), kyod,(6)),w) is from E_(Z U{t}) satisfying:

l
kG| = [ £G5+R Ces) wpyala ky(al(c*) by

Hence k is an E -bound for the given presentation of H. Thus this presentation
is E-d.b.

1.7. PROPOSITION The H = <T;L> be E -b.d. for some n » 2. If B =
<H,t;tu. ‘cu1 i=1, .. ,£> 26 an HNN- e:cf:enston of Huwith the identity as isomor-
phism and with a rewmtmg function w En(E) for <UpyeoeUpy, then the given
presentation of H ie E -d.b.

Proof. Define f(e) = e, f(ws) = f(w)s, se L,

U
E Z <Ugy...
f(wt‘ﬁ uv  if f(w) = ut'v, vel n uy, ,qu

f(w) t* otherwise

f is a t-reduction fuctmn for H* satisfying [§W) | < |w|. Letwe (Z u{tn*
with w H*e Then f(w) z and f(w) 5 He- Therefore w can be derived to e by
first pinching out all the t-pinches of w and thereafter deriving the resulting
word to e in <Z;L>. w(e) = e may be assumed. Then according to Lemma 1.2 there
is a monotonous function w, « E  (Z) satisfying*[m(w)] < |w,W) | and
oy (W [+]lw, (V) | ¢ Juy(uv) | for every w,u,v el .

Let k ‘En(l) be an E -bound for <I;L>, and let w =W, 1:u1 turw
WoseosW, € Z*, Hyseooshy e:{ 1}, with w fee contain the t-pmch t“'lw tul"1
This t- pmch can be pinched out by the following sequence of operations:

—_— Bi o Hi+ (1)
WOEWE Weewg gt Wt T g
Hi -1 Hi+l 2)
Woe Wi t w, (w(w.)) w(wi)t Wipqe Wy

i
o' Y5 1t w(w )t 1” 1..wr—(§2—>

w ..tui’1w.‘1m(wi)wi+1t iz (A,

o T
Hi-1 “1+2 5
Wt W W (wwy N w(w Wit W HON
Hi-1 Hi+2 - .
Woeot 7 W gwow gt SWo S W

ad (1), Im(wi)l trivial relators are inserted.



140

ad (2), w. (w(w )) H e, and hence w, (w(w )) can be derived to e in < ;>
within at most )kH(w (w(w; M- )| steps.
ad (3), Im(wl)lu steps of the following form:
u; = -1: (a) Insertion of tuj ujf: by using trivial relators’
(b) Deletion of tu.tu;!
In this way ujf is derived from Euj.

1: (a) Insertion of tu: 'ttu.t by using trivial relators

(b) Deletion of ujf:uJT1t (E('Eujtujf1)'1) and of tt:

b =

- -1, - -
tu, + tu.tu. ttu.t » ttu.t +- u.t.
i B R B 7Y

ad (4), Wy (m(wi))'1 can be derived from e by inverting the derivation of
(2).

ad (8), | I“’(Wi)l trivial relators are deleted.

llence the t-pinch of w can be pinched out within

m xw(wi)lﬂkﬁ(wigw(win")|+|w(wi)|u-(4+j=1‘j‘f{’f, ol
+ IkH(Wi(w(Wi))_ ""I‘*’(Wi” < Iw(wi)"w*j:??i,zlujD*Z'kH(W- (W(Wi))-1)|

steps, since |w(w.)|, < |w(w,)|. Let A= max |u:|. Then
1 u 1 ) J
m' < Iw(wi) l (6+A) +2IkH(wi( (wi))_I) | <€ ZIkH(Win(Wi)) |+(6+A) |m2(wi) | ’

since |m(wi)| = ]w(wi)'1| < |m2(wi)], and k; being monotonous
w
¢ 2ligaM 192D 1 oy, alWl)
since Iw.l < |w|, and ky and w, being monotonous.

!,|w|t t-pinches must be pinched out. Of course [w'| < |w|. Hence w can be
derived to f(w) in the given presentation of H* within m" steps where n* satis-
fies:

n* < sl a9 | oy a3
< |w|{|kﬂ(a|"f*|‘°z<a"")_l)|+(3+A)|m2(a'"’)|}.

f(w) is derived to e in <Z;L> within at most i < |kyof(w)| < IkH(al"])I steps,
as |f(w)]| < |w] and ky being monotonous. Hence w can be derived to e in the
given presentation of H' within m steps where m satisfies:

m = n* i Ju] (g cal1* LICUD N layally 13+, cally .
Define

k(w) = vk(VK(vk (kyyovk (U, (W) ,U, %0, °U, (W), W(N2°Ua(w),83+A)),W) ykyeU, ().
Then k €E (ZU(t}) and k sat1slf1Ts

o | = hwlligg(a 1192 Dy s (3my uy ey 3+ kH(a|"')|

Therefore k is an E -bound for the given presentation of H which is E -d.b.
herewith.
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2. AN EMBEDDING INTO DERIVATION-BOUNDED GROUPS.

The proposition in Sec. 1 give examples of embeddings of d.b. groups into
d.b. groups. But now the question arises whether a group possessing no E -d.b.
presentation can be cambedded into a En-d.b. group. The answer to this question
is given by the next theorem and its corollary.

2.1. THEOREM. Let G = <I;L> be f.g. with WPG € En(I_J), i.e. the word prob-
lem for the given presentation <L;L> of G is En-decidable, for some n > 3. Then
there is a finite En-d.b. presentation <A;M> of a group H such that G ean be
embedded in H.

Proof§. Starting with <Z;L> we construct <A;M> in a few number of steps. Let
T=(we Z_:*IW ¢ e}, and G- <z;T>. Then G is f.g., Wpg = En(l_'.), G = G, via the
identity mapping, and for each word w € g* with w E e there is a derivation of
length 1 in <Z;L>, because w = e in o implies wel.

let I = {3]s € £} be a copy of I satisfying fng =0, I, = TUZ, and let
¥P: §* > Z; be defined by 9(s) = s, ¥(s) =35. Let LO {we Z;]3u cf.:?(u) = w}
and G0 = <ZO;L0>, then Go is f.g., WPGOE En(}_Io), G0 G via ¥, the defining '
relators of G, do contain only positive letters, and for every word w e Z o with
w = e there is a derivation of length < 2|wl+1 in <Tyily>s because at first all
letters of the form s (s € L) contained in w must be substituted by § by means
of the derivation 5 + Ss§ + 3, then all the letters of the form s (3 € §) con-
tained in w must be substituted by s by means of the derivation §+ 385+ S,
as s§,§s « Lo, and at last the produced word w' « Z; can be deleted in one
step.

Ly is an En-decid‘able subset of Z;. Hence there is a Turing Machine T =
(EO,QT,qO,B), where Ql‘ is a finite set of states, q, € Q’l‘ is the initial state
of T, and B is the transition function of T, and a function g € En(Zo) such
that T computes the charactgristic function of the set LO and g is a time bound
Jgor T.

Now T can be modified to get a Turing Machine T = (fo,Q:f.,qo,g) , where fo
is a finite alphabet including I 0 satisfying the following two conditions:

n

[}

(1) There is a special state q, = Qr called the acceptingstate such that
starting at qw, T eventually reaches the state q if and only if
we Lo.

(2) There is a function k‘l‘ :En e (fo UQ-E) satisfying for all u,v « Z:,
q; = Qj: starting at the configuration wqv, T halts within IkT(ugjv)l
steps if T reaches the accepting states q, afeter alli

Especially it is En-decidabie whether starting at w; v, T eventually

reaches ‘the state q,. For that T works as follows:
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Start:
W
b..
b w b -------- b T b
1lb...
9t . *

time: 0(n)

The tape is divided into four tracks. The input is copied onto track N° 1. Below
the leftmost letter of the copied input a '"1" is printed onto track N2 4

Loop:
W w
b W
b g L b e ®
1. . ]1b.. T [TIb
h. I—w—l
j J

time :0(max{ |w|,j})

Track N2 1 is copied onto track N2 2, and track N° 4 is copied onto track N 3
If a letter a Eo'zo is contained in w, or if a letter a # 1 is contained in
the inscription of track N° 4, T halts at the state q_, a nonaccepting state.
Otherwise T simulates T starting at qw on its track N? 2. Ahead of each step
of this simulation a "1" is erased from track N° 3. If T halts and accepts,
then T halts at state Q- If T halts without accepting, then T halts at state
q_. If the whole inscription of track N° 3 is erased before reaching the end
of the computation of T, then T breaks off the simulation of T, cleans track
N® 2, adds a "1" to the inscription of track N°® 4, and starts the loop again.
For carrying out this computation, T needs two additional tracks as scratch
paper to note the direction of the beginning of the inscription of track N 1,
and with it the beginning of the inscriptions of tracks N2 3 and N° 4, and the
direction in which the actual cell of track N2 2 is situated in relation to the
position of the head of T.

Now the following is satisfied: for w € L startmg at qw, T halts and
accepts. Hence startmg atq ,w T reaches the state q On the other hand if
starting at ¥, T reaches the state’q,, then w « Z and T halts and accepts
starting at qw, ie.w cL

With the input w € Z T does not carry out more than |g(w)| steps, T si-
mulates T step by step. Each step of this simulation takes T at most 0(Ig(w)!)
steps, for T must erase a "1" from track N? 3. Altogether, T simulates lg):w)l
=0 ([g(w)lz) steps of T. i=

llence T needs 0(|g(w) ls) steps to carry through the simulation of T with
input w. If T is started at an arbitrary configuration uqu, it simulates T
starting at a configuration depending on uq;v on track N° 2 for as many steps
as the 1nscr1pt1on of track N2 3 tells. This takes no more than 0(|uv| ) steps.
Afterwards T simulates T, starting at a well defined initial configuration q W,
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where w is the inscription of track N2 1 of the configuration uq.v, if we Z:.
Otherwise T halts at state q_. As n > 3 there is a function k.'i. « En (Zo UQ:l:)
satisfying condition (2).

According to [Av-Madl], p.89, a semigroup A; = (SUQ;m) where S = Eo U {h},
Q = Q7 U{q}, and

m = {F;qi,6; = Hjqj K, |q11,q12=Q, sG; H LK, S i=1,...,N}
can be constructed from T, satisfying:

(3) w il (hgwh 5 qe>w el).
By

(4) 1f quv = q, then there is a derivation from uqu to q in A of length

not exceeding 2|kp(uq;v) |+ |quv| , because it may be assumed that ki is
non-decreasing ([Weih]).

Letusz w1thuquE q. Thenuqv_q, oruc=hu', v Zv'h, q £q,
and starting at u'q.v', T reaches the acceptlng state q,. But for domg so, T
does not need more than IkT(u'qu')I steps. Hence uq.v = hu'q.v'h can be derived
to hiiq,¥h in Aj within at most IkT(u qu )| steps. Of course :fuv[ < futv']+
IkT(u qu 1], since T can increase the length of its tape inscription by at most
one per step. It takes Aj |GiV] steps to derive hq h from hiiq,vh by erasing v;
hqah can be derived to q within one step. Hence Ay can derive q from ud;v within
at most

Zlkf(quv) [+]u'v'|+1 < 2|k,f(quv) |+!uq.v] steps.

Define kA(w) = vk(vk(k. (W) kT(w)) w) Then k e E (S UQ), and k bounds the
derivation of words w « (S UQ) with wi.qtoq in A

Now a Britton tower of groups is constructed

D, = <x;¢>_ )

D1 = <x,S;sxs = x (s « §)>

D, = <D1,Q'0> .

Dy = <D,,T; T. qul1 = Fliqizki,i'isxri =sx(seS,i=1,...,N> where

RETREL S
D, = <D3,t;1':xt x,trt = r(r e R)>
Dy = <D4,k'Exk x,krk = r(r € R),kqtgk = qtg>
s <Dg,t .k st = (Ra)) 't(hg),k, = hki>
<Dg,t s ko,(ﬁqo"c ah)athia t g h) = a, (}'ﬂ‘c h)a(hk h) = a(a {x}UR),
' (hf( oh) gﬁqotoq%g(flk h) = qhq t qohq> =: <SgiMg> = Dy
I, = {s' |sez o) E + E'* is defined by (s¥)' = s'M,
(W' = 5¥, L = {w E:Z'*|3u «L:u' = w}, and G' = <z L >,

'IhenG'=G°v1a' .

n

"

H, = DgXG' = <Sg UZL_;Mg,L ,as' = s'a(a«Sg,s'€E))>
N, = <Ho,d;ass'd = s,aioskod = Eosko(s <L) ,fltod tg dﬁotokod k t ko>
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H, = <H1,z;isz = s,il-(oskoz = Rosko(sczo),itoz t.d, zkotokoz = k tok d>
b = SgUz; U{d,z}.
Let M be the set of defining relators of the given presentation of H and
M= M—(L -{s'3",3's'|s' « I'}) where I' = (Z)'c L

REMARK. ¥s e I(ss, SSe:LJ = ¥s « L(sS, sssL)»Vs' e ' (s's',s's' L)

Let H = <A;M>. In [Av-Madl] Satz 1.1, p.184, Avenhaus and Madlener prove:
Iis f.p., WP, En(é), and G embeds in H. It remains to show that <I;M> is

E -d.b.
n
According to [Ott]§15,pp.156-173, the following assertions are valid:
D0 is b’o-d.b.
DI’DZ’DS’ and D, are Es-d.b.
‘)5 1s L‘.n"'d.h.

T'or proving these assertions propositions 1.4 until 1.7 are used. At the last
part onc has to construct a rewriting function w « E ({x,t}USUQUR), for
<X,qtq,R>p,. After that, proposition 1.7 can be applied. Analogously there is
an L -rewriting function for <hxh,hrh,hc'1}'1qotodohqﬁ> in D = <Ds,t ,(hq t q h) «
a(f\qoto('\oh)=a (a e {x} UR)> where D:l is Ez-d.b. just like Dy. Hence Dg is
En-d.b., too

(5) <@\ is E -d.b.

Proof. ) Let w' e L) = L'-{s'3",3's'|s’ ez'} andwz w) (Ve ex?.
Then hq wh = 5 q, and hence k (w Iy M D Dg W 1y Mk, due to [Av-Madl], p.185.
w' e I L0 = w' ﬁ e=> w' H e, since H = H2 via the identity. Now w' can

be denved to ¢ in <A;M> as follows:
w Lyt ww'1t°ww'da @-w_1ioww-1todﬂa 8,
O T R ) NPV PR (s
Wt wzw towzd Sew towzﬁow towkoza (O
R 5 (6) -1z -1 (7
W towf(ow t wk dd ), t t'owda Q).
ad (1), 2|w|+2 trivial relators are inserted.
ad (2), by usmg the commutation relators of Hy w and w' can be mixed with-
in at most s|w| steps:

ww' > 5115{15125i2.-51;‘5!1;‘ .
Mter that:
silsi]..si)‘s{)\d« »> dasi,sfildasizsizd&. .snsixd.
(Insertion of A = |w| trivial relators)
+ dsj Si,..54y = dw
(Insertion of s,}a,) and deletion of dsj. sljds ).

Taken altogether this derivatien doesn't need more than 3|w| +3]w| steps.
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-1 - -
ad (3), w todw = Si)"-sijtodsir-si)\
+ (iéi)\z) (isi)\zéi)\) .. (2511 z) (isi1z§i1) (todif:oz) (itoz)
(sili§i1z) (is-11z) .. (si)\iéikz) (Esi)\z)
(Insertion of 6|w|+3 trivial relators),
he 25§,2- .zsi1zztozzsi1z. -25§,2
(Deletion of 2|w|+1 relators of the form isijzéij,sijiéijz,toaifoz),
+ zZw t wz
o
(Deletion of 2|w| trivial relators).
Altogether (3) needs at most [10jw +4 steps.
1 - o 1. s
ad (4), w tow > (w 1towk oM 1towko) (kow 11:owk0)
(Insertion of 2|w|+3 trivial relators).
- -1-
Let k¢ « E_ (S) be an E_-bound for <86;M6>:1 'I'h?n v::ﬂtowl'cow t wk geﬁ:ltﬁ de-
rived to e in <Sg;Mc> within at most |k6(w t wk W towko)l = |k6(x )
steps. Hence;
A, o1 -1 - o
(Wt wkw towko)(l'(ow towky) > kow 't wk in <A;M>
within at most lk6(x4|w|+4)| steps, and (4) can be carried out within not more
than |k6(x4|w|+4)|+2|w|+3 steps.
] D Bt s
ad (5), zkow towkoz = ZkosiA“511tosl1"slAkoz
+ (Rosi}\ko) (Rosixkozlzosixkoz) (]'(osi}\_ ko) (ksiy 1koZRosi)\-1KoZ) .
(zkotok ozdkotoko) (kotok 0d) (zk 05111( OZkOSilko)
(kosiqko) (Zk siok zk ik ). . (zk siyk zk si3k o) (kisink ) zk k 2
(Insertion of 10|w|+6 trivial relators),
+ K sijk kosiy_ koo kosik Ktk dk sik ..k sikizk Kz
. (Deletion of-2|w|+1 Ie}ators of the form if(osijkoz]'cogijko,f(osijkoif(oéijkoz
(Sij <I), Zkotokozar(otoko) s
g1 e s
> Ko Ttk R si gk, Kosiyks.
(Deletion of |w|+2 trivial relators),

. | _ - - - o - -
> kW Ttk AR 53 1k 3R 31 kD) (@K 514k d) - (Rosiyk ok s ko d) (& osiykod) -

(Insertion of 5|w| trivial relators),
o1 e -
»kw 'tk ddk sj k d..dk s; k d
(Deletion of |w| relators of the form kosijkodkosijkod (Sij eI)).
1

-> Row towk d.

(Deletion of 2|w| trivial relators).
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Hence (5) can be carried out within 21|w|+9 steps.
- o I T
ad (6), k Al towko - (kow towkow tow) w tow)
(Insertion of 2|w|+1 trivial relators).

Henceﬁw It wkw1 4lwl+4 IR

tw can be derlved to e in <Sg;Mg> within |kg(x
steps, and S0 (kow "t wk w t w) (W™ t w) > W 1t w in <A;M> within at most
|k6(x4le )| steps. Hence (6) doesn't need more than Ik ( 4IW|+4)|+2|w|+1
steps altogether.

ad (7), 2|w|+2 trivial relators are deleted.

Taken altogether, there is a derivation from w' in <A;M> of length not ex-
ceeding 2|k6(x4lwl+4) {+3|w|2+42|w|+21. Define

K*(6) = VK (vk (kU 0% U, (v%)) VKOV Gw,w) ,x°)) .

Then k' « E_(8), k' is nondecreasing, for all u,v L}*(Ik'(u) [+]k' (V)] <
[k" (uv) |) and for every w' e Lc'n there is a derivation from w' in <A;M> of length
bounded by |k'(w')]|.

b) let w 4* with lw|Z =0 and w qe and so w ge- According to the proof
of Proposition 1.6 (a), w can be derived to e in H1 in the following way:

w&w ’_F[_’(Z) 115 (W' )1T '(w) -—D—>(3) ™ '(w') —'_’11(142,' e

(d-pinches are pinched out in H1, in step (1))
This derivation can be simulated in <A;M>:
ad (1), d-pinches are pinched out in the following way:
d Mt - a“u(wu(u))'1wu(u)du
(Insertion of |wu(u)| trivial relators),
+ d%u Uy Uy, (wa*
(W1th1n 3(]u|+lwu(u) |) steps u(w (u)) can be transformed into uju, where
u e S and u, € Z ),
-+ uuzmu(u)du
(u(wu(u))'1 ie and so up e and u, E. e. But then uy can be derived to e in
<SgsMg> within at most |k6(u1)[ steps) ,
> a“wu(uod“
(In uz, s' is substituted by s', and 3" is substituted by s': §' +§5's'§' +3§",
a:d $»s'§'S' + s, Let u2 be the result of these substitutions. Then uZ can
be derived from u, within at most 2|u,| steps. Since e o ol G cL
and because of (a), u2 can be derived to e in <A;M> within no more than
[k (W,)| steps),
> ¢



(7lwu(u)| steps of the form: Insertion of trivial relators, deletion of trivial
relators, and deletion of a d-relator).

Let A, = <ss',k sk (s € L), to’kotoko>Ho’ = <s,k sk (seI), to’kotoko>Ho’

and # and ¥ denote function realizing the isomorphisms A1 > B1 and B, > A1, re-
spectively. According to [Av-Madl] Lemma 1.4, p.187, there are constants c > 1
and d » 2 sastisfring |wA1(w)|, Iwgl(w)l, lsw) ], 19w | < c|w|d. Hence for
pinching out the d-pinch d"ud! one doesn't need more than

sl +3(c+1) 2]l 24 1, D 1Y ooy B o D81
< 13(c+ 1) ?|u) 2 Ky (x el Yl D Il

steps in <A;M>. Let wi be the word formed from w by pinching out i d-pinches.
Then by the proof of Prop. 1.6 (a),
' 2i
il < (@ T,

Therefore every dpinch d"%ud" pinched out at (1) is bounded by
W W
lul < (s |wd

Hence there is a function k; =E (N) bounding the number of steps needed for*
carrying out (1), since n » 3. Of course w' satisfies |w'| < ((c+1)|w])d!"

ad (2), by using the commutation relators of H and some tr1v1a1 relators,
w' can be transformed into g (w' )th (w'), within at most 3|w'| steps. So this
transformation can be bounded by a funct10n k2 =E (N).

ad (3), there is a derivation from 1rS6(w ) in <Sg;Mg> cons1st1ng of no more
than |kgemge (W') | < |k6(x|w ')| steps, and so there is a function k3 <E (N)
bounding this derivation.

ad (4), within at most Zlnz (w')| steps each 5' and each 3' contained in
nz '(w') can be substituted by 37 or s', respectively. In this way Lo 'W') s
transforn'ed into a word W e L which can be derived to e in <A;M> w1th1n at
most |k'(x' l)I < |1<'(xl |)Iosteps because of (a). Hence (4) is bounded by a
function k, « E (), too.

So there is a fmctmn KeE (N) bounding the derivations from w to e in
<0;M> for all w « A" satisfying |w| =0andwe.

c) Let we A" with lez >0andw e, and sow g e. According to the
proof of Prop. 1.6 (a), w can be derived to e in H2 as follows:

m (2)
w W 1 e

(z-pinches are pinched out in Hz, in steps (1)).
This derivation can be simulated in <A;M>:
ad (1), z-pinches are pinched out in the following way
’ Puz? + Muge (u))’lwu(u)zu
(Insertation of Iwu(u)l trivial relators),
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+ i“wu(u) e
(u(mu(u))'1 i, e and Iu(mu(u))'1|z = 0. Hence u(uuu(u))'1 can be derived to e in
<A;M> within at most k( lu|+|wu(u) |) steps because of (b) ),
+ v
(BIwu(u)| steps of the form: insertion of trivial relators, deletion of a z-re-
lator, and deletion of trivial relators). Let

o’ oo0o'Hy’
and ¥ and ¥ denote functions mahzmg the isomorphisms A, > B, and B, A,
respectively. Because of [Av-Madl] Lemma 1.5, p.187, there are constants o,8 32
satisfying:

A, = <s, k oSKo(s €z ), tkt k >y , By = <s,k sk (s <I)),t.d, Eotok°d> ,

lua G0 1, log, @1, 9601, 1960| < alul®,

Y one only needs a]u|B+k((a+1) Iul*’) +

Hence for pinching out the z-pinch 2Muz
80t|u|B = 9a|u|8+f(((u+1)|u|8) steps.
Let w denote the word formed from w by pinching out i z- pmches By the
proof of Prop 1.6 (1), Iw | € (a+1)B 2i- leBl Hence any z-pinch z"uz" pinched
out at (1) satisfies |u| g ((a+1)|w|)B v , and therefone the number of steps
necessary to realize (1) can be bounded by a function k1 [ En(N) . Furthermore
el < (o) BV
ad (2), Iw'l =0and e jwpw'. Hence, because of (b), w' can be derived
to e in <A;M> w1th1n at most K([w’l) steps and so, there is a function kﬂcEn(A)
bounding the derivations of all words w &€ A with w § e in <A;M>.
Therefore <A;M> is En -d.b.

2.2. COROLLARY. Every countable group G having an E -decidable word prob-
lem for some n » 3 can be embedded into a f.p. group H possessmg a finite E -
d.b. presentation.

Prood. Every countable group G having an En~decidab1e word problem for some

n > 2 can be embedded into a f.g. grow G, having an E -decidable word problem
too ([Ott] Thm. 12.1, p.117). '

3. F.P. E -DERIVATION BOUNDED GROUPS AND THE WORD PROBLEM.

For finite E -d.b. presentations of groups there is a standard natural al-
gorithm for solving the word problem. But of what degree of complexity is this
algorithm, and how is this degree of complexity related to the selected finite
presentation?

3.1. THEOREM, Let H = <I;L> be f.p. and E -db for gome n> 3. Then the
standard natural algorithm for <L;L>, as it is deecmbed in the introduction,
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i8 an En—algomlthm. In particular the word problem for <L;L> ig En—decidable.

Proog. Let T = {51, ©»Sp }, L= {w1, wp_}c):*, and k e E_ () be an Ebound
for <z;L>. Without loss of generality m > 3 may be assumed, for otherwise aux-
iliary generators and defining relators can be added.

Tfwe §* with w j e, then there is a derivation from w in <I;L> of length
not exceeding |k(w)|. During each step of this derivation a word u « Rel =
LUL "U{ss,ss|s « £} is inserted or deleted. L contains £, and I contains m
elements only. Hence there are only 2(£+m) possible choices for u. Define A as
the length of the longest possible word u. Then every word v found in that
bounded derivation from w satisfies |v| |w|+f%‘-]°k(w) |, where rul denotes the
least natural number greater than or equal to u, because in order to derive a
word of greater length from w more than %|k(w)| steps are necessary, but then
in order tou derive this word to e more than %|k(w)| steps are needed, again
contradicting the fact that the derivation from w is bounded by |k(w)|. Define

= |w|+r2>l1°|k(w)|.

A step of a derivation can be encoded as a triple (11,12,13) of natural
nurbers such that i, e {0,1}, 1, = {1,2,.. 2(t4m)}, and i; ={0,1,2,. ’“w}
Here i1 = 0 stands for "insertion', ip =1 for ""deletion'" of the relator with
the number i, at the position described by iz. Hence there are v = 202+ (L+m) -
(uw+1) dlfferent steps which can be chosen in a derivation of w. Therefore
there are not more than (v ) k(| possible derivations from w of length |k(W)}.
In order to decide w [ ne it is sufficient to apply these derivations one after
another to w, and to test whether one of these derivations produces e. Define
f1(e) Ze, fz(e) sy, f1(ws) = fz(w), fz(ws) = vk(f1(w),s1) then £1,f2 [

E1(§), satisfying rJ."z’.lq lw +11
f1(w) = 54 , fz(w) =

= o A =
Let ML(w) = vk(U51(w) s VK (Us 1ok (W) f](s1))) where A urgaR)éllul. Then

M.< E (@) and

Wy
=54
Each step in a derivation is described by a triple

ML(w) =

(i,ipig) = {0,1}X{1,2,..,2(£+m)}x{0,1,..,1.&}, and so it can be encoded

as a word over I, namely as R
; i1+ iy iztl '

S1 Sz 83
which is a word of length not exceeding 2+2(£+m)+y +1 = 2(2+m) +3+le+r%‘-1'|k(w) J.
Hence a derivation of w can be described by a word of length at most

(2Cesm) +3+ || + B+ [k () )+ [kGo) |

Let
LDAGW) = VK(vk(s2 ™ *3 0.60)) k(W)
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then LDA « En();) satisfying x

(2(m)+3+ |+ 17« k() )+ [k(w) |

1

In order to decide whether w geis valid or not one only bas to check whether
there is a word u of length at most |LDA(w)| describing a derivation from w to
e in <Z;L>. Now a Turing Machine M will be defined to test for a pair (w,u) €
({.")2 whether u is the description of a derivation from w, by trying yo apply
u tow. In an initial part of u is the description of a derivation from w to e,
then M will halt with its output tape being empty, but if u doesn't meet this
condition, then M will print the letter ""s4" and halt.

Let M have two input tapes, one output tape, and four auxiliary tapes.

1) w is the inscription of the first input tape, and u is the inscription
of the second one.

2) w is copied onio the first auxiliary tape, while u is copied onto the
second ane. This can be done within 2|w|+2|u|+3 steps. i.e. amount of time
(A.t.) = 2]w|+2|u|+3.

3) The elements of the set Rel are printed onto the third auxiliary tape
separated by a 'b", respectively.

At. €2 (A+1)2+(g+m) < 8A(L+m).

LDA(w) = s

I1: ..b| w |b..
+

12: ..b u (b..
4

Al ..b] w |b..
4

A3:  ..bwy|bfwi'[bjwylb..blwilIb]s 5, (b, b5 s b

4) If u starts with a letter s # s, then outputs s, and halts. 4.t. = 3.
If u starts with sq, then mind "insertion". A.t. = 3.
If u starts with s?, then mind "deletion". A4.t. = 4.
If u starts with si for an-i > 2, then outputs s, and halts. A.t. = 4.

A2: ..b|b; u |b.. uss%u' for some i « {1,2}.

+
If u' starts with a letter s £ s,, then outputs s, and halts. 4.t. = 2.
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If u' starts with s%, then for i-1 times M puts the head of its third auxiliary
tape onto the next symbol 'b" to the right of the actual position of the head.
After that this head perfomms one step to the right. 4. t. < i(A+1)+1,

If M reads a "b'" on its third auxiliary tape, then output sy and halts. A.t. =2,
Otherwise, the head of A3 is pointing to the relator which shall be inserted or
deleted from w.

A2:  ..blb} u' |b... u' = siéu" for some i € {1,...2(L+m)}
+

A3:  ..b| wy |b...b| Wy b...b|syspib b...

If u'" starts with a letter s % Sz, then output s; and halts A4.t. = 2.

If u'" starts with s%, then the oper&tmn R (i.e. make a step to the right) is
executed on Al, j-1 times. A.t. = j.

If the head of Al is now pointing at a cell containing 'b", and if M has to de-
lete the relator marked on A3, then M prints "51" and halts. 4.t. = 2.

If the head of Al is pointing at a cell containing 'b", if j > 2, and 1f M has'
to insert the relator marked on A3, then M prints sy and halts. 4.t. = 2.
Otherwise, the head of Al is pointing at the first letter of w which shall be
erased or behind which the indicated relator shall be inserted.

Al: .bbl w |s| w' |b... w = w'sw'"
+

5) Insertion: The indicated relator is copied from A3 onto A4, subsequent-
ly w" is appended at the rigth end of this copy, and at last w'" is erased from
Al Act. < A+|wl+,

If j = 1, then the inscription of A4 is copied onto Al, in the course of which
it is erased from A4. Otherwise the inscription of A4 is appended to the inscrip-
tion of Al (w's), at which it is erased from A4. The head of Al is put onto the
fiTst "b" to the left of the inscription of Al.

Act. & |wl+2(|wl+ae D) +|w]+a+ 1 = 4|w]+32+3.

Al ..bjb] w' |[s Wy w' |b...
N i
A2: b @ [|b... u = sla
+
A3:  ..b| wq |b..b| w, |b}...bisysp/b|b..
¢'~
Ad: bib|b
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Deletion. The indicated relator is compared to the subword of w, begin-
ning at the position the head of Al is pointing at. By doing so, the subword
of w is erased. If this subword of w and the indicated relator do nos coincide,
then M prints "sy" and halts. Otherwise an initial part or ‘an internal segment
of w has been erased. In the first case the head of Al performs .one step to the
left, in the second case M appends the remained end of w to the remained initial
part by using the tape A4 as scratch paper. At last M puts the head of Al onto

the first '"b" to the left of the inscription of Al. A.t. < A+2|w|+\+2+2|w|+1=
4|w|+21+3.

Al: ..bibl w' w' |b.. wZwww'
1.

A2:  .b| T |b... u"Es%”
4

A3: ..b W, b..b| w b{...b{s s |b..

AM:  ..b|b}b..

6) The head of tape A3 returns to the left.
Acte & (A+1)«2+(1+m)+2 < 4X(T1+m) +2.
If the inscription of tape Al is e, then M halts because e has been derived
from w. Otherwise M continues with step (4).
Act. = 2.
Of course M eventually halts satisfying fM(w,u) = e iff an initial part of u is
describing a derivation from w. Altogether M has the following amount of time.

Ty(w,w) € 2|w|+2|u|+3+8A(L+m) + u| + {4+]u| (A+1) +1+42+ |u] +2+

S(|wl+A|u]) +4r+4+4X(L4m) 4242} .

(In the course of the computation w may grow, but it cannot become larger than

lw| +[u])
= 2|w|+2|u|+3+8A(L+m) +|u] + {5 |w]+(6A+2) |u|+4x(L+m+1) +17} .

But A,¢,m are constants, and so fy «E,(Z) because of [Weih] Kap. 4.3, Satz 2.
Now we have:

whe iff jue );* (Ju] ¢ LDA(W)| and fy(w,u) = e)
iff 3u < VK(LDAMW),s;) (£,lw,u) = e).

But as n > 3, En();) is closed under bounded quantification and therefore w fie

is En-decidable by the standard n. a. implemented above. Hence, WPH < En();) .
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Next we prove that E -derivation boundedness is an invariant of finite pres-
entations.

3.2. THEOREM. Let H = <I;L> be f.p. and En-d.b. for some n » 1. Then every
finite presentation for H is En-d.b., too.

Proof. Let be £,L, and k as in the proof of Theorem 3.1, and let <A;M>,
a={ty,..,t.}, M={y,.,ulc A be another finite presentation for H.
Then, for all s; € I there is v; :A such that 5 and Vi define the same ele-
ment of the group H. Define f(e) =e, f(ws“) = vk(f(w) v“) Then for all w:Z
w and f(w) define the same element of the group H, and there is a constant

¢y > 0 such that If(w)l 10wl

Vt. e A3Xj < Z s tJ and x. define the same element of H. Moreover,
gle) = e, g(wt?) = vk(gw) x?) Then for all w e A , w and g(w) define the same
element of H, and there is a constant c, > 0 such that |g(w)| < c,*|w].

Then B(w) ; acg(w) fj B°f°g(w), and so w fi fogW). Also |fogw)| < cqg)]| <
cqecye vl Especmlly t"(fog(tu)) i e Hence for each t% A there is a
derivation from tu(fog(t ) -1 to e in <A;M> of length LJ u If €y = max{l |
j=1,...,1,u € {£1}}, then fog(t.) can be derived from tS‘ in <A;M> mthm at
most c4 = cg*1 steps by the following sequence:

tf g 8 (o) ™1 > (£op(E) 7 = £op(e}).

Hence every word w cg can be derived to fog(w) within c4|w| steps.

For every u < Rel, f(u) f €, and therefore there is a derivation from f(u)
to e in <A;M> of lengthl If c5=nax{1. |ue Rel}, then £(u) can be derived
to e in <A;M> within no more than c; steps. letw « A with wie then g(w)
fj € too. Hence there is a derivation from g(w) to e in <I;L> of length not
exceeding |kog(w)| < lk(chlwl)l

gw) = u, *uy e
But then
fog(w) = g(uo) -C—5-> f(u]) E’g" -cgbf(e) = e

in <A;M>, i.e. the Iis a derivation from fog(w) to e in <A;M> of length not
c ,

exceeding cs’lk(s]2 “!)|. Now w can be derived to e in <A;M> in the following

manner:

W —~——> fog(W) ———————pe.

c 'Wi 2|W|)!
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Of course there is an En-fmction bounding this derivation. Hence <I;M> is
En-d.b.

The last theorem shows that the property of being En—d.'b. does not depend
on the chosen finite presentation. It merely depends on the group. Hence a f.p.
group is called En—d.b. if one, and therewith each, of its finite presentations
is E, -d.b. A conclusion of the proof of the last theorem is the fact that even
cvery f.g. presentation of a f.p. E -d.b. growp is E -d.b. But of course each
f.p. E -d.b. group has a f.g. E_ db presentation, i.e. <Z;{we I lee}>f0r
exanple Therefore the property of being E -d.b. does depend on the chosen f.g.
presentation of a group.

It remains to answer the question wheter for f.p. En-d.b. groups with n>3
an optimal n.a. exists. The following theorem gives an answer in the negative
sense.

3.3. THEOREM. For every n > 4 there is a f.p. group GS = <Sg;Lg> such that
the word problem for Gg is Ez-decidable, but <Sg;Lg> 18 only En-, but not
Ln-l'd'b' Especially there is no finite Es—d.b. presentation for Gg.

Proof. Let n 3 4. The f.p. group Gy will now be constructed in the same man-
ner as the group Dg has been constructed in the proof of Theorem 2.1. Only the
wnderlying Turing Machine will be modified. Let S' = {51,52,53} and L =S'*%,
and let T = (S',Qr,qo, ) be a single tape machine acting as follows. For every
we S'* starting at W, T computes An(w,w) where ‘Ah [= En(S') denotes the
n-th Ackermann function over S' ([Weih]). After that T enters the accepting
state q, and halts. For carrying out this computation T has to execute more
than |An(w,w)l steps. On the other hand, T can be chosen in such a way that
there exists a function g e En(S') which bounds the time, i.e. the number of
steps T needs for its computation ([Weih] Kap.4.4, Satz 1).

Now T can be modified to get T = (5,Q5,q,,8), where § is a finite alphabet
containing S' such that there is a function kj « En(§ UQp) satisfying.

yu,ve s* Vq € ¢, starting at the configuration uqu, T halts in the
accepting state q, within at most [kT(uqu]I steps.

This modification is done in the same way as the one used in the proof of theo-
rem 2.1, with the only exoeption that the non-accepting state q_ is omitted,
i.c. instead of entering q_, T enters the acceptmg state q,. Since for every
w € S'*, starting at A, T halts in the state Qs T also halts in the state
a, starting at any configuration quv. The execution time gf T is bounded by
the function g «E_(S'). Hence there is a function k:f (= En(s UQT') satisfying
the condition formulated above. Of course, starting at qw, T has to carry out
more than:vl/\_‘(w,w)l steps for avery w = S'*, too.
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CLAIM. Let S =SU{h}, Q= QpU{q} and & = (SUQ;m), where m = {Fai,G, =
H;qj, 1Iq”,q12 « Q, Fl,G ,Hi,Kic: S*, i=1,...,N} is the semigroup construct-
ed from T according to [Av-Madl],p.89. Then the following three conditions are
satisfied:
@) VchS VqJ e Q (uqqu <=>uqv_qoru-hu', v = v'h, W1thu',v'=S*
and q; # q)
(2) VW es* VqJ eQ (uqu q + 3 derivation from uqu to q in A, of length not
exceeding 2|k:l:(quv)| [uqul)
(3) ww eS'* (hqowh Z q, but there is no derivation from hqowh to g in A of
length < IAn(w,w)l).

Proof.

ad (D " =>".~ket quVZ q, but uq;v £ q. Then a; £q,uzhu and v = v'h
for some u',v' « S .
"es'", Let u',V' 5*, qj < Q5. Then u'qjv' Fq,, and so hu'qjv'h A hg;h ¥ q.

ad (2) This can be proved in exactly the same way as the corresponding
statement in the proof of Theorem 2.1 was proved. Hence there is a functmn
k e E (S UQ) which bounds the derivations from w e (S UQ) toqind ifw A q.

ad (3) A simulates T, step by step. But starting at AW, T has to execute
more than |A (w,w)| steps before reaching q,. Therefore A has a carry out more
than lAn(w,w)| steps to reach q, too, when started at hq wh.

Now a Britton tower of groups is constructed:
G = <x,@>, S, = {x},
G1 = <Gy,S; SXs -xz(se: S)>, S1 =S, us,
G, = <G¢,Q;0>, S, =5,UQ,
Gs = <G2,R;i*il"iqiTGiri = Fliq:-lzl(i,irisxri = sx(s € S,1<i<N)>, Sg =5
Gy = <63,t;ixt = x, trt = r(r € R)>, Sy = Sgu{t},
Gy = <Gy,k;kak = a(a € {x,qtq} UR)>, Sg = S, U{k}, R, = RU{x}.

Of course G_,Gy,...,Gy are f.p. Furthermore they satisfy ([Av-Madl]):
« (0) Fori=1,..,4, G is an HNN-extension of G1 1 there is a reduction
fimction f < ES(S ) for G and the word problem for G1 is Es—decidable.
(B) There is a functlon ge ES(S ) satisfying:
- Yw cs3 (g(w) G, W for some u cR)
-Ifwe SS is R-reduced, there is no u = Ps( such that there is a R-pinch in
ug(w) Just on the border u - g(w).
- Ifw e:Ss is R-reduced, and if g(w) = ur;‘v where u +:§;, v c§;, then w has
the form u' uv for some u' = SS
) Over 53 define the predicate: P(u) €~> IW,Wy € Rx (w1uw2 Gs q).
-Ifue S is neduced and v = g((g(w)” ] , then:
P(u) i’ff ve S2 and P(v)
-Ifve S2 is reduced and v' is the result of deleting all x and x symbols
of v, then:

L UR,
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B(v) 1ff3XYCS,q «Q (v' ”XqYandP(XqY))
-VXY=S,qJ=Q(P(5l<nT) 1fquY5q)

Asgertion. P e« E3(§3) .

Proog. let u' « S ”Ihen u = f3(u') satisfies u' G W and so P(u') iff
P(u). let v = g((g(u)) ) . Then because of (y), P(u) iff v c§; and P(v),
since u is reduced. let V = fz(v), and v' = “SUQW)‘ Ifve SE, then the fol-

lowing is true because of (Y):

P(v) iff iK,Y e S*, q;€Q (v = Ka;¥ and ?(iqjy)).
Altogether we have thus:
l’(u ) iff P(u) iff ve S2 and P(v)

iffve SZ and SXYcS ,chQ (v'
1{fv:§2 and3XYcS qJe:Q(v'

%q;Y and P(Xq Y))

XqJY and Xq Y 29D

But u,v,V, and v', and therewith also Xq.Y, are Ez-computable from u'. quYzq
is E;-decidable because of (1). Hence P « E3(S

3.

Now let ue gz be such that f4(u) z uotmul..t e Y4 € S;, W= {£1}.
According to the proof of [Av-Mad] Lemma 4.9, p.102, the following assertion is
satisfied:

m-1
~ : ~ -1

ue <x,qtq,R>G4 iff uuy..u € <x,R>63 and i/lOP((uour.ui) ).

But <X, R0 is Es—decidable because of the proof of [Av-Madl] Lemma 4.6, p.100.
3

llence <x,c’{tq,R>G is E3—decidab1e and so G5 is an Es-admissible HNN-extension

of G4. lience WPGS €E3(§5).

According to [Ott] §15, pp.156-173, the presentation <Sg;Lc> of Gg is E -
d.b.

\Jow let w e S'¥*, then qW # -+9a’3 50 q w-_f ..q,.., and therefore hq wh 7 q.
khw~ q hthq whk G hw 3 htﬁq wh according to [Rot] Lemma 12.13, p.229. There-
fore, them is a denvatmn from khw™ ]q hthq whkﬁw’]dohiﬁqowh to e in <Sg;Lg>.
buring this derivation k and k must be eliminated by using relators of the form
Raka ™' (a e{x,qtq} UR). But for that, Ew"(iohtﬁqowh must be rewritten into a

- - -

word ue<({x,qtq} UR)*. Let u = uqt 1qu,..qt“’qul, ueR, y € {#1} be such
that e -1- . & N R 1T -1
hw gohthqowh (-34 u = uqt qu..qt’qu,.
fw'léohthq- wh is t-reduced in (34. Hence there is an i e {1,...,£} such that
usu qtmqu .qtHu Y & 1qo¢q iU, 1154 ve(ug..uy 1)f:’\tcwf(u ),
where Yg denotes the free reducuon Then hw qohtﬁqowh E4 u a v1qtqv2 with

yf(u ey 1) and v, = Yf(u ..ul) So, hw’ q(’hthqowhv2 qtav:w~1 ﬁ e. Hence
thene is a \r3 ‘& freely reduced with hqowhvz'q G3 vs. But vy ﬁqowhvz &
with v3 , v2 R" freely reduced. So |v3 g = lvz [g+ According to the proof
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of [Rot] Lemma 12.18, p.304, nR(v?) describes a derivation from hqowh to q in
A. Because of (3) such a derivation contains more than [An(w W | steps This
means |v, |R> |A (w,w) |, and therefore |A (w,w)| < ]v2 Ig < |v2 | < lup.ougl g
|u] - 3. Therefore, a word of length 2|w|+7, namely hw“qohthqowh is substi-
tuted by a word of length > |A (w,w)|+3, namely u.

Let o = max {|y|: y € Lg UL§1 U{ss,ss|s « S}}. Then in order to construct
a word of length > |A (w,w)|+4 from a word of length 2|w|+7, at least
I'E(l.l\l(w,w)l -2|w|-3)1 steps are necessary Hence a derlvatlon from
hw™ qohtﬁqowh to a word u e ({x,qtq} UR)* needs at leas rﬁl%(w,w)l -2|w|-3)1
steps. Therefore every denvatlon from khw 1gohthqowhkhw'1q§tﬁqowh to e in
<Sg;Lg> needs at least r—-(|An(w,w)| -2|w|-3)1 steps, i.e. in order to derive a
vord of length 3|w|+16 to e in <Sg;Lg> at least I‘-—(lAn(w,w)[ -2|w|-3)1 steps are
necessary.

Hence <Sg;Lc> is not E ;-d.b., which proves Theorem 3.3.

3.4. COROLLARY. For every n » 4 there is a f.p. group having an Ex-decid-
able word problem such that each finite presentation of this group is Ey-, but
not E 1-d.b

Proog. Theorem 3.3 and Theorem 3.2.

3.5. COROLLARY. For every 4 < m < n there is a f.p. group such that the
word problem for this group is Em-_, but not Bm_rdecidable, and each finite '
presentation of this group ie E = but not En_f-d.b.

Proof. let Gy = <Z;L,> be f.p. having an E;-decidable word problem and
being E -, but not E _4-d.b. (3.3). Let H = <A;M> be f.g. having an E -, but
not Em_1-decidab1e word problem. Then there is a group G, = <I,;L,> which is
f.p. and Em-d.b. s.t. H- G2 (2.1). According to 3.1, G2 has an Em-decidable
word problem. The word problem of G, is not Em_l—decidable since the word prob-
lem of H is not either. Hence G, is not E 1-d b. because of 3.1. Let G=G"‘G2
= <2 Uz L1,L >. Then G is f.p., the word problem for G is E -, but not Em_1
dec:1dab1e and the given presentation of G, and therewith each f1n1te presen-
tation of G, is En-, but not En_1~d.b. (1.5 a)).

Thie last corollary shows that even for f.p. groups the complexity of a
n.a. for solving the word problem can be of an arbitrarily higher degree than
the complexity of the word problem itself.

3.6. REMARK . According to a remark in [Av-Madl], p.93, the word problem
of the group Gy constructed in the proof ot Theorem 3.3 is even Ez-decidable,
since the special word problem of the underlying semigroup A is El-decidable
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because of (1), p.155. Hence for every n > 3 there is a f.p. group having an
Ez-decidable word problem and being E, -, but not En_1-d.b.

4. NATURAL En-ALGORITHMS FOR En-DECIDABLE GROUPS.

For f.p. groups the property of En—derivation-bomdedness leads to a natu-
ral En-algorithm for solving the word problem of the group. If a presentation
has infinitely many relators we have infinitely many possibilities of inserting
a relator in each step of a derivation, but only a finite number of deletions
of a defining relator are possible, since only subwords are deleted. For non-
f.p. groups a stronger concept of derivation-boundedness is therefore needed
which guarantees the existence of a natural algorithm of the same complexity.
There are several different possible definitions of d.b. group presentations
for non-£f.p. groups. We choose the following one, in which the allowed deriva-
tions are restricted.

4.1. DEFINITION. Let G = <Z;L> f.g. The presentation <I;L> is strongly
E -derwatwn bounded (s. E -d.b.) if there is a function k En(g) such that
for any w e in Z , there is a derivation w = Wy T Wy>..owp S € in <I;L>
such that (i) £ < lk(w)], (ii) only trivial relators are inserted. Such a de-

rivation is called a strongly E -bounded derivation.

4.2. OBSERVATION. a) Let G = <¢;L> f.p. Then for all n > 1, <E;L> is s.-

;-d.b. 1ff <I;L> is E, -d.b. (The insertion of a relator u can be sunulated by
the insertion of uu1 by using trivial relators and the delection of u . So the
length of the derivation is at most increased by the factor u = (max{lul: ue
L}+1).

b) Let n,p > 0, and g: = max{n,p,3}. If G = <I;L> is s.En-d.b. with Lt:-:-§+,
Lip-dccidnble, then there is a natural algorithm x € Eq(7_3) for the word problem
of <Z;L>, i.e.

(wo,wl,..,wz) ifwge, andw = Wy T Wy >y S e is a strongly
En-bounded derivation from w to e in <I;L>.
x(w) =
ifw é e.
The proof of this fact is similar to the proof of Theorem 3.1. The only differ-
cnce is that only strongly En-bounded derivations are considered.
c) The property of being strongly En-d.b. is dependent on the chosen pres-
entation of the group. let n > 2, A = {aj|i » 1}, and

An+1(1 i)

G = <b;ai(i » 1),aa G > 2)>,

where A, is the n+lst Ackermann-function ([Rit]Def.1.1, p.1028).

-
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For all w cé*, wEe, i.e. G = <e>, and so WP; cBI(é). let F = <b,c;#> and
K = F*G = F. Then WP < E1(4U{bzc}). Finally let

)
1

= <K,t; b b bt = blcha cb"cb™: n > 1>

. N ST TUE ST TR T O O T

% <b,c,t; (bcbtbcbebebtbebe)*(i 2> 1),b7ch thb cb cb cb tb cb c(bebtbcbebeh
thebe) 1 (o), 5 5 o5

= <Tlpe>

<z;tblcb cbreb b chrebrcht: i > 1> =: <z;L'>.

n

Then <Z;L'> is s.E2~d.b. and <Z;Ln+1> is s.En+1-d.b. but not s.En-d.b.

Since there are f.p. groups with Es-decidable word problem for which no
finite presentation allows a natural Es—algorithn(the grow Gg = <Sg;Lc> in 3.3
has this property), we ask whether there is an infinite strongly Es-d.b. pres-
entation for this group, and further on whether this is the case for all E -de-
cidable f.g. groups.

For the group Gy we get that the presentation

<sS;L5,1'<£y“aj>'(' 1ht€ﬁquY}ﬂ<ﬁY'1ij)'('1h'E€ﬁquYh: ee {+1},X,Ye s, a; =Q-fa}>.

has an E;-decidable set of defining relators, and that it is in fact s.ES-cf.b.
So a natural E;-algorithm exists for this special presentation. We want to prove
that such easy presentation can be constructed for all En-decidable £. g. groups
(n > 3). Therefore we need the following technical lemma, which is proved by
standard methods.

4.3 LEMMA. Let L with |T| > 1, te L, be a finite alphabet, and # # La T
be E n-decv.ldable for some n » 3. Then there is a function g E1 () such that
(a) g({tti >0} = L. .

(b) There existe a function ke E,(Z) satisfying:
wel(wel~3ig|kM]|: gth) =w),

i.e. L is enumerated by an Eq-function g such that for each word W an index

can be calculated by an E,-function.

4.4. THEOREM. Let G = <I;L> be f.g. with E -decidable word problem for
gome n > 3, and let t & L. Then G has a non-finite presentation <Z,t;Lg> such
that
M Lys (U 1t)" is E,-decidable.

(2) <Z,t;Lg> ig strongly En-d.b.

Proog. Let Li={w §+|w gel. L is E -decidable in i_I*, and so L is E -de-
cidable in (Z U_{g})*. Because of Lemma 4.3 there is a function g « E;(ZU{t})
such that g({t'[i > 0}) = L and there exists a function k « E (ZU{t}) satis-
fying: ¢

weEUith w el » 3¢ kW@t zw).
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let Lg = {t,tig(ti): i > 0}. Then

<I,tLy> = <, tt,tigth): 130> = <pgth) i » 05 = <5y
<I;L> = G,

14

and so <Z,t;Lg> is a f.g. presentation of*G. )
a) Claim. L, is E-decidable in (FU(t}))". We have w « L iff w = t or wathy
with v €2_2+ and v = g(th).
b) Claim. <E,t;Lg> is strongly En—d.b: let w Fe. Then we have the following
derivation, where w' « §*: wiw' 3 thw' 3 e

ad 1, all t® which appear in w are deleted. This takes let < |w| steps,
and w' = mg(w) satisfies |w'| < |w| and w' Ze.

ad 2, if w' = e then we are ready. Let w' # e. Then w' « L and because of
(b) there is an i € |k(w')| with g(ti) = w'. Insertion of i trivial relators
it and deletion of i relators T result in tiw'. Here 2i < 2|k(w'")| steps are
sufficient. ) .

ad 3, the = tig(tl) c Lg, and so tw' can be deleted within one step. Thus
we have a derivation of w to e in <I,t;L > of length m < |w|+2|k(w')[+1 in
which only trivial relators are inserted. Hence the presentation <Z,t;Lg> is
s.En-d.b.

4.5, COROLLARY. Let G = <I;L> be f.g. with En—decidable word problem for
some n % 3. Then there exists a f.g. presentation for G with an Eq-decidable
set of defining relators such that the word problem for this presentation can
be solved by a natural Ej-algorithm.
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LANGUAGES EXTENDING L(Q)

Jerome Malitz

ABSTRACT. We present a survey of the model theory of the
quantifiers Q" and Q™™, where M k¢ Qgiqn‘c means that there
is a K-powered subset X of M such that M k¢ ¢&@ whenever a,,
...a_ €X, and M k Q™PXj0Xy means that there is a Kk powered
subset X of M such that M k¢ab whenever apse.eray e X and
bpseeasby ¢ X. Some recent results are announced and sever-
al open problems are given.

1. INTRODUCTION.

Over the past several years, there has been considerable work done in the
model theory of languages more expressive than the first order predicate calcu-
lus L. Our interests have centered about the languages 1" and L™" introduced
in [MM],. The first adds the quantifier Q" to L, where M = Q"x¢ means that
there is k powered subset X of M such that M k ¢a whenever PRRRE g X. The
second adds Q™™ to L, with M k. ™ Xy¢xy meaning that some k powered subset
X of M exists such that M k ¢ab for all ay,...,a; «X and all by,...,b & X.
While considerable progress has been made in the study of these languages over
the past few years, many fundamental questions remain open. Our intention here
is to present a survey of known results, some recent unpublished results, and
some of the open problems.

Section 2 is devoted to preliminaries, notation and definitions that will
be used throughout the paper.

Section 3 is concerned with compactness questions for the " languages.

Section 4 considers the relative expressive power of these languages.

Section 5 is concerned with decidability questions arising in the context
of the L" languages.

Some recent results for L™" are presented in section 6.

Some open problems are described in section 7.

This survey is in no way comprehensive, either in the results stated or the
problems, mentioned. Rather, the material represents the personal interests of
the author.
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2. PRELIMINARIES.

We use i,j,k,£,m,n to denote natural numbers; o,B,Y, § to denote ordinals; «,
A,U, v to denote uncountable cardinals; k" is the cardinal successor of K, cX
is the cardinality of X, and "X = {(x1,...,xn): x; € X fori=1,...,n}.

n termed sequences (x1,. . .,xn) will be denoted by x.

In [J], Jensen introduced the combinatorial principle OK: there is set of
subsets of «, {Sa: a < k} such that for all X ek, {a ek: XNao = Sa} ig sta-
tionary (i.e. meets every closed bounded subset of k). He proved that if V=1
then OK holds for every regular k. OK will appear in the hypotheses of several
of the theorems we shall mention.

M and N will be used to denote structures. tM is the type of M. |M| is the
wiverse of M. If s is a type then M|s is the reduct of Mtos. If A=tM, Aa
unary relation symbol, then M}A is the relativization of M to A.

let Q be a set of quantifiers, L the first order predicate calculus. L(Q)
is the language obtained by adjoiningthe quantifiers in Q to L, i.e, to the def-
inition of fm for L we add the clause:

if Q € Q and Q binds n variables and v is a sequence of n variables and
L(Q) then Qv € L(Q).

lfor Q = {Q} we write L(Q).

The language " is L(Qn) where Q" binds n variables. For each x, ME Qr\'n»
is given a « interpretation: there is a k powered subset X of [M| such that
M k¢a for all a "X,

R L(Qm’n) where Qm,n binds mtn variables. The x interpretation of
M Q™MW is that for some k powered proper subset X of |M| and all a = "X,
b €™ we have M k¢a,b. (The restriction that X be proper is necessary to
avoid vacuous satisfaction of Q™"uve).

LY = L(Q) where 2 = {Q',Q,...}.

We may write LE, Q"K, E , etc. when the k interpretarion is intended.

If I is a set of sentences then Mod I is the set of models of I. 'Ith =
{oei: M ko), ThK={oez: MEko for all M« K}. M =; N means that ThyM =
ThyN.

Given two languages L, and L, we write L; < L, if for all I4e L there is
some £, ¢ L, such that Mod Z; = ((Mod‘zz) 1) rt£1. L; <L, means L, < L, but
Ly ¢ L. If the I, can always be chosen to be of type tL, we write L; gL,

Val(Ll) Ais the set of valid L1 sentences. L1 is axiomatizable if Val(L1)
is recursively enumerable.

A language L, is k-compact if wherever I ¢ L;, cZ < k, and ModZ= ¢ then
there is some finite subset A I such that ModA = @. We say L, is countably
compact if it is wy-compact.



165

3. COMPACTNESS, AXIOMATIZABILITY, AND LOWENHEIM-SKOLEM RESULTS
<
FOR L ™.

Clearly, Ll is not fully compact. Indeed if I = {Qv(v =V)} U {Ca # Cg!
a < B < k} then every subset of I of power < « has a model but ¢ does not.

In [K], Keisler proves that L‘l is k compact for all uncountable k and axio-
matizable for regular uncountable «. His proof for k = w, provided a starting
point for our proof of compactness of lz,w. Recently, considerable progress has
been made in the study of compactness for the " languages but many fundamental
questions are still open.

THEOREM 3.1.1.({ w1) L:;;j ig countable compact and axiomatizable.
3.1.2. 0,, OKH) L:‘f+ is k'" compact and axiomatizable.
K

The first result was proved in [MM];. The k" compactness of LY, is assert-
ed in [S]. The axiomatizability of L:‘f+ t
be obtained as in Theorem 9.5 of [MM]1

The assumption ¢, in 3.1 is not necessary as was shown in [Mlvﬂ1 p.257, "

and similar arguments show that it is not necessary for 3.1.2 either.

+
is not found in the literature but can

THEOREM 3.2.1. (O‘“T) Ifo e Val(quf) then 0 Val(L:w) for every regular

<w <w
3.2.2, (°.<+’ ()K++) If 0 eVal(L,") then o € Val(l_,,) for all regular X.

This first clause is found in [MM], the second is a consequence of [S] but
is not found there.

THEOREM 3.3. If « is weakly compact then L:w ig K compact and axiomati-
zable.

In fact if X <« for all o « A and each Ko is weakly compact then
L({Q,rcla: new, o €i}) is » compact. This is a straightforward generalization
of 3.3 which appears in [MM],.

THEOREM 3.4. If x is weakly compact then Val(L\) 2 Val(Ly") for all .

This is found in [MM],. Notice that the sentence
yuw[Ruv + Rvu] + [QzuvRuv v Qzuv"lRuv]
is in Val(LZz) just in case k is weakly compact.

When  is a limit cardinal there is a natural alternative interpretation
for Q: M ky Q"v¢ means that for all A < k there is a A powered subset X & |M|
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such that M k¢4 for all a € "X. In [MW], we prove

THEOREM 3.5. If x ©8 a strong limit cardinal and if X < K then LIKl in the
limit interpretation is X compact.

The problem of compactness for languages of the form L(QE,Q‘)‘\) has for the
most part been intractable to date. However, the following result appears in

[Mo] 4.

THEOREM 3.6. Let A < k with k weakly compact and L A-compact. Let Q =
{Qn n=1,2,. }U{Qn n=1,2,..}. Then L(Q) s )\-campact and axiomatizable.

In [MR] the Qn quantifiers are generalized to higher order suggested by
writing 3,\’Vv1',... ,V, € X instead of anl"" sV, We let:
PLR) = R
P2(R) = (S:Se R and cS > «}
PR = 2T (R) = 1,2,

Let X?, i=0,1,2,... be variables ranging over PE(]MI) in the « interpretation
for n > 1. An n-order properly descending quantifier is one of the form

BB ;---B,B,

where
B, is 3er1 for some j
and for m < n

Bm is a sequence B m oy
where
m m+1
m,i is me ’ 12 "Xin(i) < X/zi
for some X?‘” occurring in B .. We identify X; with the first order variable
. A\s an cxample,
X3 X0 e 2wy, e X8 w, e X [R ARV v,]
07" ! V2 € oV1r 1 ¥o"2

asserts the cxistence of a subset of the universe partitioned into k many «x
powered cquivalence classes by R.
let Q* be the collection of all n-th order properly descending quantifiers
" for all n. Let 1" = L(Q"). In' [MR] it is shown that

THEOREM 3.7. (oun) L* 18 countably compact and axiomatizable in the wq

interpretation.
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The results in [S] can be used to generalize this to interpretations k'
*
when ¢ , and ¢_,, both hold, to give: L is k""" compact and axiomatizable in
the K*"‘ interpretation. Moreover, the analogs of 3.2.1, 3.2.2, 3.3, 3.4, all
hold for L*

Fix a similarity type t with a unary relation symbol B. Vaught defined the
two cardinal type of a structure M to be (c|M|,cBY). In [Mor] and [V] it is
proved that if for all n > 0 there is a k such that I has a model M of two car-
dinal type (Zn,z), then £ has a model of any two cardinal type (A,u) where
A>u>cl +w (Here 21 =k, 2n+1 2* where A = 2;) The following theorem
from [MVI]] generalized this.

THEOREM 3.8. Let L < L and let R be an n-ary relation symbol in TL. Sup-
pose for each n there is a x and a model M of I such that c|M| = n and
M hﬂanRv Then for every k > A > cI + w there 18 a model Mon such that
cIM| =k and M E ‘lanRv

4. RELATIVE EXPRESSIVE POWER OF THE L" LANGUAGES.

In [MM], we showed that L L,i for all regular «. In an unpublished paper,
S. Garavaglia proved that L <e Eﬂ Recently, using a forcing argument, it is
shown in [RS] that

THEOREM 4.1.1. Assumingom, Lwn‘ < Imn;] for all n.
Combining this result with the techniques in [S] one easily obtains

THEOREM 4.1.2. Assuring O , and 0 ,,, L7, < 1711,

P. Rothmaler and P. Tuschik [RT] give sufficient conditions for the elim-
ination of the L quantifiers for a countable first order theory. So elementa-
ry classes whose theories satisfy the conditions can not be split by means of
1" sentences.

5. DECIDABLE QUESTIONS.

Here we mention a few results about the decidability of models, decidabil-
ity of theories, and the decidability of sentences with respect to theories.
In several of these instances one can view the results as showing the expres-
sive strength of L" over L1.

It is easy to find structures whose L theories are decidable but whose Ll
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theories are not, for example, take M = <A’Bn>ne:w where for some nonrecursive
set X, Bn is countably infinite iff n e« X. On the other hand, forn > 1 we do
not know of such structures whose LE theory is decidable but whose LEH theory
is not.

In [R] one finds an example of a "natural" class of structures whose LJJ 1

theory is decidable but whose LE) 1 theory is not.

THEOREM 5.1. (Rubin). The L1 theory of boolean algebras is decidable but

the L2 theory is not.

The decidability of the L1 theory of boolean algebras was discovered inde-
pendently by M. Weese [W].

A number of other decidability results of this nature are mentioned and an
extensive bibliography is given in D. Seese [Se]. Many of the decidability re-
sults can be found in [BSTW]. In particular, the reader should see H. Tuschik
[T] for results on the decidability of L" theories of linear orderings.

In another direction Macintyre [Ma], Morgenstern [Mo],, and Schmerl and Sim-
son [SS] turn their attention to L° extensions of Peano's arithmetic. The axio-
matization given in [IVM]1 (correct and, with 0“’1’ complete for validities in the
Wy interpretation) is correct for the w interpretation. When the usual first
order version of the Peano arithmetic is enriched by adding all instances of the
induction schema involving LZ formulas we get the theory p? (Morgenstern ob-
serves that the Q1 quantifier can be defined in arithmetic using L and that the
quantifiers Q" for n > 2 can be defined in arithmetic using 9. m [Mo]2 and
[Ma] it is shown that truth for first order formulas in arithmetic can be de-
fined in PZ, which leads to

THEOREM 5.2. The Harrington Paris combinatorial principle is provable
. pl
in P%.

Simson and Schmerl broaden this to show that even stronger combinatorial
principles considered by Friedman, McAloon and Gunison are also provable in p2.
This leads naturally to the problem of finding a "meaningful" statement of P2
or Peano's arithmetic that is undecidable in Pz (of course by Gddel's 2nd theo-
rem there are undecidable L statements in PZ) . Morgenstern has noticed that
Kruskals theorem [K] is statable in P® and this is a candidate.

6. THE L™" LANGUAGES.

The languages ™™ were introduced in MM 1» being called L# there. It was
shown there that even L]’1 is not countably compact in any infinite power. The
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purpose of presenting this language there was to show that the " languages
could not be generalized in this direction without losing compactness proper-
ties. However, in [Ma] we began to investigate the model theory of ™, Regard-
ing the relative expressive power of these languages we have

THEOREM 6.1. LI: < L’:’“ < Li’z for all m,n. When Lﬂ‘ is countably compact
m

m,n

then L < LK’ .
All questions about relative expressive power not answered by 6.1 are open.
The only other bit of information on these languages is
THEOREM 6.2 Let 0 « L1’1 and suppose there is a model of ¢ in the k in-

terpretation where K i8 regular and kK > w. Then there is a model of o in the w
interpretation.

The expressive strength of ™" makes a generalization of this theorem de-
sirable. For example, the sentence ‘lQm’1ﬁv[fﬁ # v] asserts that f is not closed
on a xk powered subset of the universe. It follows that in a finite functional
type one can express the property of a Jonsson algebra. A strengthening of the
theorem above would yield results such as: if there is a Jénsson algebra in
Mod I then there is one in Mod)‘z.

7. OPEN PROBLEMS.

This 1list of problems is by no means comprehensive, instead it represents
the author's particular interests. In many of these problems only relative con-
sistency results can be hoped for.

Is L <k-compact in the k interpretation when the cofinality of « > wy?

At the moment we do not know if L2 is countably compact in the 1y inter-
pretation or in the first strongly inaccessible interpretation.

In the cases where compactness is known, completeness is also, at least in
the sense that the validities are recursively enumerable. Positive answers to
any of the above should yield completeness results also.

Let Val  be the set of validities of L in the « interpretation. Let k and
k% be successor cardinals and let A and A' be of cofinality strictly between w
and k. Let u and u' be inaccessible but not weakly compact, v and v' weakly
compact. We suspect that ValK = ValK, < Valx = Valy, Valu = Valu. < Valv =
Val (It is easy to see that Val  # Valy 2 Val, # Val,).

A purely set theoretic combinatorial statement equivalent to the countable
compactness of L might be an interesting new axiom for set theory.

We have mentioned that 1™*7 is more expressive than L" (even up to rela-
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tivised reducts). Can this be sharpened in the following way? Let M = <A,RM,...>
where RM is a symmetric n+l-ary relation and the cardinality of A is k > w. Is

there some N equivalent to M with respect to the language L" such that N k
iz v 1% Rk?

Regarding the Lmn languages, there are two obvious questions. In view of
Theorem 6.1 it is natural to investigate the relative expressive power of L1’1,
L2 120 ang 1292,

Theorem 6.2 raises the following questions. For what m,n e w,c, A will sat-
isfiability in the x interpretation of ¢ «L™™ imply satisfiability of o in
the X interpretation? In particular, we do not know if satisfiability of o e
L"1 in the « interpretation, « uncountable, regular and > A implies satisfia-
bility of 0 « L]’1 in the w, interpretation. Nor do we know if satisfiability
of 0 L1’2‘or Lz’l, or L ’5 in the x interpretation, k uncountable and regular
implies the satisfiability of O in the w, interpretation.

Theorem 5.2 presents an R.E. extention P? of Peano's arithmetic in which
one can prove the combinatorial principles of Harrington and Paris which are in-
dependent of Peano's arithmetic. At the moment there is no 'natural' sentence in-
dependent of L% that is known. In particular, it is not known if Kruskal's theo-
rem [K] is decidable in P’.

For each n > 1 is there a (natural) structure whose it theory is decidable
but whose L“+1 theory is not?
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WHAT IS A MATHEMATICAL THEORY?

Jan Mycielski

Since Hilbert's and Skolem's work in foundations of mathematics we got used
to mathematizing the concept of a theory as a theory formalized in first order
logic. This view was very fruitful since it generated model theory and proof
theory, but it may have obscured the fact that there are possibilities of other
more abstract mathematizations of the concept of a theory which raise other
deep and interesting problems. It is the purpose of this lecture to point out
two such mathematizations, and the way in which one of them leads to a mathema-

tical concept of finitistic theory.

1. tw-THEORIES.

By a normal theory we mean a theory T which is formalized in first order log-
ic with equality and axiomatized by a finite set of axioms or axiom schemata
(see [10]) such that V¥xy [x = y] is not a theorem of T. By a proof in such a

theory we mean a Hilbert style proof from the axioms.

Let £ be a finite alphabet and z* the set of all words, i.e. finite sequen-
ces of elements of I. For any £ € £, |£| denotes the length of £.

A tn-theory is a set of pairs T t*xz* such that there exists a polynomials
p(x,y) and a Turing machine M such that, for any (t,m) 2"xz*. M can decide in
time < p(|t],|n]) if (z,m) eT.

1f (t,m) e T then T is called a theorem of T and 7 is called a proof of
in T.

Every normal theory defines a tn-theory since the time necessary to check
the correctness of a Hilbert style proof in a normal theory can be estimated
from above by a polynomial of the length of that proof.

Now, a tn-theory T will be called amenable (to automatization) iff there
exists another polynomial P (x,y) and another Turing machine M, such that, giv-
en any word T € t* and any positive integer n, Mo can decide in time
< po(l'rl,n) if there exists a m «I" with || ¢ n such that (t,m) =T. (Notice
that if we replaced the condition < P°(|T| ,n) by the condition < pO(IT] ,
where ¢ = cardf, then the concept would trivialize since every TTm-theory would
be amenable).
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It is clear that after GOdel's discovery that all sufficiently strong the--
ories are undecidable, the next question which should have presented itself is
the question if the tm-theories (corresponding to normal theories) are amenable.
But we had to wait until 1971 (the paper of Cook [1]) for a clear statement of
that question. To end this part of my talk let me formulated the following prop-
osition (which is implicit in [1]).

PROPOSITION. The following three statementsare equivalent to each other:
i) P # NP;
iil) There exists a tmn-theory which is not amenable;

i) Every tn-theory which is defined by a normal theory is not amenable.

I think that this proposition constitutes the best way of explaining the
great importance of Cook's conjecture P # NP for the foundations of mathematics.
(Its importance in computer science is also well known [3]).

2. INTERPRETABILITY.

Now we want to introduce you to another abstraction which we call the Zlocall
interpretability type, or, chapter of a first order theory.

First a sentence ¢ without functions symbols nor equality is interpretable
in a theory T if one can substitute the variable of o by n-tuples of variables
(for some integer n), and the relation symbols of o by formulas which may have
additional free variables (called parameters of the interpretation) such that
the cxistential closure of the resulting formula is a theorem of T. of course,
if o and o' arc sentences of the same shape, i.e., if they differ only by the
names of their relation symbols, then o is interpretable in T iff o' is inter-
pretable in T.

Tor any first order theory T the chapter of T,in symbols |T|, is the set of
all shapes of sentences interpretable in T. lLet ¥ be the set of all chapters of
thecorics. Thus J is a family of sets.-

It is easy to check that the partial order <J, < > constitutes a complete
lattice, since the intersection of any set of chapters is again the chapter of
some thcory.

From the point of view of ordinary informal mathematics the chapter |T| of a
thecory T is no less interesting than T itself. E.g., |T| does not depend on the
choice of the primitive symhols of T, in fact |T| is immme to extensions of T
by means of defined symbols, and, |T] reflects very well the mathematical
strength of T. Thus a study of the lattice <J, €> seems very important. In
[s] we have published a preliminary study of this lattice. E.g, <J,& > is Brou-
werian, its zero has one succesor, etc. Now we want to point out some open
problems:
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(A) Does <J,<c> have any automorphisms? If it does, are the types of some
important theories like PA or ZF fixed points of all automorphisms? (Similar
problems for some lattices of equational theories were recently solved by Kezek
(4D

(B) We say that a theory T is connected iff for all, a,b € J ifa vb = |T|
then a = |T| or b = |T|. P. Pudlk has shown [9] that many interesting theories

are connected. Are the theories of real closed fields or of algebraic closed
fields connected?

3. FINITISM.

A first order theory T will be called finitistic iff every finite part of
T has finite models. The following proposition follows from Proposition 3(i) of

(s].

PROPOSITION. 4 theory is finistic iff its type is either zero or the suc-
cessor of zero in the lattice <J, = >. .

It is surprising that there exists finitistic theories (whose type is the
successor of zero) with a considerable mathematical content. In fact we have
constructed a finitistic recursively axiomatized theory FIN which appears to be
as powerful as analysis [6,7,8].
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THE CONSISTENCY OF A VARIANT OF CHURCH'S THESIS WITH AN
AXIOMATIC THEORY OF AN EPISTEMIC NOTION

W.N. Reinhardt

ABSTRACT. In this paper we prove the consistency of a variant
of Church's Thesis than can be formulated as a schema in a first
order language with a modal operator for intuitive provability.
We also conjeture the consistency of a stronger variant.

1. INTRODUCTION.

We consider the language of arithmetic augmented by a new symbol B and the
formation rule: If o is a sentence (or formula) so is Bo. The informal meaning
intended for Bo is that o is intuitively provable, so that for example
T1Bo AT1B71o expresses the (absolute) undecidability of o. This interpretation
suggest notions of intuitive decidability, for example

¥x(B6(x) v B 116(x))

express the intuitive decidability of 6(x), and these motivate the formulation
of our variant of Church's Thesis. Since Turing advocated the view that any in-
telectual activity of humanscan be carried out by a properly programmed computer,
and in particular that theorem proving by an idealized human mathematician is
essentially mechanical, the thesis we formulate migth appropriately be called
Turing's thesis. I believe that B expresses an important epistemic notion and
that the axiomatic theory given here can be used to illuminate for example some
controversies regarding the philosophical significance of Godel's incompleteness
theorems. In this paper we leave these issues aside, and simply formulate the
-theory and prove it consistent with one variant of Church's Thesis. In a later
paper we shall discuss these issues and the relation of B to earlier authors.
(G3del 1933, 1951, Ldb 1955, Kalmar 1959, Myhill 1960, Lucas 1961, Montague
1963, Benacerraf 1967, Tharp 1973, Wang 1974, Boolos 1979, Shapiro 1980). I
would like to thank Andrej Stedrov for pointing out an error in the first ver-
sion of this paper. In the earlier version a proof was claimed for conjecture-
3-1a. of this paper. The problem remains open.
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2. ARITHMETIC WITH B.

We split the axioms into four groups: those which may be regarded as appli-
cable to any subject matter (the logical axioms), those pecyliar to arithmetic,
those involving the truth (or satisfaction) predicate for arithmetic, and those
stating Church's Thesis, In the first and third groups some of the axioms are
essentially classical (e.g. instances of classical schemas which may however in-
volve B) and others are new, peculiar to languages with B. The arithmetic axioms
are essentially classical.

2.1. Logical axioms.

We suppose our languages has variables VgsVys---, @ ONC place sentential
connective 71 (for negation), a two place sentential comnective + (for truth
functional, implication), the universal quantifier V¥, a one place sentential con-
nective B (for provability), and equality *. We allow relation symbols and cer-
tain function symbols, but logic with function symbols in the general case re-
quires restrictions not familiar from classical logic. (In effect, we may allow
function symbols for recursive functions with no restrictions, or arbitrary
function symbols with certain caveats which will be mentioned). We shall use 7,
~+, ¥ not as names for symbols but as names for operations. Thus if 6, ¢ are for-
mulas, 716, (6 > ¢) are to be formulas. We treat defined connectives such as
v, A, + similarly.

We have the usual formation rules for first order languages, plus the rule:
if 6 is a formula, B6 is a formula with the same free variables as 6. A sentence
is a formula with no free variables.

In order to state the axioms for the truth preaicate (in §2.3), it will be
convenient to suppose that all syntactic objects have been identified with their
(6del numbers, in one of the usual ways. Thus the syntactic operations ™1, -+,
ctc. are all primitive recursive. It will not much matter how this is done, but
for convenience in describing substitution operations, one may think of formulas
as strings of symbols. What is important is that the various syntactic opera-
tions 7, +, substitution, etc. will be primitive recursive. ‘

DEFINITION 2.1.

a) By a B-closure of a formula 6 we mean a sentence obtained from 6 by ite-
rated applications of universal quantification and B. Thus ¥x¥yx = y, Bv¥xBvyB
x*y and B¥xVy x# y are all B-closures .of x # y. If ¢ is a sentence it is a B-
closure of itself.

b) 8(x/y) is the expression obtained from 6 by replacing all free occurrences
of x in 8 by y.

c) By the logical axioms we understand the B-closures of the following
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schemas (where u,X,y,z are variables):

L1. truth functional tautologies

L2. wx(6 + ¢) > (¥xB + ¥x¢)

L3. vy(¥x6 » 6(x/y)), where x,y are variables and x is free for y in 9,
L4. 6 > ¥xB, where x is not free in 6,

L5, x=x

L6. x =y~ [6(wx) » 6(u/y)], where u is free for x,y in 6,
L7. B(® > ¢) » (BO + Bo)

L8. B8+ 06

L9. B6 - BBe

L10. B¥x8 » ¥xB(3y(x = y) + 6), where y is a variable distinct from x, and
means as usual T1¥ 7,

L11. B3zB(t = z) > [¥x8 » e(x/t)]', where X,z are variables, t is a term and
i) z does not occur free in t
ii) x is free for t in 9,

L12. 3y(t = y) » [vx6 - 6(x/t)], provided that i), ii) above hold, and in ad-
dition x does not occur free within the scope fo B in 6.

.

d) A theory in the language with B is a set of sentences containing the log-
gical axioms and closed under modus ponens. We write A 0 to mean 0 is in every
theory including A. We write as usual o for § o.

We note:

PROPOSITION 2.2.
a) Suppose that A is a set of sentences such that whenever ¢ €« A, Boe A. Then
A o implies A - Bo.
b) If the sentence 0 is a classtical validity, in a language with no function
symbols, then k0.
C) If the gentence 0 is a classical validityinalanguage with function symbols
fi, and A is the set of sentences ¥x3ly f('i) = 3", then A o0,

Proof. a) The only rule is modus ponens, so apply L7, L2.
b) Since L1-L6 are the usual classical schemas, this is obvious.
c) By L12, it is sufficient to see that A I 3y(t = y) for all terms t built from
the f's. This is easily seen by induction on t; e.g. if t = f(t1,t2), and
A l-3y1(‘c1 = y1) A 3)'2(t2 = yz) A Vy1y232(f(y1 ,yz) = z), then by L12, A
Elz(f(t1,t2) =1z).

We note also the following:

‘L3 vx6 » 8(x/y),
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where x is free for t in g, provided that we restrict the introduction of func-
tion symbols to (for example) primitive recursive functions. This is because the
antecedent of L11 says that t is a term which may be effectively evaluated (this
is the caveat referred to earlier) and it will follow from'our arithmetic axioms
that this is so for primitive recursive terms. The antecedent in L12 may of
course be omitted altogether if we follow the usual practice of classical logic
of assuming all functions everywhere defined.

We remark without proof that the axioms L11-L12 are chosen so that the fol-
lowing is true.

THEOREM 2.3. If Tis a theory with T-B¥X3ly , no X; oceurs in the scope of B
in 6, f is new funetion symbol, and T' has as axioms T together with all T
closures of -

8(X,y) < £f(X) =y,

Then T' is a conservative extension of T.

In particular, if T has no function symbols, then we may add them with im-
punity, but only by observing the caveats regarding the principle of universal
instantiation with complex terms (the case of functions fx = y corresponding to
8(x,y) with x in the scope of B would require a further restriction in L12).

2.2. Arithmetic axioms.

By the language of (first order) Peano arithmetic we understand the language
with an individual constant for 0, a unary function symbol for the succesor op-
eration S, and a function symbol d for each primitive recursive definition of a
function £y (we could of course do with only function symbols for plus and times,
but it will be convenient to have terms for certain primitive recursive func-
tions). Just as we used ¥, 71, * etc. for syntactic operations on formulas and

variables, we use 0, 5, f4 for syntactic operations on terms. Thus 0 is a term,
and if t is a term, so are S(t), fd(t) . If f is primitive recursive, we shall
often write f, leaving the reader to find d.

REMARK 2.4. It does not much matter how one thinks of the definitions d,
except that ''d is such a definition" should be primitive recursive, and "x is
the denotation of t" should‘be definable for terms t built up with the i'd's.
We obscrve however that a nice way is the following simultaneous definition
of function symbols and terms. We write V(e) for the free variable of the ex-
pression e.

1. 0 is a term with V(p) = @.
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If v is a variable, v is a term with V(v) = {v}.
S is a function symbol with V(§) = #.

4. If fis a function symbol and t is a term then f(t) is a term with V(£(t))
= V() Uv(e).

5. If t,s are terms and v is a variable, v¢ V(t), then Pvst is a function
symbol with V(Pvst) = V(t) UV(s) — {v}.

Modulo an assignment of functions f; to the function symbols d, an assign-
ment a to the variables now determines (in the usual way) a value t[a] for each
term. We explain the assignment f4 as follows. If we single out a variable, say
u, to stand as argument, there is a (one place) function f; for each term,namely
f (n) is just the value of t under the assignment which is like a except for
assigning to u the value n. We intend that for a function symbol d, and term du
(obtained by concatenating d with u), f; will be the same as fg, (with u singled
out). In particular, for the functional symbol d = Pvst, the value at n of the
one-place function fj is obtained by interating fs (determined by selecting v
as the argument) n times, starting with f; (which, since v ¢ V(t), is constant
when v is selected to mark the argument): ,

_ 1))
fan) = ££... £ f = £V f >
£400) = £,
£4(n+1) = £ ().

Thus the axioms for d are (the closures of)
d(o) =t
d(Sv) = s(v/dv).

Note that the syntactic operation ¥ takes variables x,y and produces the term
(x 7 y) with free variables x,y, whereas the function symbol for "adding x to"
or “iterate the succesor operation starting with x is PySyx, with one free

variable x. Thus x 5 y is PySyxy. Similarly, using Polish notation and drop-

ing the bars for legibility, sxy = +x +x .. +x0 = (+x) ()')0 = (Py + xy0)y.

DEFINITION 2.5. Let L be any language which includes the language of Pea-
no arithmetic. The Peano axioms for L are the B-closures (or the ordinary
closures, if L is classical) of the following:

Al. The usual Peano axioms for 0 and S, which assert that S is 1-1 and onto all

but 0. We takes this to include 3x(0 = x) and 3y(Sx = y).

A2. The usual Peano axioms stating that +, + satisfy their recursive defini-
tions, and in general similar axioms for each primitive recursive function

symbol ¥ , including ¥xay(£(X) = y).
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A3. The usual induction schema, allowing formulas from L:

8(x/0) A ¥x(6 + 6(x/5x)) + ¥x6.

THEOREM 2.6.
a) BvxBiy(x = y). This yields the B-closures of B¥x8 + ¥xB® and 3xBO -+ Bix6.
b) From the B-closure of 6 + BB, we obtain those of 3Ix6 - B3IxB and 3x6 - 3IxB6.
c) For each (primitive recursive) term t and variable z, we have the B-closure

of t = z+B(t =2z). In particular

(i) Sx =12z > B(Sx = z)

(ii) x+y = z > B(x+y = z)

(iii) x+*y = z > B(x*y = z)

(iv) 3zB(t = 2z)

(v) x<y-+B(x<y)

(vi) t # z +B(t # 2)

(vii) ty=t, > B(t1 = tz).

d) We have the B-closures of ¥Xx<y (B8) - B(¥x<y#0).

REMARK. We have suppressed the bars and dots in the interests of readabil-
ity.

Proog. a) We prove the B-clousures of 3y(x = y) by induction on x. 3y(0 = y)
is a classical validity, so B3y(0 = y) by Prop. 2.2. For the induction note
that ¥x3y(Sx = y) is a classical validity, so again by Prop. 2.2, Bvx3y(Sx = y).
By L10 then

vxB(3y(x = y) » 3y(Sx = y)),

and by L7, L2

¥yx(Bly(x = y) » Bay(Sx = y)),

which is the induction step.

We note that L10 now simplifies to Bv¥x6 - v¥xB6,

a) con't. lurthermore by Prop. 2.2, B¥x(6 -+ 3x8), so by L10 vxB(6 + 3x8),
so by L7 yx(B6 + B3x6), whence 3xB6_ -+ B3x6.

b) From vx(6 + B6) we get ¥x(vB8 + 0), V¥xVvBO + ¥xv 6, wwxuo + WWxBo,i.
c. 3x6 > 3IxBO. Also, we have 3xB6 + B3x6, so 3x6 - B3x6.

c) We show that yx(Sx = z »B(Sx = z)) by induction on z. The case z = 0 is
vacuously true, as ¥x 71(Sx = 0). For the induction step we need the

LEMMA 2.7. We have th;e B-closure of x =y + B(x = vy).

Proo§. We give two proofs, first using the equality axioms, then using only
induction. Now L6 gives

x=y+ [B(x = u)(u/x) + B(x = y) (wy)]
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x=y~+ [B(x=x)>Bx=y)].
But L5 gives B(x = x), so a tautology yields
x=y~+>Bx=y).

We now prove ¥y(x = y »B(x = y)) by induction on x. First, vy(0 = y + B0 = y)),
this is done by induction on y. If y = 0, it is B(0 = 0). Since 0 = 0 is clas-
sicaly valid, Prop. 2.2 gives B(0 = 0). The conclusion of the induction step is
vy(0 = Sy - B(0 = Sy)), which is vacuolusly satisfied. We now return to the
induction on x. We assume Vy(x = y +B(x = y)), and are to prove ¥y(Sx = y »B{Sx
= y)). Again we proceed by induction on y. The case y = 0 is vacuously satisfied
So we must see ¥y(Sx = y +B(Sx = y)) + ¥y(Sx = Sy »~B(Sx = Sy)). Now ¥yvx(x =y +
Sx = Sy) is a classical theorem of Peano arithemtic, so by Prop. 2.2 and A10,
Vy¥xB(x = y + Sx = Sy), and thus

B(x = y) » B(Sx = Sy).
Consequently Sx

i}

Sy »x=y
+ B(x = y) induction on x
+ B(Sx = Sy).
This completes the induction on y, hence that on x, and so the lemma.

We return to the induction on z for the theorem. We show directly that the
conclusion of the induction step holds, namely
¥x(Sx = Sz +B(Sx = Sz)).
This is because Sx = Sz > x = z

+B(x = z) by the Lemma.
As in the second proof of the Lemma,

B¥x(x = y » Sx = Sy)
¥xB(x = y + Sx = Sy)
vx(B(x = y) > B(Sx = Sy)),

so

Sx = Sz + B(Sx = Sz),
as desired.

For the iterations of S, note first that the above argument shows 0 = z +

B(0 = z). Now suppose that we have the B-closures of

£(x,0) = k(x)
£(x,n+1) = g(x,fn),

and those of kx = z + B(kx = z), g(x,y) = z > B(g(x,y) = z).

w«© show,
f(x,n) = z > B(f(x,n) = z)
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by induction on n. For n = 0, this is

f(x,0) = z > k(x) =z
+ B(k(x) = z)
+ B(f(x,0) = z).
For Sn it is
f(x,5n) =z > g(x,f(x,n)) = z

+ Ju(f(x,n) = uaglx,u) = z)

+ Bau(f(x,n) = uag(x,u) =z) (byb)

-+ B(f(x,Sn) = z).

This takes care of c) and in particular (i)-(iii); (iv) follows from b). Writing
x <y as 3z(x+Sz = y), so does (v). We get (vi), (viii) the same way, viewing
t #2zas 3u(t =un(t <uoruc<t)), andt1 =t, .ets:-!z(t1 =z =t2).

d) This is a scraightforward induction on y.

2.3. Axioms for the truth predicate.

The axioms are the usual ones for arithmetical truth, with the addition of
a clause for sentences Bo. Satisfaction is definable from truth, since for exam
ple if 6 has one free variable x, then k8[n] iff k6(x/n), where n denotes n.
We must, however, state more than the truth schema Tr(c) <+ o to get the corres-
ponding satisfaction schemas such as

Sat(8,y) < 8(y).

We shall need several syntactic operations, and formulas and terms arithmetiz-
ing syntactic notions, which we summarize in

NOTATION 1.8.

a) For each n « w, n is the term S...50 (n iterations).
The corresponding function is b: n+ n.

b) Sb(8,x,n) is 8(x/n), the result of substituting n at the free occurrences
of x in 6. .

¢) W(x), Tm(x), Fm (x,y), SentL(x), are formulas (of Peano arithmetic) ex-
presing "x is a variable', 'x is a primitive recursive term', ''x is a formula
of L with one free variable y", and '"x is a sentence of L'". L may be classical
or allow B, but does not admit Try; Try is always a unary predicate not in L.

d) den(x,y) is a formula expressing '"x is a primitive recursive term and y
is the denotation of x".

c¢) Recall that if £ i‘s a primitive recursive function of n arguments, then
f is a syntactic operation taking n terms to a term. If for example f has 2 ar-
guments and u, v are variables f£(u,v) will have two free variables u, v, and
for all m, n, £(m,n) will denote f(m,n). For the axioms we are interested spe-
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cifically in A, +, ¥, £, B, and Sb. Note that for example @ > § denotes 6 ~+ ¢,
B8 denotes B6, and 5b(8,x,n) denotes Sb(6,x,n).

DEFINITION 2.9. The satisfaction axioms for L are the B-closures of the
following. Here u,v,w,X,y,z are variables.

S1. Tm(u) A Tm(v) ~»
Tr(u £ v) & 3z(den(u,z) A den(v,z))

S2. Sent(x) -

Tr(% x) « 1 Tr(x)
S3. Sent(x) a SentL(y) >

Tr(x 3 y) « (Tr(x) + Tr(y))
S4. Pm(x,w) +

Tr(¥wx) < vzTr(Sb(x,w,z))
S5. Sent(x) -+

Tr(Bx) < BTr(x)

Note that for appropriate L, S1-S5 are the usual satisfaction axioms aver
Peano arithmetic; S5 is the obvious addition when the language includes B. For
readability we omitted the subscript L from Sent, PFm, and Tr.

DEFINITION 2.10.

a) P is classical first order Peano arithmetic, i.e. the classical theory
of axioms A1-A3. BP is Peano arithmetic in the language with B adjoined, i.e.
the (Def. 2-1d) theory of A1-A3.

b) If A is a theory in a language L with finitely many function and rela-
tion symbols, then A" has in addition to the axioms of A the (B) -closures of
the satisfaction axioms for Try,.

2.4. Church's Thesis.
let U(e,n) be an r.e. formula universal for r.e. sets (provably in P). Now
we may state the version of Church's Thesis which concern us. They are

DEFINITION 2.11.
Cr. vn(6n -+ Bén) - In¥n(6n <+ Uen)
BCT. B[vn(én -~ Bén) - 3e¥n(6n< Uen)].

REMARK 2.12.

a) Note that CT implies that every intuitively decidable set (i.e. ¥x[B6 v
B 716]) .is recursive, as then both ¥x(® + B8) and ¥x(716 ~ B716), so both 8
and 716 define r.e. sets, hence 8 is recursive.
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b) We remark without proof that the effectivized version of CT

ECT. Bwn(6n - B6n) - 3eB¥n(6n+ Uen)
is refutable (this is essentially the content of Godel's first incompleteness
theorem).

3. ON THE CONSISTENCY OF BCT.

We can now state the main theorem.

THEOREM 3.1. The theory (BP)+ 18 consistent with CI. That is, Peano arith-
metic in the language with B and the truth (or satisfaction) predicate is con-
sistent with the weak form of Church's Thesis. Spectifically, (BP)+ includes
the axiom groups L1-L12, A1-Ad4, and S1-S5.

The following corollary can be stated without the fuss of arithmetization
required for 3-1.

COROLLARY 3.2. The theory BP is consistent with CI.
These results are much wedker than the corresponding conjectures for BCT:

C- jecture 3-1a. (BP)+ is consistent with BCT.
Cc “jecture 3-2a. BP is consistent with BCT.

We begin by indicating the proof in outline. We shall first prove 3.2, then
observe that the sume method works to obtain 3.1. The proof proceeds by an in-
terprctation I. I interprets (BP)+ into the languages of P' so that an impor-
tant instance of CT holds. Namely, that where © is the formula Bw(x) express-
ing "x is an intuitively provable Tr-free sentence', i.e. the formula Tr(B(x)).
CI'(Bw) is cquivalent to the assertion that Bw is r.e.

Since Bw is r.e., all instances CT(8) for 6 not involving Tr follow from
this. This proves 3.2. The proof of 3.1 proceeds the same way, beginning with
an interpretation I of BP")" into the language of P and using CT(Bw+) to
complete the proof.

With cach formula 6 and assigmment a to the free variavles 6 we can asso-
ciate a sentence o which asserts that 6 holds of the assigned numbers. For
example, to 6(u) (with onc free variable u) and assignment a which sets u to
n, we associate 8(n); to 6(u,v) and a = (u/m,v/n) we associate 6(n,m), etc.

In the scquel it will be convenient to associate with each 6 a tem [6] with
the same free variables as 6 such that, under the assignment a, [6] will de-
note the above mentioned sentence. For example, in the case 6(u), Sb(8,0,0)
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is such a term.

DEFINITION 3.3.
a) Let Upym eyl be the free variables of 6. Then
[6] = SB(...SB(SB(,0y,up) ,8y,up) .. iy ,u)
(if n =0, [6] = 8). Note that 6+ [6] is primitive recursive.
b) Bw(x) is the formula SentL(x) ATr(B(x)) of (BP)+ (which expresses ''x
is an intuitively provable sentence of L').
c) Let w be any formula of classical arithmetic (not involving Tr). We de-

fine the interpretation I (I, if we need to make w explicit) in two stages.
First, for formulas not involving Tr, then for those which do.

(1) cxI = o if a is atomic (without Tr).
(1l = ol
© >0l =6l
(3ue)T = 3ue!
@) = ol an[ol] :

(this interpretation of B was suggested by M.H. Lob). It will be convenient
to introduce the notation
B 6 =o6am[e].

(ii) Let I, be the (primitive recursive) mapping (from formulas of arifhm—:tic
with B but without Tr to formulas of arithmetic with neither B nor Tr) defined
by (i) (and the condition Io(x) =0 if x is not such a formula). We put

e’ = Te(d (),

where io(x) is a primitive recursive term representing I o

PROPOSITION 3.4. CT(Bw), the instance of CT obtained by taking 6(x) =
Bw(x), Zg equivalent to '
3evx(Bw(x) < U(e,x)),
BCT(Bw) to
Bieyx(Bw(x) + U(e,x)),
and ECT(Bw) to
3eByx(Bw(x) + U(e,x)).

Prood. It suffices to prove the antecedent
Bvx(Bw(x) »BBw(x)).
Now Bw(x) is Tr(B(x)), and S5 is the B-closure of

TrB(x) +BTr(x).
Thus
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Bw(x) »~ B Tr(x) by S5
+ B BTrx by L9
+ B Tr(B(x)) by S5
+ B Bw(x).

THEOREM 3.5. There is a r.e. formula W such that under the interpretation .
| (BP)+ ig true, as well as CT(Bw). In particular
(a) oeBP implies P kol
®) oe BP)' implies P* ol
(c) o= CI(Bw) implies P** +ol.

Proof. We break the proof into a series of lemmas and propositions. The
first lemma asserts the existence of a w satisfyingthe hypotheses of the others.

LEMMA 3.6. There is an r.e. forrula m such that

(i) P* + o implies P + m[o]

(ii) P + n[e > ¢] » m[e] -+ n[¢]

(iii) P + n[e8] » w[n[6]]

(iv) P + 8 » n[8], for ® any primitive recursive equation.
(V) Pk Senty(y) » n([Tr(y)] & y)

(vi) P  Sent; (x) A Sent; (y) A m(x Fyran(x) + n(y)

(vii) P* b Sent| (x) a m () + Tr(x),

where no(x) expresses "X is provable in P".
iy P** - Sent; (x) Am(x) > Tr(x)

In (v)-(viii), L Zg the language of P.

Proof. Take m to be a standard formula expressing provability in P*. Then
(1)-(iii) are the schemas traditionaly used to prove Gédel's second incomplete-
ness theorem. The proof may be found for example in the second volume of Hil-
bart: and Bernays. (iv) is the main lemma used in the proof of (iii). (v) is the
formalization of Tr(o) + o, and will be discussed at lemma 3.17. (vi) is the
main lemma used in proving (ii); we list it separately for ease of reference.
(vii) is a standard fact abow® P+; it contains enough to prove the correctness.
of P. The specific theorem of P we will need to apply this to is
(vii") Fm(x,w) + wo(iST)(x,w,z) & Sb(ix,w,2))
which formalizes Claim 3.12.

PROPOSITION 3.7. Let A be a theory such that
(i) A+ o implies A + w[g]

Suppose furthermore that
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(a) The universal closures of the 1 images of the schema
Bvx6 + ¥xB6

are provable in A.
(b) The wniversal closure of the I image of ¢ is provable in A.
Then the I image of any B-closure of ¢ is provable in A.

(Thus it will suffice to show in P' the wniversal closures of the I images
of the schemas we wish to interpret, including that of (a)).

Proof. Let o be the universal closure of ¢I. From (i) we get A o implies
A B . Using (a), the prefixed B may be moved in the quantifier prefix any-
where before ¢I. The process may be repeated with a new prefixed B to obtain
all B-closures of ¢I.

We now examine the various groups of axioms.

PROPOSITION 3.8. The I images of the classical schemas L1, L2, L4, L5
are logically valid, as well as L6 for © atomic, and LS.

Prop. 3.7 then shows that the I images of their B-closures are provable
in A.

The rest of the classical axioms (L3, L6) will be taken care of in Lemma
3.10.

Proog. L1, L8. The schema B 6~+6 is tautologous (6an[8] + 6), and.

(B6 e)I = B_‘TeI - GI is an instance of this. Evidently I takes tautologies
to tautologies in general.

12, L4, L5; L6 for 6 atomic. The I images of these are all instances of
the schema, since I preserves the classical logical operations. The only point
to check arises in the case of 16, where we must check that e(x/u)I = Gl(x/u).
For later reference we prove this where u is any temm. For a atomic in clas-

sical arithmetic, ol = a; since a(x/u) is also atomic,

la/w]! = a@x/u) = ol (/u).
{Here the brackets are used only as parentheses). For a of the form Tr(t),
[Tr(t) ]t = [Tr(eevu)]! = 1o (e Gvw),

whereas
[Tr) ] ) = [Tr(E ()] /w) = Trdtev/w),

which establishes the desired equality.

PROPOSITION 3.9. a) Suppose that in A we have the universal closures of
(i) w[p], for o logically valid,
(ii) n[e + ¢] + (v[6] = w[¢])
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Then the universal closures of the 1 images of the schemas L7, L8, L10 (propo-
sitional and quantifiers axioms for B) are provable in A.

b) Moreover, the hypothesis (a) of prop. 3.7 is also satisfied, that is
B vx6 - VxB"e.

c) If in addition
(iii) w[8] + n[nTe]]
then 19 is also provable in A,

Proof. For L7, we show the schema

B_"(e + ¢) > (B,ne -+ B"cb).
This is just (6 + ¢) an[6 > ¢] > (6 7[6] > da7[¢]), and follows from (i),
n[8 + ¢] » (n[6] » m[¢]). The I images of L7 are instances of the former.

L8 was proved already.

For L9, we show the schema Bﬂe +~ BB 6, of which the I images of L9 are
instances. This is just 8 am[6] > 6an[8] aAn[6 A n[6]], for which it will suf-
fice to see m[6] > n[6amn[6]]. Now 8 + (w[6] + 8an[6]) is a tautology, so by
(i)

n[e + (n[6] + (ean[6]N].
Thus using (iii) m[8] + w[n[6]] and several instances of (ii), we obtain the
desired result.

For L10 we show the schema

(a) B _Vx - VxB 6.

(This will satisfy the hypotheses (a) of 3.7). The schema BT[VXO > VXB“(Ely
(x = y) > 8) follows from this using a tautology and the distributivity of B
over + (from the proof of L7). Now (a) is just

vx6 A n[¥x6] > ¥x(eaw[6]),
for which it will suffice to see
w[vxg] > w[e].

Since vx8 + 6 is a logical validity, by (i) we have n[¥x6 + 8] , so (ii) gives
the desired result.

LEMMA 3.10. a) Let A include P and satisfy assumption (ii) of Prop. 3.9a,
as well as
(i) A w0 implies A +m[o].
Then the I-images of L3 and L6 are provable in A.

Suppose that in addition, A satisfies

(iv) A (8 + 7[6]), for all primitive recursive equations .
Then the wniversal closures of the 1 imagee of L11, L12 (the universal ine-
tantiation gchemas for terms), are provable in A.
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Before giving the proof, we make the following remark regarding the signi-
ficance of the antecedents of L11, L12,

REMARK 3.11.

a) Because of assumption (i), the antecedent of L12 is always satisfied.
This is because 3y(t = y) is logically valid (classically), and (i) assures
that A I-Bnay(t =vy).

b) Since the schema Bvx9 + ¥xB6 yield 3xB6 - B3x6 (see the proof of Theo-
rem 2.6 a), the antecedent of L11 becomes 3xB(t = z). This is

3z(t = za7ft = z]).
In view of (iv), it is always satisfied for primitive recursive t.
Proog. We prove the I-images of the conclusion of L11, L12,
¥x6 + 6(x/t).

(In case t is a variable, (iv) will not be needed, which will prove part a)).
Now (vx6 -+ e(x/t))I = VxeI > (e(x/t))l. Since VXOI -+ el(x/t) is an instance of
the classical instantiation schema, will thus suffice to prove the

CLAIM 3.12. In A we have the closure of (e(x/t))lﬂ el(x/t).
Proof. The proof proceeds by induction on the formula 6.

1. 6 = a atomic. The proof is the same as in the case t=u,ua vanable,
which was given in prop. 3.8 for L6; we get (e(x/t)) = 6 (x/t).
2, 6+ ¢, 116, 38 are all easily checked since substitution is a homo-
morphism on these logical operations.
3. Bo. Assume for 9, that A l-—eI(x/t)ﬂ (e(x/t))I. We are to see that
A -3 (x/t) « Bo(x/t))L. The 1.h.s. of this is (el an[e]]) (x/t), i.e.
ol (x/t) a (n[6e!]) /1),
whereas the r.h.s. is
(/)T a w00/t
Thus it will suffice to see that
w[oG/t) ]« (x[6]) (x/t).
Now by induction, A l-el(x/t)<-> (e(x/t))I. Using (i)-(iv) we can apply Prop.
3.9 b), and Prop. 3.7 to obtain any B, closure of this in A, in particular
A r[el vty » (oG],
Hence by (ii) we may distribute m to obtain
A n[el (/)] « nle(/n)]].
Thus it will suffice to see in A that
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a[elx/)] » (e h (x/v).
We shall prove now in A the general
SCHEMA 3.13: w[o(x/t)]+ (n[s]) (x/t).
To do this we need the syntactic
FACT 3.14. If Xx,w are variables, then P +[6](x/w) = [6(x/w)].

We leave this to the reader to check, but note that in the case of 6 with
one free variable x, it follows from the formalization of

(8(x/w)) (x/n) = 8(x/n).

Letting

Sub(8,x,w) = 8(x/w),

this is
Sb(Sub(6,x,w,n) = Sb(8,x,n),

so the formalization is
%('ﬁ(vo,vpvz),vz,vs) 2 §E(vo,v1,V3)

which yields on taking v to 8, v, to X, v, to w, and vz tow

Sb(Sub(8,w,w) ,w,w) = Sb(8,x,w)
.C.
' Sb(B(x/w) ,w,w) 2 Sb(8,x,x) (x/w)
1.C.

[e(x/w)] = [68] (x/w).

We procced to check the schema 3.13. Now using the above fact,

(r[o]) x/w) = w([] (x/w))
« n[¢(x/w)].

In case t is a variable, this is schema 3.13, so the proof of a) is now com-
plete. In general we have, for w a variable not in ¢ or t,

o(x/t) + wi(t = w > ¢(x/w)),

(n[6D/t) & ww(t = w > (n[¢]) (x/w))
D e x(t = w > w[o(xw)]), M
whercas (using (i), (ii))
a[o(x/t)] « wlww(t = w > ¢(x/w));

again using (i) etc. (as in Prop. 3.9b)
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> wrt = w ¢o(x/w)],

sp by (ii)
> w(nt = w] > nlo(x/w)]).
Thus by (iv)
t=w->mt=w],
and it follows that

T[o(x/t)] » wi(t = w > n[d(x/w)]).
Thus by (1)

mlo(x/t)] » (n[e]) (x/1).

This completes one half of the proof of the schema. Note that we have used the
computability of t.
For the other half, we use

X(x/t) « Iw(t = wax(x/w)):
T[6] (x/t) < IW(t = wan[¢](x/w)) (2)
« w(t = wan[o(x,w)]) '

so that by (iv)
> 3w(nft = w]an[o(x/w)]);
using (i) with a suitable tautology, and (ii), gives
> 3w(nt = wa o(x/w)])
so that using tha validity x + 3wy under m, we have by (ii)
= m[Aw(t = wA ¢(x/w))].
Thus applying (i) to (2) with x = ¢
+ m[o(x/t)]

which completes the proof of schema 3.13, and Lemma 3.10, and hence the check-
ing of the logical axioms under I.

We turn now the arithmetical axioms.

PROPOSITION 3.15. Let A be a theory in a classical language L including
arithmetic, and suppose that A satisfies the Peano axioms. Let m satisfy the
conditions (i)-(iii) of Lemma 3.10a, as well as

@iv) ARS(X) =w~n[S(x) =w],
ARO =w-n[0=w].

Then the I, images of the universal closures of the schemas A1-A3 are provable
in A
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Proof. I, takes Al, AZ to themelves, so no assumption is needed on 7. The
claim 3.12 for t = 0, S(x) obtains and I, preserves the classical logical sym-
bols, so A3 goes to a formula equivalent to an instance of A3.

This completes the proof of Theorem 3.5a.
Next the satisfaction axioms.

PROPOSITION 3.16. a) For any formula w, the universal closures of the 1
images of the satisfaction axioms S1-83 (for the language 1B of arithmetic with
B ) are provable in p'.

b) If m satisfies the conditions
(vi) SentL(x) ASentL(y) AT(X > y)am(x) > n(y),

(vii) SentL(x) A 3()() + Tr(x),
then the 1 image of S4 is provable in 2

¢) If in addition to (vi) m satisfies
(V) Sent (y) » w([Tr(y)]+ ¥),
then S5 ig also obtained.

Proof. For atomic formulas, Ioa =aqa, so in P

Tm(u) A Tm(v) > T(u2Vv) 2 (uv).

Thus I - o
Tr(uzv)« TrI(u = v)

- Tr(u £ v),
and S1 follows from S1 in P'.
S2 becones
Sent x) > (Tr(I. SIx)« ATri X). 1
1B+ iy T o0 M
Since Io No = '1100, in P we have
d, 9x. = ("Iiox)
Using this and P -Sent |3 (x) » Sent; (IX), (1) follows from S2 in p'. 83 is
proved the same way, formalizing Io(e > ¢) = I8~ I°¢.
b) For the proof of S4 we need the formalization of Claim 3.12. Taking

A = P in that Claim, and confining our attention to the case where 6 has one
free variable w, and t is a term n, this yields
For all n, and all formulas 6 with one free variable w,
- - 2
3 P wm) e olwm.

The proof of (2) may be carried out in P; since (3) may be written as
P +1Sb(6,w,n) « Sb(I8,w,n).
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and T, expresses provability in P, the formalization of (2) is
(vii") P +Fn(x,w) > 'no(is~b(x,w,z) < Sb(ix,w,2))

as indicated after Lemma 3.6. Here Fm(x,w) means for L with B,Tr. At this point

we only need it for LB without Tr; for such we get Fm ®-+Ix =1,
) o

of course. Now S4 is
Fm(x,w) » (Tr(wx) < vzTr(S(x,w,2))),
so we must see that P‘“(LB) (x,w) >
Tr(io\?wx) - VzTrio'SF(x,w,z) .
Now, I_¥ué = wul 6, so in P, I Wwx ¢ ¥xI x. Thus
Tr(ioi?wx) - Tr(Wiox) R
and using S4 in P+,
- var§E(on,w,z).

Using (vii'), (vii), and S2,3 in P* gives the result.
c) S5. We shall need the following .

LEMMA 3.17. a) If 6 is any formula of the language L of Peano arithmetic,
then in P' we have the closure of Tr[e]« 6.
b) In particular, restricting © to sentences gives: for all sentences o of
+ - .
L, P K(Tr(o)+ o).
c) The proof of (b) can be carried out in P, so that if m expresses prob-
ability in P* (or gsomething stronger)

P vy(Sent (y) ~ m([Tr(»)] < y))

Proof. These are standard results so we indicate the proof only briefly.

a) Proved by induction on 6. The notation [8] extends to temms t. For atom-
ic formulas use [t = s] = ([t] 2 [s]) and den([t],t). For the other cases use
[ 16] = =[6], etc., and the corresponding clause of the satisfaction axioms.

b) is immediate from a).

c) Note that

Tr(0) = (Tr(y)) (y/o) = Sb(Tr(y),y,0),
so its formalization is Sb(Tr(y),y,y) = [Tr(y)].

Proof of 3.16. The new satisfaction axiom is
Sent(x) -+ (Tr(Bx) < BTr(x)),

so under I it becomes
Sent(x) + (Tr(ioﬁx)» B, Tr(Ix)). 6))

Here Sent(x) expresses ''is a sentence in the language LB of arithmetic with
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B", but of course without Tr. Now

IBo=Toan[Io] =To0am(I0)

Ioc ASb(ﬂ,y,Ioc) .
Where y is the free variables of m. The formalization of this is
Sent (x) » ioﬁx 2 ioxR @(ﬁ,ft,iox) s
which is provable in P. Thus we have, suppressing the antecedent Sent(x),
Tr(ioﬁx) - Tr(iox/( _ST)(T'r,)-',iox)) )
so that by S2, S3 in P+,

- Tr(iox) A Tr(S_b(;r,;',iox)) .
Now

B“Tr(iox) - Tr(iox) A ﬂ[Triox] " (3)
so to check (1) it will by (2), (3) be enough to check

'Fr(gﬁ(ﬁ,)",iox)) - n[Triox] .
Now in P

Sent (x) > SetL(ix) s

LB
so it will suffice (by initazxtiating iox for y) to see
Sent, (y) ~ (Tr(Sb(7,y,y)) « n[Tr(0]),
i.c., suppressing the antecedent, and noting [n] = Sb(m,y,y)
Tr[n(y)] < =[Tr(y)]. @
The result now follows easily from Lemma 3.17. By 3.17a,

Tr[n(y) ]+ n(y).
While by 3.17¢,

n([Tr()] = y). (5)
Thus hy (vi) (modus ponens for ),

n[Tr(y)] + n(y). ©)
Combining (5), (0) gives (4) and hence completes the proof of 3.16.

This completes the proof of Theorem 3.5b.
We now turn to CT(Bw).

PROPOSITION 3.18. If w satisfies the condition (vi) (vii) of Prop. 3.16
b, as woll as

(viii) p** FSent, (x) A n(x) > Tr(x),
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then the 1 image of CT(Bw) is provable in P,
Proof. The I image of CT(Bw) is
3evx(Bwl (x) « Uex),

Jeyx(Sent (x) A Tr(ioﬁx) « Uex).
As before (in 3.16c), this is

Bl (x) < Tr(i_x) A Tr(SB(7,7,1 3))
- Tr(on) A w(iox) .

But since m is a correct notion of proof (viii) ,
had TT(on) .

Finally, since m is an r.e. formula, there is a Turing machine e which enumer-
ates the arithmetical sentences o such that P* Fo; since I is recursive, it
is evident that {o|pP" +olo} is also. I.e. that

3eVX(1l’(ioX) A Sent(LB) (x) « Uex),
so that
BéVX(BwI (x) + Uex)
as desired.
This completes the proof of Theorem 3.5.

It is now easy to prove Corollary 3.2. We must see the schema BCT for for-
mulas 6 of the language of BP (i.e. without Tr).

Proog of 3.2. Suppose that vx(6 - B6). Then

8+ BO
+ BTr[6]
< Bw[6]
« Ule, [6]).

Now this just says that the inverse image of a certain r.e. set (Bw) under the
recursive function f(n) = 8(n) is also r.e. Indeed, there is a primitive re-
cursive function g such that if e is the Turing machine for a set E, g(e) will
be the Turing machine for f'1E (and moreover, one can get g effectively from
f). Thus we have in P,

ve (vx(U(e, £x) « U(ge,x)), m
so that
ve [vx(Bw(x) + Uex) + vx(Bw(Ex) « U(ge,x))].

Since E(x) = [6(x)], this completes the proof of Corollary 3.2.
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To complete the proof of Theorema 3.1, we extend the definition of I to the
language of @p* using for w(x) a formula expressing Pt X Let I, be the
previous definition and put

Tri) = Tr,(1,(x).

We show that I interpretes (BP)** + CT(Bw,).
Prop. 3.8 requires the addition clauses (obtainedby replacing Tr by Tr,_ and
Io by I,):

[T, 0wt = [Tr, (te/u)]t = TrJ, (o),
[r, (0] v = [1r,d, (0] /W) = Tr, (/W)
In Prop. 3.16, the first new satisfaction axiom is S1+:
Tm(w) > (Tr,True Tr(w),
which go;as to Tm(u) ~»

Tr+(i1T—ru) - Tr(io(u)) .

Now
T (x) = Tri KR
so in P
Tt = (TrIx0.
Thus

Tr,(1,Trw) « Tr, (TrI_u)
« Tr +|Tri0u]
© Tr(Iu.

The new axioms SZ+, SS+, S4+ are the same as the old with Tr replaced by Tr+,
and the antecedent syntactic conditions (Fm,Sent) chaged accordingly. Thus the

proofs are the same with I0 replaced by 11. The proof of ss* requires use of
++

P kTr, (6]« 6,

and the various formalizations of Lemma 3.17. The proof is again the same,
replacing Tr by Tr,, Io by I,. The proof of CT(Bw,) requires the correctness
of mw, which is now provablé in P+H, but is otherwise the same. Theorem 3.1
now follows by the same argument as in the proof of 3.2.

We would like to make a few remarks to indicate the nature of the diffi-
culty in extending these results to obtain conjectures 3.1a, 3.2a.

The situation now is that we have T consistent (where T is (BP)), Ti—o,and
we would like to show the consistency of TU {Ba}. However, it is certainly not
truc in general that TU {Ba} is consistent. For example, if a is (y A 71By),
then. Ba (and hence TUWBa}) is inconsistent:
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B(yA T1By) = ByAB T1By
+ Bya 71By.

Now CT(Bw) certainly implies that there are sentences such as y; in fact BCT
implies for some arithmetical 6
Bie(6(e) A 1BO(e))
so that
3e(6(e) » TIBO(e))
is provable in T.

We remark that one obvious way to try to interpret BCT(Bw) is to use the
same method used for CT(Bw) but to replace (6] by n[a + 6] = m [6]. It tums
out that no such interpretation will have BCT(Bw). In fact, if m is any reaso-
nable proof predicate (i.e. one satisfying Godel's second theorem), then de-
Jongh and the author have observed that BCT(Bw) fails in the Lob interpretation
using .

To see this, consider the following schema, which is a consequence of BCT:

1) Bievx(Bo(x) + Ule,[6(e)])),

where 8(x) is a formula with one free variable x. This is equivalent to BCT(BS),
since the correspondence x = [8(x)] may be assumed to be 1-1 recursive. Apply
the fixed point theorem to obtain 6(x) an arithmetical formula (no B's, no
Tr's, etc.) so that

2) Bwx(0(x) + TU(x, [6(x)])).

Now we also have in general

3) Bvx(B6(x) + 8(x)).

Thus taking x to be e, we have Bie¢(e), where ¢(e) is the conjunction of

1) B (e) + U(e,[08(e)])
2') e(e) +U(e,[8(e)])
3') Be(e) » o(e).
Since 6(e) A 1BO(e) is a tautological consequence of 6(e), we thus have
4) B3e(8(e) A IBO(e)).
Consequently, any interpretation which makes (1) come out true will also have
(4). In particular, if Be is interpreted as 6 n[68] (which, since 6 is arith-
metical, will be the case for any Lob interpretation), the truth of 4) gives
r[3e(8(e) a T1(8(e) am[6(e)])]
k= 3e(8(e) A Infele)])

k- 3e(TIm[e(e)])
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E Ix 1m(x)
‘F Omvr’

in other worﬂs, G3del's second theorem fails for m.
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NEGATION AND CONTRADICTION

R. Routley and V. Routley

The problems of the meaning and function of negation are disentangled from
ontological issues with which they have been long entagled. The question of the
function of negation is the crucial issue separating relevant and paraconsist-
ent logics from classical theories. The function is illuminated by considering
the inferential role of contradictions, contradiction being parasitic on nega-
tion. Three basic modellings emerge: a cancellation model, which leads towards
connexivism, an explosion model, appropriate to classical and intuitionistlc
theories, and a constraint model, which includes relevant theories. These three
modellings have been seriously confused in the modern literature: untangling
them helps motivate the main themes advanced concerning traditional negation
and natural negation. Firstly, the dominant traditional view, except around
scholastic times when the explosion view was in ascendency, has been the can-
cellation view, so that the mainstream negation of much of traditional logic
is distinctively nonclassical. Secondly, the primary negation determihable of
natural negation is relevant negation. In order to picture relevant negation
the traditional idea of negation as otherthanmness is progressivel) refinéd, to
nonexclusive restricted otherthamness. Several pictures result, a reversal pic-
ture, a debate model, a record cabinet (or files of the universe) model which
help explain relevant negation. Two appendices are attached, one on negation
in Hegel and the Marxist tradition, the other on Wittgenstein's treatment of
negation and contradiction.

1. THE PHILOSOPHICAL CENTRALITY OF NEGATION, AND THE HISTORICAL
ENTANGLEMENT OF NEGATION WITH ONTOLOGICAL ISSUES.

Negation is a fundamental, but ill-understood, ill-explained and much dis-
puted notion across a wide philosophical spectrum. It is not only the central
notion in recent and momentum-gathering disputes between classically-inclined
logicians and alternative people (called by rougher classical types 'deviantsf);
it is also, for instance, a crucial notion in much Buddhist philosophy, such

201
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as theories of meaning, relation and cognition (see, e.g., Shaw, Matilal, and
references therein). But in order 'to make sense of the use of negation in Bud-
dhist philosophy in general, one needs to venture outside the perspective of
the standard (i.e. classical) notion of negation' (Matilal, p.2). As well, ne-
gation, along with its derivate nothingness, is a key notion in modern European
philosophy, for instance, in the modern tradition Sartre considers himself to
belong to, from Hegel through Husserl and Heidegger (see Sartre, p.6 £f); again
the negations involved are, almost invariably, nonclassical.

However very many of the problems, accounted problems of negation in the
literature, are not really problems of negation simpliciter at all but are
rather problems of nonexistence, which arise from the alleged riddle of not-
being or nonexistence; of how it can be truly said, as it sometimes is, that A
does not exist (or that A is not) when the truth of the statement implies that
A does exist (that A is). Such are central issues in Greek philosophy, from
Parmenides throush Plato's Sophist; such are the main worries of late ninete-
enth and carly twentieth century traditional logicians over negative judgements
and negative terms; such are many of the problems in existentialism over not-
being and nothingness. As to the second consider, for example, the main logi-
cal difficulties Joseph finds with negative judgements:

Judgement... refers to the existent, whose manner of being

is as we conceive. But the real is positive: it only exists

by being something, not by being nothing. A negative judge-

ment declares what is not, and how can this express it as

it is?(Y)
As to the third, consider for instance Sartre's (somewhat devious but similar)
argument to the objective existence of non-being and nothing (p.5) (), a1
these moves and their difficulties, are based in one way or another upon the
Ontological Assumption, according to which what is a subject of true discourse
must cxist, a thoroughly fallacious assumption whose manifold defects have al-
rcady been exposed (in Routley, [22], Chapter 1).

These perennial '"problems' persist in contemporary logical theory. Much of

Russell's problem with negation, for example, is again an ontological one:

if the sun is not shining there is not a fact sun-not-shin-

ing which is affirmed by the true statement 'the sun is not

shining" (p.520).
For if there were, it would exist, yet how can such negativity exist? It can-
not according to Russell, in sharp contrast to existentialists, who grasp the
other horn of the dilemma the Ontological Assumption generates from negative
facts. Fortunately, Russell (erroneously) thinks, negation is eliminable: '...
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"not" is unnecessary for a complete description of the world' (p.520). He makes
two gestures towards showing this, one psychological and quite unsatisfactory
-'what is happening [in the belief that "the sun is not shining"] is that I am
inhibiting the impulses generated by the belief that the sun is shining -and
one logical -'"not" is eliminated from our fundamental apparatus' through 'the
positive predicates "true" and "false'. But this is no elimination without
cheating, namely reclassifying the negative predicate 'false' as a positive
predicate (which makes negation itself positive, since it can then be positive-
ly defined!). For, otherwise, as falsity involves negation, 'false' being de-
fined commonly (for a very wide range of logical theories) in terms of 'true'
and 'not', the account Russell presupposes, that a statement not-A is true iff
A is false, is circular, and begs the question (cf. Quine, p.84). Similarly
the psychological account is circular at bottom, since 'inhibit' is a negative
verb (derived using the negative prefix 'in'). In fact the indefinability of
negation in various positive logics is readily demonstrated (see, e.g., God-
dard and Routley, chapter 5). Negation cannot be eliminated without cheating:
nor can it be dispensed with without very serious impoverishment of discourse,
as Griss's attempt to construct a negationless mathematics and von Dantzié's
an affirmative mathematics have revealed (see, e.g., Fraenkel and Bar-Hillel,
p-239 ff).

2. IT 1S AS REGARDS NEGATION THAT RELEVANT AND PARACONSISTENT
LOGICS DIVERGE FUNDAMENTALLY FROM CLASSICAL LOGIC.

Even with the ontological problems duly disposed of, many problems remain,
especially as to the meaning and function of negation. Some of these problems
are grappled with in what follows, especially the problems of characterising,
picturing and modelling negations of relevant (and also paraconsistent) logics,
and, what overlaps these, negations of natural language. A relevant logic can
be characterized, approximately for present purposes, as a logic whose pure
sentential part conforms to Belnap's weak relevance requirement, namely that
there is no thesis of the form A ~ B, (i.e. that A implies or entails that B)
where A and B do not share a variable. (A standard relevant logic is one that
conservatively extends the first degree system FD, the first degree of system
E and R and very many other relevant logics. Much of the discussion of rele-
vant logic that fellows is conceived in terms of standard systems, though
some points will apply more widely).

The fundamental divergence of relevant (and paraconsistent) logics from
classical logic is as to negation, its logical and inferential behaviour. In-
deed at the first degree stage (where no nested implications occur), relevant
and claseical logic differ just over negation (see Routley, Meyer, Plumwood
and Brady, Relevant Logics and Their Rivale [23], hereafter RLR, Chapter 2).
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Negation is accordingly, really the crucial notion for the choise of logical
theory, as also for comparisons of logical theories, for appreciation of the

varieties and character of competing theories of entailment, and so on.
Parasitic on negation is contradiction. A contradictory situation is one

where both B and ~B (it is not the case that B) hold for some B. An explicit
contradiction is a statement of the form B and ~B. A statement C is contradic- -
tory, it is often said, if it entails both B and also ~B for some B, etc. Con-
tradiction is always characterized in terms of negation and the logical behav-
iour of contradictions is dependent on that of negation. Different accounts of
negation result not merely in different conceptions of contradiction and of in-
compatibility, they likewise correspond to different accounts of what consti-
tutes a describable world, what constitutes a logically assessible world. Clas-
sical negation restricts such worlds to possible worlds, excluding contradic-
tory-and incomplete worlds.

Contradictory.situations play a prominent role in world semantics for rel-
evant logics. Most conspicuously, nontrivial contradictory situations are de-
ployed in counterexamples to the harder Lewis paradox of implication, the
spread principle, ex falso quodlibet, AA~A + B (or in rule form A, ~A=B),
which spreads contradictions everywhere and trivializes all contradictory sit-
uations. For suppose c is a nontrivial situation, i.e. not everything holds at
c, but ¢ is contradictory. Then for some A and B, A and ~A both hold in ¢ but
B does.not. Therefore A and ~A does not entail B, for this would require that
in whatever situation A and ~A hold B does also.

It is at the same time evident that classical logic and classically-based
logics rule out nontrivial inconsistent situations, and so exclude an impor-
tant class of theories, of much philosophical and other interest. More gener-
ally, the excluded class is that of paraconsistent theories. The core idea is
that a paraconsistent theory is one that contains true contradictions without
triviality. It is immediate that paraconsistent logics; logics that can serve
as the basis for paraconsistent theories are, rather radically, nonclassical.

Many relevant logics are paraconsistent logics, but not all are. For exam-
ple, Ackermann's logic TI' (which has the same theorems as Anderson and Belnap's
system E) is not a paraconsistent logic; and similarly for almost any relevant
logic that has Material Detachment, A, ~A v B + B,as a primitive (or immediate)
rule. Systems E and R and all their subsystems and many of their extensions
are paraconsistent logics. Relevant logics do not however exhaust paraconsist-
ent logics. There are man} irrelevant paraconsistent logics, e.g. the main
systems of da Costa, the earlier systems of Priest, etc. Relevant and para-
consistent logics thus properly overlap. Standard systems in the overlap are
of primary interest in what follows. For these systems a theory of negation,
of relevant negation, is especially important.
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3. BASIC MODELLINGS OF NEGATION IN TERMS OF DIFFERENT
RELATIONS OF ~A TO A.

Theories of negation differ, very obviously, in the roles they allow, or
assignito, contradictions. Contradictions may be allowed no inferential role
(they imply nothing, except perhaps themselves), a total inferential role (they
imply everything), or some limited inferential role (they imply some things,
such as their contradictory components, but not others). There are, correspord-
ingly three initial ways to classify theories of negation, in terms of the re-
latior of ~A to A.

1. <A deletes, neutralizes, erases, cancels A (and similarly, since the re-
lation is symmetrical, A erases ~A), so that ~A together with A leaves nothing,
no content. The conjunction of A and ~A says nothing, so nothing more specific
follows. In particular, AA~A does not entail A and does not entail ~A. Accord-
ingly, the cancellation (erasure, or neutralization) model leads towards con-
nexivism, a position (much discussed in RLR) distinguished by the following
two theses- First, that already cited, that explicit contradictions do not en-
tail their components, and secondly, that A does not entail -A. The second the-
sis cmerges naturally under the neutralization view, for instance, as follows.
Entailment is inclusion of logical content. So, if A were to entail A, it
would include as part of its content, what neutralizes it, ~A, in which event
it would entail nothing, having no content. So it is not the case that A en-
tails ~A, that is Aristotle's thesis, ~(A + ~A) holds. (%)

There is reasonable, but not conclusive, evidence that Aristotle did ad-
here to Aristotle's thesis. And assuming that he did certainly has great ex-
plicative advantages, for example the full theory of the syllogism translates
into connexive quantificational logic without loss or qualification (as Angell,
and also McCall, has pointed out); the theory of immediate inference also e-
merges intact (for inferential but not implicational form). Whether or not
Aristotle was operating with comnexive assumptions, there is a long historical
line of logicians and philosophers who have assumed a cancellation picture,
from Boethius in medieval times through to Strawson, Kdrner, and many others
in modern times (see RLR). One striking intermediate :xample is Berkeley, who
advances the following claims in his attack on the cal-ulus (The Analyst, p.
73):

Nothing is plainer than that no just conclusion can be di-
rectly drawn from two inconsistent premises. You may indeed
suppose any thing possible: But afterwards you may not sup-
pose anything that destroys what you first supposed: or, if
you do, you must begin de nove... [When] you... destroy one
supposition by another... you may not retain the caonse-
quences, or any part of the consequences, of your first sup-
position so destroyed.



206

Cancellation views are prevalent in one place where they are particularly
damaging, in so-called expositions of Hegel (but there is a basis for this ascrip-
tion in Hegel himself, as will appear). Given this phenomenon it is not surpris-
ing that Hegel's logic has appeared so intractable to commentators. Here, for
instance, is what the Marxist logician Havas has to say as regards Hegel's the-
ory:

...the Aristotelian principle of non-contradiction is a gen-

eral principle of metalogic, which can be said to bring out

a necessary condition to be satisfied by all human thought

and all of the systems of logic; namely, the condition that

it is a logical contradiction, and therefore, a logical mis-

take to assert both something and its opposite. This is one

of the elementary but necessary conditions of sound reason-

ing, because if one asserts something to be true and, insist-

ing on this assertion, one also asserts that this very as-

sertion is not true, then his assertions will neutralize

each other and, in consequence of this, no knowledge will

be acquired (p.7).
Apart from being unfaithful to Hegel, who (correctly) says that there is noth-
ing unthinkable about contradictions, thereby repudiating the laws-of:thought myth,
and who accepted no such simple neutralization view, the Aristotelian principle

is not a metalogical principle concerning the logic of assertion.

The second model for negation is that embodied in contemporary classical
and intuitionist logics:

2. -A explodes, or fully implodes, A (and similarly A explodes ~A) in such
a way that ~A together with A yields everything, total content. The conjunc-
tion A and -A says everything, so everything follows. A A~A entails B, for ar-
bitrary and irrelevant B, so the explosion (or destruction) model is inevita-
bly paradoxical. The paradoxical character of classical logic for example,
can accordingly be obtained with very few further assumptiors from the charac-
ter of its negation.

Under weak, and relatively noncfmtroversial, conditions on other connec-
tives (~,a,v), the explosion model delivers classical negation, according to
-*~h negation ~, is evaluated according to the classical semantical rule
a~A,a) =1 iff I(A,a) # 1, i.e. A holds at world a iff A does not
hold at a, for every world a (deployed in the semantic evaluation of entail-
ment) . (Under alternative conditions the model yields intuitionistic negation.)
Conversely, classical negation, i.e. negation conforming to the classical rule,
yields the explosion view, since there is no world where both A and ~A hold
but B does not, whence, on the semantical theory,(*) Aa~A + B. Thus under
weak conditidns the explosion view is that of classical negation.
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Classical negation offers a complete exclusion model of negation, more pre-
cisely, an exclusion and exhaustion view: for each world a and each statement
A, ~A excludes A from holding in a, and ~A united with A exhausts a, one or
other must hold in a. The picture is that commonly offered for the real world
(as e.g. in Hospers, p.212) simply relativised to world a, namely

>

where the ellipse represents the whole of a, all statements of a. ""Not A" will
cover all territory (of a) other than what is covered by "A"'(p.ZZS) .

Quine and many others (e.g.D. Lewis, Copeland) think that classical negation
is "our ordinary'" negation and that there is no alternative to it, for any al-
ternative would 'change the subject' from negation. Of course they never argue
that it is our ordinary negation; they simply assume that it is. So it is in
Quine's main defence of claésical negation, which occurs in a famous passage in
'Deviant Logics' (p.81) where he considers two parties, a and B say, who ﬁroce-
ed as follows: a, adopting a 'popular extravagance', rejects the law of non-
contradiction and accepts A and ~A occasionally. B objects that this 'would vi-
tiate all science' and uses the paradoxes to show that everything would follow
so 'forfeiting all distinctions between true and false'. Party a tries  to
'stave' this off by 'compensatory adjustments', by rigging the logic so as to
isolate contradictions (in good paraconsistent fashion). In Quine's view,

neither party knows what he is talking about. They think

that they are talking about negation, '~', 'not'; but

surely the notation ceased to be recognisable as negation

when they took to regarding some conjunctions of the form

'p. ~p' as true, and stopped regarding such sentences as

implying all others.
Quine's case is however vitiated by being described in a thoroughly incoherent
(indeed inconsistent) fashion; for example, party B is described as objecting
that 'everything would follow' and as adopting what appears to be the classi-
cal view, yet Quine asserts that 'meither party knows what he is talking a-
bout' because neither adopts the classical view, having just described one of
his disputants as doing so. Nor are Quine‘s) conclusions independently warrant-
ed. The paradoxes of strict implication are not built into the ordinary notion
of negation, into the particle 'not'. The English negation determinable 'not’
is not so determined (as distinct from the classical negation determinate).
Quine has failed to observe the distinction, and has done something which en-
tively begs the question at issue: equated, without any trace of argument,
the natural language 'not' with classical negation. Thus what he goes on to
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claim has no secure basis:

Here evidently lies the deviant logician's predicament:

when he tries to deny the doctrine he only changes the swb-

ject (p.81).
There is no predicament: the "deviant' may be trying, with more success than
the classicist, to explicate the core notion 'not'. On Quine's viewpoint, no
distinct systems can explicate the same (preanalytic) connectives -which is a
reduction to absurdity of the position. Moreover, were Quine right no 'deviant"
could reject the classical doctrine, he would only be changing the subject.
Yet elsewhere Quine admits (and has to admit on his theory of unrestricted re-
visability ("")) the possibility of rejecting the doctrine (e.g. on p.84, three
pages later):

It is hard to face up to the rejection of anything so ba-

sic [as classical negation, etc.] If anyone questions the

meaningfulness of classical negation, we are tempted to

say in defense that the negation of any given closed sen-

tence is eaplained thus: it is true if and only if the giv-

en sentence is not true... However our defense here begs

the question... [since] we use the same classical 'not'.
wor is it the meaningfullness of classicall negation that is at issue: it is its
corrcctness, and its uniqueness. The semantical recipe given in explanation
does not separate classical negation from various other negations, e.g. the
relevant negation of N', which [can] satisfy the same recipe. Accordingly, the
recipe does not explain classical negation (without further assumptions, such
as a one-world assumption), nor does it show its uniqueness.

Although classical negation is not, unlike connexive negation, a subtrac-
tion operation, a taking away of something already given, it involves certain
subtraction features. By contrast relevant negation does not involve subtrac-
tion features; ~A does not imply the taking away or elimination of A, but adds
a further condition (although one related to A by certain constraints); ~A does
not have cntirely dependent status in the way it does classically. These dif-
ferences arc already reflected in the structure of the complete possible
worlds of classical logic, as distinct from the worlds of relevant logic. In
the classical case when ~A is added to a world, quite a bit may have to be
taken out of the world, e.g. A (and what implies it) if it is there, in order
to consistencize the world; whereas in the relevant case ~A can simply be add-
ed without any consistencizing subtractions. More generally, worlds can be
simply combincd and statements added to worlds without the need to delete any-
thing, because what is being added are further conditions, not the taking
away of conditions alrcady given. This is the route to a straightforward, and
relevant, theory of counterfactuals (in sharp contrast to the irrelevant clas-
sically-based thcories which presently dominate the literature(s)).
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3. On the third part of the trichotomous classfication, ~A neither cancels
nor explodes A, rather -A constrains but does not totally control A. This al-
lows for different positions, including one which will be of especial concern
in what follows, namely relevant negation. Equally as "natural'' as the cancel-
lation model, and much more natural than the explosion view of contradiction is
the relevant model, according to which contradictions have exactly the same sort
of inferential status as other types of propositions, that is, they imply some
propositions and fail to imply other propositions and are subject to the same
laws.

The normal semantical rule for evaluating relevant negation which again is
derivable under modest conditions (see RLR, 2.9), is as follows:

I(-A,a) = 1 iff I(A,a") #1,

i.e. ~A holds in world a iff A does not hold in world a*, the opposite or re-
verse of a. The normal rule, which generalises the classical rule, differs from
the classical rule in the occurrence of function *, a function which has gener-
ated much discussion. A major objective in what follows is further explanation
of the * function. It is not difficult to show that negation so evaluated has
the leading properties sought, e.g. A and ~A are suitably independent though
nonetheless related; A and ~A may both fail together and differently both may
hold together; A and ~A neither cancel nor implode one another.

It is also not too difficult to indicate how requisite allowance for incom-
plete and inconsistent worlds, both sorts of which are called for in the seman-
tical evaluation of inference, leads to the normal rule for negation. Such was
the historical route: given that the paradoxes of strict implication,

(1) AA~A=B;axd (2)C=D v ~D, are indeed paradoxes and false of entailment,
and that entailment (at the first degree) amounts to truth (or holding) pres-
ervation over worlds, then their semantical evaluation must allow for worlds
where A and ~A (strictly A A -A) hold but B does not, i.e. for non-trivial in-
consistent worlds, and for worlds where C holds but neither D nor ~D do, i.e.
for nonnull incomplete worlds.(®) The classical rule has to be rejected. With
only very weak (De Morgan) conditions on negation, e.g. ~(AAB)« A v -B, the
normal (star) rule is inevitable.

To both sum-up and anticipate: the star rule may be variously seen as a
generalization of the classical negation rule, as a generalization that is in-
evitable if inconsistent and incomplete worlds are to be symmetrically allowed
for, as deriving from a general analysis of negation as a certain type of one-
place connective, as a way of reducing a 4-valued picture to a two-valued one
(the Aperican plan to an Australian one), as a natural reversal operation in
semantic tableaux and in worlds modellings (all these explications are fea-
tured in RLR).
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4. HOW THE MAIN THEORIES HAVE BEEN CONFUSED.

There is much confusion of these three different theories in the modern lit-
erature, much of it engendered by classical logicians' identification of their
negation with "the" real and natural negation. This is responsible for many gra-
tuitous problems. For example, Strawson thinks that he is giving an account of
negation which explains its behaviour in modern logical theory, but he offers
the cancellation account, and then (correctly) arrives at principles implying
Aristotle's thesis which would trivialize the modern theory.

The first and second views (i.e. 1 and 2) are spectacularly confused in
Findlay's exposition of Hegel, where neither view is particularly appropriate.
For Findlay both gives a self-nullifying account of contradictions and also un-
critically assumes without any pause a classical explosion view:

All these doctrines [of Hegel's Dialectic] are extremely

hard to stomach, since a contradiction is, for the major-

ity of logical thinkers, a self-nullifying utterance, one

that puts forward an assertion and then takes it back in

the same breath, and so really says nothing.(7?) And it can

readily be shown that a language system which admits even

one contradiction among its sentences, is also a system

in which anything whatever can be proved... (p.76)(8).
The last claim is false, since there are many language systems containing only
isolated contradictions; in particular, systems where contradiction really is
sclf-nullifying are commonly of this type. Findlay cannot, on his own grounds,
have it both ways.

It is accordingly not surprising that Findlay is bound to say that Hegel,
whatever he might say, did not mean by 'contradiction' contradiction.

. whatever tlegel may say in regard to the presence of
contradictions in thought and reality, the sense inwhich
he admits such contradictions is determined by his use
of the concept and not what he says about it... it is
plain that he cannot be using it in the self-cancelling
manner that might at first seem plausible. By the pres-
ence of 'contradictions' in thought and reality, Hegel
plainly means the presence of opposed, antithetical ten-
denctes... (p. 77, similarly, p.193).
Such is the myth, which is recounted with minor variations, by the majority of

commentators upon llegel. That was not Hegel's position, as Hegel emphasized.
As Findlay himself elsewhere remarks,
Hegel makes it as plain as possible, that it is not some
watered-down equivocal brand of contradiction, but
straight-forward head-on contradiction, that he believes
to exist in thought and the world... (p.77),
not antithetical or opposed tendencies, etc. To the question of how negation
and contradiction did function on Hegel's logic, the dialectic will retumn.
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The confusion is not confined to nonlogicians, but appears to originate in
Aristotle. Russell, one of the main architects of classical logic, affords yet
another, and striking example. For in Human Knowledge: Its Scope and Limits,
Russell tries to explain negation: but he outlines (on p.519) a way of intro-
ducing negation which leads not to classical negation but rather to a relevant
negation (which indicates that even some of those who thought they were arguing
for classical negation have gone astray). Russell links negation ('not') with
'No'; correspondingly affirmation is linked with 'Yes'. But 'Yes" means ''Pleas-
ure this way'", and '"No" "pain that way" according to Russell, whence the cor-
respondences :

Affirmation Negation
Yes No
Pleasure, that way (pl) Pain, that way (pn).

The first thing to observe about such an explanation is that the explaining
terms are neither exclusive nor exhaustive. For one phenomenon may yield neither
pleasure nor pain, another can produce both pleasure and pain. So what Russell's
analogy leads to is not a two-valued picture but a four-valued lattice, with
the following Hasse diagram:

where A indicates neither pl nor pn.

Since the negation operation, N say, defined on the lattice (in terms of
pl yielding pn and vice versa) plainly takes us just from top and bottom and
vice versa, the sides being fixed points, upon representing and and or in the
usual way (in the way Russell invariably took them) as lattice join and meet,
what results is a model of relevant logic, specifically of tautological en-
tailment (as presented e.g. in Anderson and Belnap).

For the operations yield at once the following A v ~ matrices

vi1 2 3 4]~
11111 14
2{1 21 2|2
30113 3(3
al1 2 34

Upon ta'king 1 as the only designated value (a natural choice since it is the
only case of unmixed pleasure, the only clearly desirable element), and upon
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defining an implication + by the + matrix above, tautological entailment auto-
matically results. (°) For the above, Smiley matrices, are characteristic (see
Anderson and Belnap, p.161). Nothing Russell goes on to say altexs the initial
picture, which he rightly says is 'remote from what the logician means by 'not'.'
But his attempt to fill the intervening steps, to get to what Russell the log-
ician at least means is simply this:

"not" means something like: "you do right to reject the be-

lief that ...". And 'rejection'" means, primarily, a move-

ment of aversion. A belief is an impulse towards some ac-

tion, and the word "not" inhibits this impulse (pp.519-20).
The picture remains four-valued, since the one thing may both impel and repel
or may, alternatively, do neither. The four-valued picture is hardly new, going
back to the Megarian logicians. Some of the Stoics tried to reduce the truth
value picture to a three-valued one, discarding the value, both (true and false.

The valued (matrix) picture may however, like the three-valued picture

be reduced to a two-valued worlds picture. The 4-valued matrices can be deriv-
ed from a semantical model with just two worlds: T, the real world or in this
case the pleasure world, and T*, its reverse, here the pain world. What is of
importance for present purposes in this semantical analysis of the matrices is
the fact that the negation rule required by the analysis is the star rule, in
the form

n

1 iff I(A,T) #1 and
1 iff I(A,T) # 1, where of course ™ = 1.

I(~A,T)
I(A,TH

0]

5. MAIN THEMES CONCERNING TRADITIONAL NEGATION,
ORDINARY AND NATURAL NEGATION, AND THEIR MODELS.

Neither the explosion nor the cancellation view is satisfactory. The exp-
losion view is strongly paradoxical,(”) the cancellation view is weakly para-
doxical (at least as it stands). The cancellation view does not have each con-
tradiction entailing everything, and all inconsistent theories trivialized in
the way that the explosion theory does; but it does have each contradiction
entailing cach other, Aa ~A+ BA .B, for arbitrary A and B. For A and ~A, and
B and -B, say exactly the same, .amely nothing. (1) The explosion view is wrong
because contradictions are not so destructive: there are various different non-
trivial inconsistent theories. The simple cancellation view is also defective,
since not all contradictions carry the same information: they differ in what
they entail, some of them entailing some things, others other things.

The negation of Hegel's logic, like that of any paraconsistent logic, does
not, and cannot, conform to the classical view 2, nor does it conform to
view 1.2 Tor not only did Hegel reject the idea that contradictions could
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not be separately thought ('Contradiction is the very moving principle of the
world: and it is ridiculous to say that contradiction is unthinkable', Logie p.
174; cf. too Findlay, p.75 where several references are cited: 'it is absurd
to say that contradictions are unthinkable'); he also certainly held that in
thinking contradictions, one was not thinking nothing, or merely a self-cancel-
ling thought; for, quite the contrary, in thinking that Being is identical
with Nothingness and is also not identical therewith, one is thinking an ex-
plicitly contradictory thought of fundamental importance. While modern para-
consistent theories are usually not as extravagant as to the range, types or
centrality of the contradictions asserted, the intention is much the same:
accounts of negation of type 3 are required.

Before considering in more detail what such negations are like, it isworth
inquiring, and important to inquire -since classical logic is wont to claim
that history (as well as God and Truth and Language) is on its side - what tra-
ditional negation, the negation of traditional logic (if there was such a sin-
gle creature) was like. What was the tradition, especially as regards negation?
There wasn't a single unified tradition, there were various competing traditions
in particular as to negation and implication. These competing positions are es-
pecially evident in the debate as to implication in ancient Alexandria, and in
the controversies of scholastic writings. Despite the competition, there seems,
at least from post-scholastic times, to have been a dominant view, namelythe
cancellation view.(”) It should be stressed that this is very much a working
hypothesis. There is a great deal of difficult assemblage of historical evi-
dence still to be accomplished (both for modemn and for earlier periods).(%

A weaker theme, on somewhat firmer ground, is that the mainstream or dominant
negation of traditional logic is distinctly nonclassical. Some of the evidence
supporting this first working hypothesis will emerge below.

It is also important to inquire what natural negation, negation of natural
language, is like, because part at least of the logical enterprise concerning
negation is to reflect key features of that negation. Again it has been as-
sumed, with precious little evidence, that classical negation fulfils this
role. Many considerations tell against this assumption (see RLR 2 ). It is im-
portant to see through classical negation's pretensions to be the ordinary
normal intuitive notion of natural language and logical thought - compared with
which alternative negations such as relevant negation must be seen as 'deviant',
'peculiar','queer', abnormal, contrived, or purely formalistic. For seeing
through its pretensions is an essential part of seeing through classical (im-
plication) theory and seeing why relevant (implication) theory ‘'should replace
it.

In fact the situation is pretty much the reverse of the conventional pic-
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ture. Relevant negation has a better claim to be the (primary) negation deter-
minate of natural language than classical (if indeed there is a unique natural
language negation, which is to be doubted). A second working hypothesis is, then,
that relevant negation is a natural negation. (A, because'the negation deter-
minable is probably the most commonly occurring natural language negation; see
further RLR, 2.9).

6. NEGATION AS OTHERTHANNESS, AND PROGRESSIVE MODIFICATION
OF THE TRADITIONAL PICTURE.

In order to discuss the traditional idea that negation is otherthanness,
and to consider negation in its historical setting, especially that of the nine-
teenth and earlier twentieth century work (when logic began its modern revival),
it is helpful to introduce some of the ideas of Boole and Venn in an exact fash-
ion. Consider, in particular a Boole-Venn interpretation of sentential logic S:
such an interpretation can be extended to other logics, e.g. modal logics. Such
an interpretation j is a mapping from (initial) wff of S to V which consists of
a composite with (at least two) components, e.g. a geometrical area, a set, a
mereological class, such that the following conditions are met:

JGA) = V-i(0);

j(A&B) = j(AN j(b) i.e. the common part

j(AvB) = j(A) Uj(B) i.e. the union (of areas).

i

A wff C of S is said to be BV-valid iff, for every mapping j, j(C) =V, i.e. the
interpretation is always the whole of V. Then no dowt soundness and complete-
ness may be established: a wff C is a theorem of S iff it is BV-valid. Further,
assignments under j may be reduced to assignments for initial wff only, and
the conditions given used to definitionally extend the assignments to all wff.
What is of especial interest is however not the familiar results but the ren-
dering, or intended interpretation, of function j. There are at least three
overlapping groups of readings: .

1. Geometrical reading with j(A), or |A| as it will sometimes be written,
as what A covers (cf. Hospers above), or the area (or territory) of A.

2. Set-theoretical readings, with j(A) some set, e.g. the set of cases
where A in true (i.e. the range of A). Set readings are central in the nine-
tecenth century theories of complex terms - in the context of which negation
was characteristically Aiscussed. For this the wff of S are reconstrued as com-
plex terms, ~A as non-A (e.g. non-animal), AvB as A or B (e.g. animal or
plant), etc. Then j(A) is the extension of A, e.g. j(horse) comprises (all)
horses. While the operations of and and or are relatively straighforward in
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forming complex terms, several logicians were distinctly worried about not, and
in fact opted, as we shall see, for anon-Boolean interpretation of not.

3. Propositional readings, where j(A) is some proposition or sum of propo-
sitions. In particular, an obvious j function, exploited below, is that which
maps each initial wff to the proposition it expresses.

The late nineteenth century view was that negation, which applied to terms
and also to judgements, is otherthanness, and on the prevailing view restricted
otherthanness. Thus according to Baldwin's Encyclopedia (p. 147) 'Not-A=other
than A - a second thing to A'. But it was not anything other than A. Joseph,
for one, considers the view that 'whatever it (the positive term) be, the neg-
ative term covers everything else', and rejects it. His conclusion is that

A positive term and its corresponding negative (e.g. blue
and not-blue) may then be said to divide between them not

indeed the whole universe, but the limited universe of
things, to which they belong (p. 44fn).(9

Venn himself acknowledges such limits:

It is quite true that we always do recognize a limit, some-
times expressed but more often tacit, as to the extent over
which not-X is to be allowed to range; and also we not in-
frequently do so in respect of X itself; so long as these
expressions are set before us in words, and not in symbols
only.

Though he continues, 'Between them X and not-X must fill up the whole field of
our logical enquiry', he admits restricted fields, and allows that we can
choose the universe (of discourse) - admissions that run him into serious
~rouble where different negative terms call for different restricted fields.
Venn's procedure and the Boolean picture captured in the j-functions then
break down.

It is by now more or less clear how to repair matters. The picture on the
left gives way to the picture on the right:

V (perhaps restricted) V (unrestricted)
A not-A @
< : not-A

In functional terms it is a little more complex, but again now evident enough.
A further operation * is added to the modelling and the rule for negation a-
mended to:

i(~A) = j*(A), i.e. roughly

.

= VA-j (A), where Vy is the universe as restricted by A.
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Some of the intended properties of * are evident enough, e.g. j** = j, i.e. *is
involutary, and on British perceptions jnj* = A, i.e. j and j* are always ex-
clusive.

To the resulting picture Hegel added, in effect, a significant liberalizing
clement - one that is forced if contraposition principles (etc.) are to be duly-
respected, especially at the statement stage - namely that exclusiveness is not
always guaranteed. The reason is, according to Hegel, that for certain A (of
categorial type) A = not-A. It is not however necessary to accept, for anything
that follows, this difficult doctrine: it would be nearer the mark to say that
what is supposed is that there are situations where A+ ~A, and better to say,
still less demandingly, where both A and ~A hold. It is enough to say, with Si-
monc de Bcauvoir (p.18) that presence and absence are not mutually exclusive,
or that what A covers does not fully exclude what ~A covers. The liberalized
picture which emerges is important:

V (wrestricted)

tiven that j* need not exclude j, the rule j(~A) = j*(A) again suffices (equiv-
alently, and revealing more structure, j(~A) = V-j(A), where j is the inverse
of j: see RLR, 13.5). To glance ahead, we shall simply put The One and The
Other back to back, as in a phonograph record, and we will have, more or less,
the sought picture of negation.

7. TRANSPOSING THE HEGELIAN PICTURE: RESTRICTED OTHERTHANNESS,
REVERSAL AND OPPOSITES.

The next task is to transpose the whole business (as preclassical thinkers
like Joseph also tried to do) from the term to the statement level. The Hege-
lian picture gocs over intact, and what results interpretationally are func-
tions cxtended not according to Boolean but according to De Morgan lattice log-
ic (for details see Anderson and Belnap, or RLR). The negation is no longer
classical, but rclevant.

In temms of relevant ncgation we can see classical negation as a depauperate
onc-dimensional notion, which forces us to consider otherness with respect to
a single universe consisting of everything. In classical logic negation, ~A,
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is interpreted as the universe without |A|, everything in the universe other
than what A covers, as reflected in the Venn diagram:

The square V comprises
the universe

The universe can be interpreted as the sum of propositions. Thus where atomic
wff p is interpreted, naturally enough, as the proposition it expresses, ~p

amounts to every proposition in the universe other than the proposition that p.

Relevance problems come straight out of this; for irrelevance is written in
at the bottom. All contradictions have the same interpretation, namely V: hence
each entails all others and indeed everything. Paradoxes are inevitable.

It is corollary that ~p cannot be independently identified, it is entgrely
dependent on p. This relates, more than coincidentally, to alienation (compare
what Simone de Beauvoir has to say to alienation of women where 'woman' is i-
dentified as 'other than man'; and is not positively identified, only intro-
duced as alien to the primary notion, 'man'). The negation ~A of A is (so to
say) alien to A.

Relevant negation can, however, preserve much of the otherness notion of
traditional negation (without the counterproductive alienation features). But
relevant and classical negation differ firstly as regards what the otherness
is considered in relation to. In the case of classical negation it is other-
ness with respect to the universe. In the rase of relevant negation it is
otherness with respect to a much more restricted state, such that p and its
negation do not (interpretationally) exhaust the universe between them.

Such a restricted otherness notion is provided by reversal, which gives the
other side of something. The Zead side and ths other, or opposite, side do not
yield everything, the universe, by any means,(w) any more than p and ~p yield
everything with relevant negation. Reversal is in fact a restricted other than
notion - on the other side is not all territory other than p, representing
everything other than p. With reversal otherthanness operates in a relevantly-
restricted universe. The reverse direction (or sense) is not any direction
other than the forward or given one.

The reversal picture can be filled out in several apposite (and of course
connected) ways, both more superficially syntactically, since in one sense the
reverse of p is ~p, and less superficially semantically. Consider first the
debate, ‘or dialectical, ") model which reveals the type of restricted situa-
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tion with respect to which othemess (the rest of the situation) is assessed.
\ debate can be represented as the p-issue, or the p-question, when the issue
is as to whether p or ~p. One side asserts, argues, or defends p, the other
side ~p. Or, as we say, p and ~p are each sides of the issue as to whether p, one
side being the opposite (X or reverse) of the other. The sides are clearly is-
sue-restricted, and so accordingly is the complementation. To present the case
for one side, e.g. the positive or affirmative, and to present the case for the
other side, the negative, is not to present the case for everything, to exhaust
what can be said, etc.

The debate model indicates that classical negation itself carries the seeds
of irrelevance. Thus if one is debating an issue, whether p or ~p, classical
negation would allow anything at all that wasn't p as relevant to truth of one
half. Thus in debating say, uranium mining one could introduce say, child care
centres as rclevant to one side of case. The notion of relevance is similarly
destroyed, since anything confirming anything which is not p is relevant to the
debate. Notions of aboutness, of case, issue, relevance, confirmation and evi-
dence, are all seriously distorted, in a systematic way, by classical negation
(as independently shown in much detail in RLR and [22]). The systematic distort-
ion is a result of the restriction to (complete) possible (consistently des-
cribable) worlds, a restriction forced by retention of classical negation.
There is a similar, and similarly forced, distortion of other intensional func-
tors, e.g. of deontic functors such as obligation (with respect to moral con-
flicts), of psychological functors such as belief (with respect to inconsistent
belicfs), etc. etc.

Classical negation is a depauperate one-dimensional concept which distorts
the functions of natural language and limits the usefulness of the logic it
yields. Classical negation may seem natural, firstly because we (or rather some,
the brainwashed among us) have become accustomed to it and perhaps impressed
by its computer applications and arithmetical analogues, and secondly because
(like material implication itself)' it captures one dimension of negation, but
it has rejected the other dimensions (e.g. restrictedness). Classical negation
gives a simple account which is a limiting case, but one which, like that of
frictionless surface or perfectly elastic body, does not occur in experience.

8. SEMANTICAL MODELS: WORLDS ON RECORD AND TAPE:

The debate model can be given a more semantical turn. In the p-issue, ~p
is asserted, or presented as true, on one side, a say (i.e. a k~p in obvious
notation) ,"while the reverse, namely p, is asserted, or presented as true, on
the opposite side a* (i.e. symbolically a* kp). Now one side succeeds in a
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debate, or establishes its éase, iff the opposite side does not; therefore

a E~p iff a* ¥ p. That is, a version of the star rule naturally emerges from
the debate model more semantically considered. Statement ~p is made, or present
ed as, true at side or situation a iff p is made, or presented as, true at its
opposite a¥.

The debate model leads directly to the record cabinet model. The cabinet,
which can represent the files of the universe, is full of records, each record
is an issue, or question, with p on one side and ~p on the other side, for eve-
ry atomic p (at least). From this point of view classical negation takes p as
one side of one record, and ~p as everything else in the cabinet (classical
theory fails to duly separate issues). Relevant negation takes p as one side
of the record and ~p as the other side of the same record, there being many
many records in the cabinet. Note well that intensional functions select apro-
gram from-the cabinet. Such a program may include both sides of a record, and
may include neither side of various records - in contrast to the published
classical picture (the classical picture can be suped-up to avoid the latter
defect but not the former). -

The cabinet model may be differently oriented. Each record, or tape, rep-
resents, e.g. it may just describe, a world, a two-sided world. Then where a
is one side of a world record, or a world, the opposite side is again a*, where
* is the reversal, or flip, function which gives, whichever side one is in on,
the other side. Obviously a** = a, since turning the record over twice takes
one back to the initial position. The semantical rule for evaluating negated
statements is, as for the debate model, the star rule, ~p holds at a iff p
does not hold at a*., By contrast, the classical rule quite erroneously iden-
tifies a side with its opposite.

The records may be ordered or arranged in a way that reflects the rela

tional structure of (two sided) worlds. The structured record model corre-
sponds exactly to a natural elaboration of Kripke's valuable sheets-of-paper
model of semantic tableaux for normal modal logics. In explaining alternative
sets Kripke says (63, p.73): 'Informally speaking, if the original ordered set
is diagrammed structurally on a sheet of paper, we copy over the entire dia-
gram twice, in one case putting in addition A in the right colum of tableau
t and in the other case putting B; the two new sheets correspond to the two
new alternative sets'. Thus a full construction which consists of a system of
alternative sets corresponds to an arrangement of sheets (a sheaf of sheets).
For relevant semantic tableaux there are only two innovations. First, whereas
with strict implication new related tableaux are introduced one at a time,
with relevant implication new related tableaux are introduced two at a time, '
i.e. in pairs. This reflects the replacement of the twoplace alternativeness
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relation of modal logics, by the three:place alternatives relation of relevant
logics. The first innovation is not particularly gemmane to the present issues
(and quasi-relevant systems such as the I systems which require only two-place
relations could be adopted for exposition). Second, and more important, then,

both sides of the sheets are used. (Relevant logics are conservation-oriented

in that even if rather a lot of sheets are introduced, both sides are used; the
reverses are not wasted as with modal semantical tableaux). The reversal func-
tion * accordingly reverses the page, giving back for front and front for back.

In sum, reversal and opposition have the right properties in leading res-
pects for (the semantics of) relevant negation. Thus the opposite side of some-
thing is not the removal of the first side or, for example, everything other
than the first side; it is another and further side, which is relatively inde-
pendent of its reverse but which is related to it in a certain way. Both sides
can co-occur (occur simultaneously) in a framework (e.g. controversy) and one
can perfectly well consider both of them. The important point, to say it yet
again, is that one side does not somehow obliterate or wipe out or entirely
exclude or exhaust its opposite. Nor is the reverse, or opposite, just defined
negatively as the other - it has an independent and equal role on its own be-
half.

There is no mystery then about relevant negation. It is an otherthanness
notion; it has natural and easy reversal models. There is some mystery however
about classical negation, except as an extrapolation, and much mystery as to
why some logicians are tempted to apply it everywhere, especially where, as so
often, it mucks things up. Indeed, given the naturalness of relevant negation
as issue-controlled complementation, versus the unnaturalness of classicaly
the naturalness of the reversal notion; and the improved ability of relevant
negation to account for actual intensional functions in natural languages,
relevant negation has a far better claim to be considered the core negation
relation of natural language than classical. So much for the classical claim
to have the only real natural negation and that relevant negation is queer.

APPENDIX 1. HISTORICAL SIDELIGHTS; NEGATION AND CONTRADICTION
IN HEGEL AND HEGELIAN TRADITIONS.

There is not in Hegel a complete and well worked out theory of negation.
There is however much that is suggestive, many modets, and a clear nonclassi-
cal paraconsistent view. According to Hegel, contradiction occurs both in
thought and in the world. There are true contradictions in nature, as an anal-
ysis of motion shows.
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Something moves, not because it is here at one point of

time and there at another, but because at one and the

same point of time it is here and not here, and in this

here both is and is not ([12], II, p.67).
For details Hegel refers to Zeno's paradoxes of motion. Another important class
of true contradictions concerns the categories, which can pass into and be iden-
tical with their opposites. Representing propositional identity as a coentail-
ment, there are truths of the form A+ .A. Hegel nicely contrasts his view with
the ordinary view:

Ordinarily... contradiction, both in actuality and in

thinking reflection, is considered an accident, a kind

of abnormality or paroxysm of sickness that will soon

pass away ([12], II, p.67).
Ordinarily too, often enough, contradictions are considered unthinkable. Accord-
ing to Hegel however,

The only correct thing in that statement (that contradic-

tion is unthinkable) is that contradiction does not end

the matter, but cancels itself. But contradiction, when .

cancelled, does not leave abstract identity; for that is

only one side of the contrariety ([13], p.174).
The other side is presumably difference. Although there are elements of a can-
cellation picture both here and elsewhere in Hegel (e.g. [13] » P.172 where he
compares positive and negative with + and -, which cancel to zero), he rejects
a cancellation view. He specifically notes ([12], p.59) that the ordinary view
of contradiction is that it reduces to nothing, like a vacum (in itself a re-
vealing piece of historical data). But he says ([12], p.70) that we must pass
beyond this one-sided resolution and 'perceive its positive side, when it be-
comes absolute activity and absolute Ground'.

As well as a severely qualified concellation picture, Hegel offers us a
polarity picture of negation, drawn from physics, with Positive and Negative
as polar opposites ([13], p.174). This polarity picture rapidly leads to a
four-valued model. For some things are both positive and negative, and others
are neither. In short we are back with the lattice Russell's theory leads to:

+

Havas also claims to find a many-valued logic in Hegel, though what his evi-
dence is is unclear;

... in Hegel's view, in addition to the values "true" and
"false", there is another value, namely, "true and false'
and this is the designated value. So, in this case, the
value '"not-true" is not identical with the value ''false',
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since "not-true' means ''false, or true and false". If a
proposition does not have the value "true', it will have
either the value '"false" or the value "true and false".
Propositions having the value "true and false" are ex-
pressions of the actual being of the' things, that is,
their existence in the dynamical states of coming into
being and passing away, and not the mere subsistence of
the things.

Perhaps the most disconcerting things about Hegel's logic are firstly, that
there appears to be no distinction between acceptable and unacceptable contra-
dictions, all being in a way unacceptable, and generating by themselves motion
towards a higher stage in which they are partially resolved, and secondly the
sheer extent of contradiction: 'All things are contradictory in themselves'

( [ 12] , p.66). In later idealists such as Bradley it was insisted that contra-
dictions were manifest in appearance, but not in reality; the Absolute was
claimed to be self-consistent. Hegel's view seems to have been different; the
Absolute was inconsistent: 'the sum-total of all realities ends as absolute con-
tradiction' ([12], p.69).

It is perhaps because of the difficulty of admitting contradictions on such
a grand scale as Hegel does that the Marxist tradition, while retaining the the-
sis of contradictions as pervasive and the source of all movement, watered down
the notion of contradiction.

In Marxist theory, the notion of contradiction degenerates - exceedingly
low redefinitions of 'contradiction' are invoked. This degenerating use of
'contradiction' which is already beginning in Marx's work has become highly ad-
vanced in modern Marxism, where 'contradiction' comes to mean simply 'problem'
or '(apparent) conflict' (as often in Mao) or even 'difficulty' (in an Austra-
lian radio broadcast). Just one example from The Trojan Horse:

So far no major breakthrough has appeared that is capable

of resoliing the contradiction of uneven regional devel-

opment (}-. 183, similarly p. 182).
Here the 'contradiction' involves no inconsistency; what there is rather is a
problem which has not been satisfactorily resolved.

APPENDIX 2. AN ACCOUNT OF NEGATION AND CONTRADICTION IN
WITTGENSTEIN'S WORK.

In the earlier work, the Notebooks and especially the Tractatus, Wittgen-
stein runs together, in a way that is ultimately incoherent, exclusion and can-
cellation models of negation. On the one hand, a classical explosion model of
negation and classical truth tables for negation are adopted; negation is re-
presented as total exclusion. There has, of course, to be more to the account
of negation than this. In particular, logical constants such as negation, since
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they would otherwise raise serious difficulties for the picture theory of mean-
ing, call for special treatment, which they obtain through the theory of truth-
functions. Negation is simply such a classical function; nothing in reality cor-
responds to it.

But, on the other hand, significant elements of a cancellation picture are
superimposed on the classical view. Although the simple parts of contradictions
and tautologies have sense, 'the connexions between these paralyse or destroy
one another' ([35],p.117). 'Tautology and contradiction are the limiting cases
-indeed the disintegration- of the combination of signs' Q34], 4.466) . Wittgen-
stein even says explicitly that 'in a tautology the conditions... cancel one
another...' ([34], 4.462), but 'cancel' is applied in a different context from
that where the cancellation view is explained. (What are cancelled, according
to Wittgenstein, are 'the conditions of agreement with the world'). The expect-
ed corollaries of a cancellation picture follow, but for tautologies as well as
contradictions: they 'say nothing' (e.g. [34], 6.11)(‘@.

In later work this unstable combination of a hard classical view with a

cancellation picture is modified and softened in several respects:

1. Negation is not one thing, or one function. Wittegenstein rejects 'the idea
[of earlier work] that there is something common to all negation..., that ne-
gation always has ''the same meaning'" '([9], p.540, where these claims are ref-
erenced) . Wittgenstein now wants to insist that the meaning of negation is not
an object, and not an essence. Rather, what the meaning of negation is is shown
by 'the way it works-the way it is used in the game' ([31], p.55). The exclusim
model is not abandoned: rather it is assimilated as one among many (partial)
models of negation. So it is also with contradiction (which, along with nega-
tion, receives considerable attention in Wittgenstein's later work):

. contradiction isn't the unique thing people think it is.
It isn't the only logically inadmissible form and it is,
under certain circumstances, admissible (Letters, p.177) .

The no-one-thing theme concerning negation (and derivatively, contradic-
tion) can evidently be assimilated under the determinable theory of negation
(of [8], 4.3 and RLR 2.9). There is not a single negation determinate - and
in this sense, no essence - but many, with classical and connexive negations
as (depauperate, and hardly ideal) limiting cases. The determinable theory
handles well Wittgenstein's comparison of ~(~p) = p with (~~)p = ~p, where hc
says both that the meaning of negation is not different and that there is some
truth in our inclination to say that '~' must mean something different in the
two cases ([36], p.81).

2. Much of the remainder of Wittgenstein's apparently diffuse, and some-
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times incoherent, material on negation and contradiction can similarly be cohe-
rently organized within a wide relevant theory of negation, a theory which has
a classical core but allows for a wide variety of nonclassical language-games
or situations. The key correspondence in so reorganizing is that between lan-
guage-games on the one side and situations or worlds or - a bit differently -
theories on the other. Language-games can play a quite analogous semantical role
to that played by situations in world semantics (and pragmatics), and indeed,
semantical analyses in terms of worlds can be recast in terms of games(”) .

Among the normal worlds, comprising class K, of relevant logic, there is a
distinguished world T, the factual world, which (on more orthodox accounts) is
exclusive and exhaustiwve, i.c. the classical negation rule is satisfied at T, as it
is at the subclass P of X, the complete possible worlds (of modal theory). P
does not cxhaust K, since K also contains incomplete worlds, which may or may
not be Iiossible, and inconsistent worlds. Normal worlds do not of course ex-
haust worlds (i.e., class W), they only exhaust the worlds required for the as-
sessment of such notions as deducibility and entailment; but for semantical as-
sessment of more highly intensional functors and of connexive logic, abnormal
worlds are also nceded. A precisely analogous picture holds good, in princi-
ple(“), for language-games; and we shall simply indicate corresponding lan-
guages-games and classes of such games by bar superscripting of corresponding
worlds. Thus, for instance, corresponding to T is the true-false language-game
T. Also, most important, corresponding to inconsistent and very incomplete
(and so nontrivial) theories in K are fragmentary language-games of K in the
form of inconsistent calculi (Wittgenstein equates calculi with language-games).
Through the difference between T and other elements of K we can account for
such facts as that Wittgenstein does not (in the Lectures, for instance) real-
ly get beyond a classical truth-table account of negation (good for elements
of P), yet says enough to make it clear that that is inadequate, because we
can allow contradictions in systems (cf. [36] , P.-138) and not admit that every-
thing follows (cf. p.243); so contradictions which occur need not trivialise
a calculus in the way that they do classically.

The distinction between T and inconsistent calculi in K appears in (un-
necessarily) accentuated form in Wittgenstein's transitional work (especially
[20]). There Wittgenstein separates pure calculi where discourse is not real-
ly propositional from the true-false game, which does involve semantical
matters such as truth and falsity, and where discourse is propositional(z‘).
lie cven scems inclined to suggest that, contrary to appearances, a single no-
tion of contradiction does not bridge these distinct areas. Contradiction prop-
er is propositional; 'The idea of contradiction... is that of logical contra-
diction, and this can occur only in the true-false game, that is where we make
statements' ([20],p.126). What is forbidden in calculi, certain configurations
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such as Hilbert's 0 # 0, sometimes called 'contradictions', should be represent-
ed by 'entirely new sign(s)... the sign Z, say' ([20], pp.175-6). This doubtful
distinction is in danger of disappearing even where it occurs (as Waissman's
puzzlement about Wittgenstein's position in [20] helps reveal). For Wittgen-
stein also emphasizes that 'a contradiction proper and a tautology do not say
anything' ([20], p.531), i.e. even in the true-false game contradictions have no con-
tent, a claim Wittgenstein often equates with the claims he also makes that
they have no sense, and do not express propositions, but are only sentences

(cf. [36], pp.185-6). In this way a propositional role for contradictions which
distinguishes them from symbols like 0 # 0 in perhaps inconsistent calculi is
undermined. Of course a residual distinction could be retained by saying that in
one area the signs are associated with propositions (e.g. their parts expressin
them), in the other area not. But it would not be worth much. And in any case
the effect of such a nonpropositional line on logic, and elsewhere, is devas-
tating (unless a great deal of implausible reinterpretation of propositions and
proofs in terms of rules is undertaken). For example, things that figure in
proofs, arguments (such as from p and ~p), beliefs, etc., can no longer fijure
because they are not duly propositional. In particular, proofs using reductio
methods are fouled up.

In later work, Wittgenstein abandoned the distinction between types of '‘con-
tradiction" (but by no means entirely the theme that contradictions do not
make sense), and speaks of configurations in calculi as contradictions. It is
calculi with such configurations (members of W-P), and their mathematical in-
vestigation that afford the limited emancipation from the requirement of con-
sistency predicted by Wittgenstein ([32], p.332). There is said to be point in
developing systems in which contradictions can be generated ([36],pp.188-9),
and situations, language-games, where there is such point are outlined.

There are then different (sorts of) language-games with respect to contra-
dictions, some such as T where they would be very damaging if they occurred,
and some such as calculi games where they do occur but without damage. By way
of different language-games, different procedures in the face of contradic-
tions can be allowed for. Thus around the theme of different language-games,
many of the picturesand suggestions tried out, often rather inconclusively, in
Wittgenstein's later work, can be organized. The reversal picturesof negation
(cf. [36], p.180), for example, fit immediately into the wider relevant framework.

Among the pictures tried out are elements that echo llegel, for instance the
sickness presentation of contradictions, the rejection (late on, e.g. [32], p.
130) of the unthinkability of contradictions. Wittgenstein was also aware of,
and not entirely unsympathetic to, the Hegel-Parmenidean thesis that an ade-
quate description of motion involves contradictions ([32], V). ButHegel's pro-
gressive transcendence of contradictions (which are supposed to appear almost
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cverywhere) is not repeated in Wittgenstein, who would, for the most part, have’
us stop at contradictions or carcfully skirt around them. The sickness presen-
tation is filled out in the :.m: (but not a discasc) imay: of u contradiction
(I3], pp.138, 211), A cont.mdiction is like a germ in a. system, but it does
not show that the whole system is discased. In short, a contradiction in a sys-
tem s generally a bad thing and to be avoided, but docs not reveal triviality.
In this connection we are offered som'othing like Kriesel's story regarding Witt-
genstein on contradiction: - according to Kriesel, Wittgenstein's rule is: On
encowtering a contradiction, Stop! There arc manifold troubles with this con-
nexive-style rule (brought out in [22] , Pp-179-80), and it should be rejected.
Nor it is so clear that Wittgenstein would have accepted it. What Wittgenstein
docs say concerning finding a contradiction in a system is that 'the contradic-
tion does not cven falsify anything. let it lie. Do not go there’ ([36],p.138).
This approach is unsatisfactory. lor - contrary to Wittgenstein, who assumes
that usefulness implics no contradictions ([32] ,P.104), that where a calculus
has a usc contradiction has to be forestalled (cf. [9],p.272)- we may want to
use the contradiction to show significant things about a system. And we won't
want to persist with a system which proves trivial (as Wittgensteiﬁ occasional-
1y admits, [30], p.243).

3. A concellation view, strictly incompatible with the classical theory of
the Tractatus, is increasingly infiltrated in subsequent work. A cancellation
picture is already much deployed in transitional work, e.g. 'the rules of Eucli-
dean geometry don't contradict one another, i.e. no rule occurs which cancels
out an carlier one (p and ~p)...' ([31] ,p.345). It is such a cancellation pic-
ture, wherc Cas mﬂnTmcmm-s) contradictionshave no content and say nothing,
and so are useless, that lies behind Wittgenstein's assumptions that one should
not draw any conclusions from a contradiction ([36],p. 220), or better, that a
way should be found of not pmceedmg from a contradiction ([36],p. 223). But
both _assumptions arc inadequate, because often one needs, or wants, to proceed
from a, mntradlctim some. contradictions are very useful.

ALL Very mg:zy of the glcturesand images of negation W1ttgenstem later consi-
ders . .are of a, mcqllatxon type or can be adjusted to fit a cancellatwn model.
Although Wittgenstein repegtedly alludes to such images, at the same time he
dggmgigt@s thcn (e.8.: a;l. attempts to. expla;n why a contradlcuon "won't
}ugr&’hgre gmrims,,[ﬁ],}g,m 1) the)’ are all said to convert to no‘ more
thay sxgbsg%;gtm;; gne sxwghsm for, ,another. Eve:} s0, such thmgs can
hay%)gn‘ ﬁgxp&gmgggnué m%}ng mle., W;ttgq;stem suggests not becwse all
£foay s ynbed: st f§m %P guestxon of 'heu one 15 gomg
ty g g.i,si gln?&pim, cgn be used m several ways.

IREES [P et e Frresoont
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éa to aawmm t cvon more dubious dascription theme that ‘anythmg
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which we give and conceive to be an explanation of why a contradiction does not
work is always just another way of saying that we do not want it to work' ([3],
p.187).

The assumption that contradictions don't or won't, work and associated
themes, e.g. that contradictions are useless, and associated images, etc. the
jamming picture ([36],pp.187-9, ascribed to Moore, p.190), are all connexivist
in cast. With a contradiction, as when the cogs jam, nothing emerges, 'we can-
not do anything with it' ([36],p.191). It is from the same cancellation model
that the no-content thesis, which jamming depicts, derives that contradictions
do not say anything, a thesis also equivalently (but misleadingly) expressed
in 'contradictions don't make sense'.

The cancellation view can be included in the relevant synthesis by appeal
to abnormal worlds or language-games, games where contradictions do stop pro-
ceedings, and where A A~A may have no content. But in assuming, as he often ap-
pears to, that games are restricted to those that are classical (effectively,
in P) or those that are of a cancellation type (in a subclass of W-K), Wittgen-
stein much too drastically delimits the games, or worlds, needed in giving a
full account of negation. And in assuming that abnormal cancellation-type games
are characteristic - 'that we exclude the contradiction and don't normally give
it a meaning is characteristic of our whole use of language' ([36] sp.179) -
Wittgenstein goes curiously astray. Commonly we do not treat contradictions in
this way. We reason on the basis of them (e.g. in reductio arguments), we act
on the basis of inconsistent information (cf. the general who acts, and succe-
eds, on the basis of contradictory reports [36],p.105), we exploit paradoxes
when we can, etc.

NOTES.

(1) Joseph fails to escape the difficulty though he makes two attempts, con-
tending (falsely): 1~ that ‘'there is always a positive character as ground
of a negation', 2 - 'that A is not B means that it is different from B and
not that it is non-existent'. Both routes have since been followed through,
and found wanting.

(2) Sartre is firmly entrenched (like the early Russell) in a levels-of-exis-
tence doctrine (see, e.g., p.7, middle).

(3) This assumes - what is not unreasonable, but strictly calls for futher argu-
ment - that the inner and outer negations are the same.

(%) Assumed, for the time being, at least, is a metatheory for the semantics
that can be interpreted classically: cf. RLR, 3.2.

() Quine's position on ''deviant' logics is inconsistent. As Gochet
points out (in chapter 7, Section 7), Quine has vacillated between a 1ib-
eral position, according to which every statement, including any logical
law, is open to revision, and an incompatible conservative position (re-
flected in the previous quotation from p.81) where revision becomes im-
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possible, any change in logical principles being ascribed to changes in the
meanings of constants. Quine's later attempt to resolve the matter ( in
Roots of Reference) and admit limited revisability, not only leads beyond
the confines of truth-functional logic (to three-valued and indeed inten-
sional logic), but is, so Gochet argues, untenable.

Where the classical account is not the crude (but persistent) view that the
material-conditional represents 'if ... then', it is a classical-based mod-
al theory in the fashion of Stalnaker and others (see, especially, Harper,
Pearce and Stalnaker). Both types are criticised in RLR, where the i

of an alternative relevant account are also presented. The philosophical
basis of the relevant account is explained in Routley (unpublished).

There are independert arguments, presented in RLR, 2, that A and v semantic-
al rules do not change from orthodoxy.

Similarly below, 'contradictions... condemn (us to) wholesale dumbness',
'it is the mark of a self-contradictory utterance that it describes nothing
whatever', etc. Compare also p.25 where self-nullifying is explained in
termms of taking back what has been put forward so as to leave nothing stand-
ing.

'So', Findlay continues, p.76,

""the whole of such a system becomes self-nullifying, and

infected with contradiction".
The attempt to connect the different cases by the use of 'self-nullifying'
fails: for a system is self-nullifying, or rather self-defeating, in saying
too much, in being trivial, whereas an utterance is self-nullifying in say-
ing too little, zero.

Alternatively, on different grounds both 1 and 2 may be designated, and a
different implication matrix adopted with the same result: see RLR, 2.

That is only symptomatic of the range of things that is wrong with it, on
which see RLR, 1.

Strictly there are different positions here depending on whether contradic-
tions are said to imply themselves or not, i.e. whether A + A holds quite
generally or not. If not, as with peripatetic logics, weak paradox can be
avoided. But then many other problems arise: see RLR, 11. An altemnative,
sometimes attributed to Wittgenstein, is to say that contradictions lead
nowhere, that all argument stops when a contradiction is encountered. As to
how unsatisfactory this view is, see [22] pp. 179-80. Moreover, on Wittgen-
stein's view, contradictions may stand in some language games. They are not
always destructive or self-cancelling.

The theme that Hegel's logical theory is a paraconsistent one will be ar-
gued elsewhere, as will the theme that contradictions in Hegel's theory are
genuine contradictions.

Where does Hegel fit in? Hegel seems to have realized that he was doing
something different from traditional logic, that he was in a sense outside
of (and extending)the tradition.

We should be grateful to anyone who supplies historical leads to pursue.
The situation is much complicated in the case of scholastic logicians by
the selection of work that has so far been made available -which typically
tries to see these people as anticipating modern established doctrine, the
conventional classical wisdom, rather than as investigators of various al-
ternative logic options. The bias of history impedes research of alternatiw
es, so to say. Fortunately that situation may be beginning to change espe-
cially with new research into the obligationes-literature.

Joseph elaborates his view through examples such as 'intemperate', 'uneven'
and ‘not-blue', e.g. the latter is equated with 'coloured in some way
other than blue' (italics added). More generally, not-A will signify what
a subject, which might be A, will be if it is not A' (p.43).
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(19 Otherwise there would be room for only one record company, and only one re-
cord from it.

(1) In one of the historical senses of 'dialectical'. A debate can also be 'dia-
lectical' in the other historical sense; for one side may defend both q and
~q. A related model is the evidence model, where one side is the evidence
for p, the other the evidence for ~p.

(19 It is possible to define a (highly artificial) notion of content which makes
gome elements of such combinations of classical and cancellation views’ work,
for instance thus: where A is analytic ct(A) = 0, and where A is not analyt-
ic ct(A) is defined in a standard way, e.g. in terms of consequences of A,
or through the class situations where A does not hold. But then content
loses its usual (normic) connections, e.g. the ties with consequence are se-
vered, and the logical behaviour of content becomes highly irregular.

L. Goldstein persuaded us that some of Wittgenstein's early work involved
a cancellation view.

(19 As explained in detail in [8],7.2. In effect the correspondence is also ap-
plied, in different ways, by Lorentzen and Hintikka, where the analogies
with game theory are also exploited.

(20 There are some (hardly insuperable) problems in describing maximally con-
sistent language-games.

(2) This sharp contrast, and double role for contradictions, is repeated in Ha-
llett (p.221), again based partly on transitional work. Where propositions
say something, describe something ([20],p.106), a contradiction is alarming.
'For there can be no contradiction in reality (i.e.T) our description must
be wrong'. By contrast, contradictions need not be alarming in mathematics
(in K-P). 'But mathematics is always a machine, a calculus. The calculus
describesnothing. It can be applied to that to which it can be applied'.
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SOBRE LAS SOLUCIONES PERIODICAS DEL PROBLEMA
DE DIRICHLET PARA ECUACIONES DE TIPO PARABOLICO

por

Luis A. ORTEGA

N

ABSTRACT. It is shown that for a Dirichlet's peri-
odic problema studied by Lazer:

L(u) = g(x,t,u)+f1(x,t)+s¢(x,t) in 2 XR
u(x,t+T) = u(x,t), ufdxR = 0

where @ is a bounded domain inImN, and certain restric-
tions are assumed for g, f., and P, there exists a num-
ber a(f,) such that the problem has at least two solu-
tion if's < a(f1), and at least one if s = a(fi)'

1. Introduccién. Ambrosetti y G. Prodi demostraron en

[1] un resultado muy importante referente al siguiente pro-

blema de Dirichlet.

1]

-Au = g(u) + f(x) en Q. u = 0 en 23Q, (1)

en donde Q es un dominio acotado en]RN, con una frontera 9afl
a -
de clase C2+ s R R es una funcidn 02, de valor real,

tal que g"(s) > 0 para todo s €TR, y
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0 < 1im g'(s) < Al < 1im g'(s) < XQ, (2)
S—>-00 S0
donde Xl’AQ son los dos primeros valores propios del si-

guiente problema de valor propio:
-Au = Auen 2, u =0 en 9. (3)

Ellos probaron, bajo estas hipbdtesis, la existencia de una
cl-variedad M en ¢ (f), que divide a este espacio en dos
conjuntos abiertos G1 y G2 con las siguientes propiedades:
(i)sif < G,, el problema (1) no tiene solucidn.

(ii) si"'f e« M, el problema (1) tiene exactamente una solu-
cidn.

(iii) Si f G,, el problema (1) tiene exactamente dos so-

luciones.

Por su parte, M.S. Berger y E. Podolak han demostrado
i 1
en [9] el siguiente resultado: Para cada fi e N existe un
numero real a(fl) para el cual el problema de Dirichlet:

~Au=g(u)+t¢+f1 en Q , u =0 en 3Q , (w)

no tiene solucidn si t > a(fl), tiene exactamente una solu-
cidn si t = a(fl) y tiene exactamente dos soluciones si

t < a(fl), donde ¢ es una funcidén propia del problema (3)
que satisface ]@2 =1 y N = {fec™@) | [£o = o}.

J.L. Kazdan y F.W. Warner [5], H. Amann y P. Hess [2]
y E.N. Dancer [u] probaron resulrados similares referentes
al problema (4). En [6], Alan C. Lazer demostrd que dada
f e N*, existe un ntmero a(fi) tal que el siguiente pioble-
ma peribdico de Dinichlet:
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{Llu] = g(x,t,u) + £(x,t) +50(x,t) en DR,
u(x,t+T) = u(x,t)}, (5)

con ul 3R = 0, tiene solucidn si s < a(fl), y no tiene
solucidn si s > a(fl), en donde ¢ es solucidén del problema

de valor en la frontera:

{L{o] = 2,0, $>0 en BR, ¢(x,t+T) = ¢(x,t),

¢ IR = o} (6)

cuando Al es el valor propio principal , ¢" es la solu-

cidn del problema de valor en la frontera:
{L¥(6%) = 10" ,0" > 0 en DR,
07 (x,t4T) = ¢™(x,1),0"ToXR = 0}, (7)
y en donde, finalmente:

= {fe c“(QmR)I £(x,t4T) = £(x,t),(£,6")_ = 0}

L[u] (z za()m*‘ zb()-é——+Cu)
j=1 i=1

(Cg0), (8)

L” es el operador adjunto de L, y los coeficientes de L son

periddicos con periodo T.

A
En el mismo articulo Lazer demostrd que si A < Xl.

entonces para todo f & CX({XR), f(x,t+T) = f(x,t), existe

u cC2+a(Q><R) tal que

L[u] = iu+f,1ix,t+T) = ulx,t), uld®R = 0 (9)
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Si f>0, f# 0, entonces u > 0 en XR. En este articulo
demostramos que el problema (5) tiene por lo menos dos so-
luciones si s < a(fi) y por lo menos una solucidn si

s = a(fl).

2, Definiciones y notaciones. Denotaremcs con cIRN

2+ a

(N > 1) a un dominio acotado con frontera de clase C
para algin a «(0,1), con [a,b] a un intervalo compacto y
con u, a una funcidn de valor real, definida en ﬁx[a,b]= Q.
Escribimos u « ¢%(Q) si el nfimero

i (W) = s u lu(x1,t1)—u(x2,t2)|

(Ak,ik)eQ [lx1~x2|2+|t1—t2|]a'2
2

(x4,t )£ (%0t

El conjunto de todas estas funciones es un espacio de Ba-

nach, con la norma |u = mix Ju(x,t)] + ﬁg(u).

Q) (x,1)eQ

Se escribe tambifn u e C2t%(Q), si Ut,uxi ,u

sUys g
pertenecen a CX(Q), para 1 < i, j £ N y la norma "l"]2+a(Q)
se define como la suma de las C% (Q)-normas de todas eotau
func1oneo; Similarmente, Mt %(Q) se define como el conjunto
de todas las funciones u definidas en Q, tales que u y uy.
1 € i< N, pertenecen a C*(Q). Se escribe u eC*(*R),
(Clm'(ﬁ(R), Czbm(ﬁX]R) respectivamente), si u cca(ﬁx[a,b] )s
(C1+a(ﬁx[a,b]), Cz*a(ﬁx[a,b]) respectivamente) para cual-
quier a,b €« R, a < b.

Denotamos con F al espacio de Banach conformado por
f(x,t),

con la norma I"F definida por “flca(ﬁx[o,T]) = ’le

i

las funciones f GIC (QXR), tales que f(x,t+T)
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E denotamos al espacic de Banach de todas las funciones
u c:02+a(QXR) que satisfacen u(x,t+T) = u(x,t) en R vy
u(x,t) = 0, para todo (x,t) e IR, con la norma |'|E defi-

nida por "qu = “uﬂCOHQ(Qx [o,T])

En lo que sigue, L denotard al operador definido en
(8) con las siguientes condiciones:
A1) Los coeficientes de L son periddicos en t con pe-

riodo T.

2+0, P _
A,) aij( ) €eC“TTER), 1 € i, § €N, a5 = ag;

N

b,(*) cc@xR), 1< i < N,

C e CHHPR), C < 0.

A3) L es uniformemente parabdlico. .

El operador L* adjunto de L, tiene la forma siguiente:

N 2 N
% du 9 u % ] 3
V] =g I a3y 0otggert L Piotigmr cToutw),
i,j=1 i3 1i=1 i
donde,
Qa N ob: N 82ai.
b} = -b, +22 ———LC (x,8) =C(x,t) = | s>+
5Ly 3% x FXCTIMPR Y

Con g:{»R<R + R denotaremos a una funcidn que cumple lo si-
guiente:

a) g(x,t+T,u) = g(x,t,u) en {MRXR,

b) %—ﬁ- es continua, g%(-,-,v) e€efPyg(e,*,v) €«F para
cualquier v €F.

c) Existen constantes k, >0, k2 >0y k > 0 tales
que g(x,t,u)-Au 2 k | I—k2, para todo (x,t,u) c:ﬁXRXR y
existe un ntimero a tal que: |55( ot u)I < k3, para cualquier
u c:[a,w) y para todo (x,t) € QXR (se puede suponer que
Al > ky, pues Xl > 0).
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3. Resultado principal. El principal propdsito de esta

1iltima seccidn es probar el siguiente resultado, en donde

% . .. . ‘s
N es el conjunto definido en la introduccidn.

3.1 TEOREMA. Para cada f, « N¥, existe un nfimero

a(fi) tal que el problLema de Dinichlet:
{u €E y L[u] = g(+,,u) + f1+s¢ en R}, (1)

Liene pon Lo menos dos soluciones 84 s < a(fi) y por Lo me-
nos una 84 s = a(fl).

En la demostracidn de este teorema usaremos los si-

guientes lemas.

3.2 LEMA. Paw cada f « F existe una anica fun-
cibn u e E que cumple Lfu] = f. Ademis existen constantes
121 > 0 (£a cual depende .de un nimero B « (0,1), §450) y k
tales que:

& Julg < Kyledly,

b) ”ul 1+B < }—CQHL[U]"‘”-

2

3.3 LEMA. Pana cada r, > 0, existe una constante
R(ry) > 0 tal que 84 f < F, u«E y L[u] = g(+,*,u)+f en
QR y |£], <z, entonces || 148 € R(ry) len toda esta sec-
cibn B« (0,1) y se mantiene §ifo).

3.4 LEMA, Sean
E={f ccB(@R) | £ 2 0 en VR, F(x,t4T) = £(x,t) en (DR}
y i:E » E La inyeccibn de £ en E. S £, €N, d3 0 y
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M[u] = L[u]+du para todo u e E, entonces para cada t TR,

Lo aplicacién definida de Eent por Ht(v) = iM“l(g(- 2®sV)
+dv + £, + t9), para cada v <E, esta bien definida y es
continua y compacta (en toda esta seccidn £ tendrd el mis-

mo significado].

Este lema nos permite hablar del grado de Leray-
Schauder: dg(I—Ht, G,p) donde G es un conjunto abierto y
acotado en £ VAR ef.

3.5 LEMA. S{ f e N* Yyt < a(fl), entonces exis-

ten dos funciones u < E, u € E, tales que

Lju] > g(e,+,u) + t o+ £, en DR,

1

Llu] < gl*,s,u) + t o+ £ en @R, ¥y u<uen PR,

1

3.6 LEMA. Sea

glx,t,ulx,t))+d ulx,t), 44 s

N

u(x,t),
u(x,t),

g(x,t,s) = g(x,t,s)+d13, A ulx,t) < s <
g(x,t,ﬁ(x,t))+diﬁ(x,t) 84 s > u(x,t),

donde |-g%(x,t,s)l <d, en QxRx[7,] y © = min u. Entonces
~ OR
g ¢4 una funcidn acotada y no decreciente en La variable s.

El lema anterior se usa en la demostracidn del si-

guiente lema:

3.7 LEMA. S¢ t_ < a(f,), Y ﬁto es La funcibn de
E en £ definida por Ay (v) = IML(E(e o, v+t 0+E,) para ca- -
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da v «E, donde M[u] = L[u]+d1u, y La funcibn i:E ~ £ es
La inyeccibn, entonces existe un niimero real R > 0 tal que
Iﬁto(V)ll-fB < R, para todo v  E.

3.8 LEMA. (R mencionado en el Lema 3.7). S4i

A -—
ucE|g<u<uenQ>§R,

_Jdu _du _d
G =( < am< 3% en INVR
"u“1+3 <R,

entonces:
i) G es un conjunto no vacfo, abierto y convexo de E
HtoleHto‘G.

[as]
<

ii) dg(I-Hy ,6,0) = 1.

ifi) Exdiste un nmero R > R tal que dg(I-H ,BR ,0) = 0
donde Bg_ = {u ¢=:ﬁ||u|1+B <R}, y dg(I-H¢_,D,P), deno-
ta el grado de (I-Hto) en P, nelativo a D. -

Demostracibn del Teorema 3.1. Supongamos que
ty < a(fi)' Por el Lema 3.8, dg(I—Hto,G,O) =1,
dg(I—Hto,BRo,O) =0y BRQD G. Por, un resultado esténdar
de la teoria del grado (ver [7] , Teorema 4.3.9), lo ante-
rior implica que dg(I-Hto,('BRo\@) ,0) = -1; por tanto, exis-
ten dos funciones, u € G, u, c(BRO\G), tales que Hto(ui)

U,y Hto(uz) = u,. Esto quiere decir que:

t

froed -1 L] .
u, = Hto(ul) =M “(g(e, ,u1)+d1u1+f1+to¢)

=
1

- _1 L] L]
9 = Hto(q2) =M “(g(e, ,u2)+d1u2+f1+tp¢).

Estas dos identidades son equivalentes a:

-
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M[ul] = L[u1]+d1u1 = g(e,eu)vdju tt ¢+f,,
M[u2] = L[u2]+d1u2 = gl u)+d ujtt o+, ,
L[ul] = g(',',u1)+t0¢+f1 en QXR,

L[u2] = g(',',u2)+to¢+f1 en QXR, uy # u,.

Para demostrar (ii), denotemos con {t } a una sucesidn

=1
de numeros reales que cumple las cond1c1ones t, < a(fl) pa-
ra cualquier enteron 3 1, y 11m t = a(f ) = t*. Lo ante-
rior implica que existe una suce81on de func1ones {u } n=

en E tal que L[un] = g(*,',un)+tn¢+f1 en {XR, para todo

=1

n > 1. Puesto que {tn}:=1 es una sucesidn convergente, exis-
te r > 0 tal que "tn¢+f1"°° < Itnlﬂ¢|m+ﬂf1|w < r para todo

n > 1. Por el Lema 3.3, existe R(r) > 0 que satisface

"u I1+6 < R(r) para todo n 2> 1. Ahora bien, como la inygi-
cidn i: E + I es compacta, existe una subsucesidn de {u }n=1’
denotada también con {un}:=1’ que converge a una funcidn
ueFl, en la norma de F. Por tanto: "un—uﬂw + 0 cuando

n > o, Lo anterior implica que existe © > 0 tal que u > r
Yy uy?P en {IXR, para todo n > 1. Se puede suponer, por otra
parte, que Ig%(x;t,s)l § kg, para todo (x,t) €XR y s ;
Por tanto,

ng(..,un)_g(..,u”°° = I%%(""E(°)(un“U)“m

cuando n + ©, Por el Lema 3.2, existe entonces una funcidn

v €« E tal que:

L{v] = g(+,+,u) + t"‘¢+f1 en QxR (10)

2u1



“ un'V" 1.,.8 < illlL(un'V"oo

KleCeu) + t o-g(c,ew-t 0],

A

illg(.’-,un)-g(o,.,u)"wi-E1|¢"mhh_t*|

n

= = %
kiksaun—uﬂw+k1|¢ﬂw|t -t | >0

si n + », Por lo anterior, tenemos que u + v, cuando n > ®©,
en la norma de F. Como nun—ul°° =+ 0 cuando n * «, tenemos

u = v. Por (10), podemos concluir finalmente que

L[u] = g(--,u)+t*¢+f1 en R, donde t = a(fl)' A

Demostracién del Lema 3.2. Denotemos con x:=(x1,.‘.,
kg n — - - -
xn) a un punto variable en R y sean so -1%?1x1 y sl-mgxx

. 1
vY(s1-50)  Y(xq-s5)
- e

SiYP(x) = e

en  y LOP)(x,t) > mY2 - kY, donde m es la constante asocia-

donde Y > 0, entonces P(x) >0

da a L por ser uniformemente parabdlico, y k es la cota de
'bl(x,t)l en XR. Seleccionamos y > 0 lo suficientemente
grande para que L(P)(x,t) > 1. Haremos la demostracidn para
feF, f(x,t) > 0 en <R, y -£f(x,0) = 0. La demostracidén en
el caso general es facil, usando este caso particular. Deno-
temos con v(x,t) = Y(x)|£] y con z(x,t) a la solucidn del

problema inicial con valor en la frontera:

L[z](x,t) = f(x,t) en QX[O,W), z(x,0) =

i
o
-

zfaqx[0,=) =

o

Puesto que L[z] > 0 en {x[0,2) y z = 0 en 3Qx[0,») UOx{0},
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siguese, por el principio méximo, que z(x,t) > 0 en QX[O ©),
Hagamos zl(x,t) = z2(x,t+T), para t > 0. Ya que fe« F y los
coeficientes de L son T-periddicos en t, entonces L[zi] = f.

Como

L[Z1wZ} =0, (zl—z)(x,o) = zl(x,o) = z(x,T) > 0

y (zl-z)IBQX[O,w) = 0, tenemos que z(x,t) < zl(x,t) =

1]

z(x,t+T) en QX[O,W). Por tanto, si zm(x,t) z(x,t+mT), re-

sulta que z_ (x,t) € z (x t) param > 1, y (x t)QX[o,w).

Puesto que L[ ](x,t) = lfle(W)(x ) > £, y
v(x,0) > 0, se deduce del pr1nc1p10 maximo, que z(x,t) <
v(x,t) £ d uf"m, donde d, = Y‘Sl SO). Por consiguiente,

0 < zm(x,t) < zm+1(x,t) < dlnfﬂo° en QX[O,m)-para to@y m >1;
esto es, el 1im z (x,t) = u(x,t) existe en QX[O,T]. Sea
Mmoo M

8(t) una funcidn suave, definida en [O,w), tal que 6(0) =0
y 6(t) = 1 para t > T/2. Si para cada m > 1, escribimos

w = 8z, entonces L[wm] =8z +0f =h , en {ix[0,%). Ahora
bien, por estimaciones previas tenemos que ﬂhml°° £ dQNfﬂm s
en QX[O,w), donde d2 es independiente de f. Dado que wm==0
en 3x[0,%) UNx{0}, por un resultado conocido (ver [8],

pags. 3u42-343), para cualquler r > 0 existe entonces d

ﬂ
vemos que
OxiT/2, axfo, e
EN 1+¢£ /2.0 N LT [o-x] ¢ d,d £, (11)

para todo m > 1.
Como la inyeccidn de 01+B(§X[T/2,r]) en
CQ(QX[T/Q r]) es compacta, existe una subsusecidn de
{z } -1 Que converge en C %(Gix[1/2,r]) y puesto que cualquie-

ra de tales subsucesiones converge a u(x,t) en ﬁx[T/2,r],
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tenemos que u & CH§x[T/2,r]) y "Zm,uﬂgx[T/Q,rﬂ R

0, cuan-
do m + %, para todo r > T/2. Denotemos con ¢ a una funcidn
suave tal que ®(T/2) = 0, ®(t) = 1 para t > T. Sea n>m > 1;
ya que <1>(zn—zm) = 0 en Mx[T/2,°) UfX{T/2}, por un resulta-
do conocido (ver [3] pag. 65, Teoremas 6 y 7), para todo

r > T/2 existe una constante du = du(r) independiente de m

y n que cumple

" Qx [T/Q,I‘] Qx [T/2 I"]

"¢(z “Zn/l 24q,

< du“L(Q(z -z ))"
Ya que

lecocz -z P [7/257] < o (o p )| @[T/2:]

QxI1T/2,
a2z | 11/2>7]
se tiene que:
ax[T,r] | Ox[1/2,r] (x[1/2,r]
EEE I SR UEE e S REWH PR ki

Lo anterior implica que {zn}m converge a u en CQ‘K,(QX[T,I‘]),
para cualquier r > T. Esto quiere decir que u es de clase
c?*® en Qx[T,r], parar > T, y para xe Q y t > T, se tie-
ne entonces u(x,t+T) = Ijll’_i’gzm(x,ti-T) = %}‘_i)ongzml(x,t) =
u(x,t);ademds para x €9 y t > T, u(x,t) = mzm(x,t) =03y
existe una Gnica extensidn de u a R, que es T-periddica
en t. Si denotamos esta extensidn otra vez con u, entonces

u «E y L[u] = f. Retornando a la desigualdad (11) tenemos
que

S ax[T,27] {x[T1/2,27]
Il 1+8 ”%}2‘ zml 1+8 $ ml zm' 148

< dyd lel,, k,=d,d,.
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La unicidad es consecuencia inmediata del principio
maximo. Por lo tanto, el operador L:E + F es uno a uno y
sobre. Por el teorema de la funcidn abierta, L-1 es conti-
nua; en consecuencia, existe una constante Ri que satisface

la desigualdad (a). A

Demostrhacibn def Lema 3.3. Usando las hipdtesis so-

bre la funcidn g y las relaciones comunes existentes entre
oJe

el operador L y su adjunto L*, es facil demostrar que para

rJ dado, existe r, > 0 tal que siucE, feF, "fﬂ°° <r

Si feF, u €k,

o
y L[u] = g(**,u)+f entonces “u"m $r,.
If"°° <ry L[u] = g(e,+,u)+f, entonces

Il g < Bolulull, < Ry(leC ool + €l

€ K[k lul, + suplg(x,t,00] + f£l]
R

< k2|k3r1+ro+31>1qglg(x,t,0)l] ZR(r)). A

Las demostraciones de los lemas 3.4, 3.6 y 3.7 son

inmediatas.

Demostrhacibn del Lema 3.5. Tomemos t) <t < a(f1),
(t, fijo). Por (5), existe una funcidn u €E tal que
L{u] = g(e,*,u) + t1¢ + £, en R. Como ¢ > 0 en KR, se

tiene

1

L{u] = gle,,0) + t1¢+f1>-g(~,',ﬁ)+to¢+f1 en OR.

S T = = - —- i
ea 1, 33£(f1+t0¢). Para f = -k,+(r,-1), por (9), existe

una funcidn ue E tal que
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L[Q] = ()\1—](1)9—3(2-?(1’1-1) <g(e ,0’1_1)-’-(111_.1) <gl(e,e ’B)+to¢+f1
en QXR. Puesto que

L[u] > g(..,u)+‘l:o‘1>+f1 > ()\:l-kl)uw(rl--l)-k2 en QXR,
tenemos:

L{u-u] > (A;-k,)(u-u) en QW (12)

Hagamos z = u-uy h = L[z]—()\i—kl)z en PR. Como L[u] =
O‘fkl)z+h y h > 0 en &R, por (9) tenemos que 0<z=u-u
en OR. A

Demostracibn del Lema 3.8. La demostracidn de (i)
es consecuencia directa de las definiciones de G y ﬁto' Pa-
ra demostrar (ii), supongamos que v & ﬁ, u = ﬁto(v) yuek

cE. Por el Lema 3.5 tenemos que:
M[u-u] > d,utg(e, e, W+t _+f - (B(e, o ,v)+t ¢+f,)
= g(e,o,u)-g(*,*,v) > 0 en QXR.

De esta desigualdad y del principio del médximo para las ecua-
ciones parabdlicas, se deduce que u-u > 0 en Q¥R y -533—(6-u) <0
en MWXR. Usando este mismo argumento podemos probar que

-5 > - -~ —
du/9n < du/dn en IKR. Ya que ,l!u|1+8 = ﬂHto(v)ﬁ 148 <R A
(ver Lema 3.7), tenemos que u = Hto(v) € G, para todo v €E.
Tomemos ¢ & G, (¢ fijo) y consideremos la homotopia compac-
ta ﬁl(v) = Aﬁto(v)+(1—>\)$, 0 £ A< 1, para todo v <. Ya
que ?lto(v)_c Gy G es un conjunto convexo, se sigue que

I:‘ix(v) &€ G, para cada v € £ y 0 £ A £ 1. Por la propiedad de
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invariabilidad de las homotopias en la teoria del grado,
obtenemos: dg(I—ﬁO ,G,0) = dg(I—ﬁl,G,O). Como ﬁto = ﬁi’ ﬁo
es constante en E (ﬁo = ¢), se tiene que 1 = dg(I—ﬁo,G,O)

= dg(I—Hl,G,O). Puesto que HtolG = Hto'G’ se sigue que

1= dg(1-f_,6,0) dg(I-ﬁl,G,O) = dg(I-fiy_,6,0)

dg(I-Hto,G,O) .

Para demostrar (iii) seleccionemos un nimero real t1 tal
que t, > a(fl) yty > ]to|. Para ry > 'flnoo + t1|¢ﬂm >
"f1+t1¢|m, por el Lema 3.3 existe R(rs) > 0 tal que si faF,

"f"w <ryy Lju| = g(*,*,u)+f en OXR, entonces

.

uuﬂ1+3 < R(r,). (13)

A
Site [to’tll y Ht(u) = u, ueckE, entonces L[u] =
g(',',u)+f1+t¢ en XR vy

£ ecol < DEo+ lellol, < Db+t dol, < g

Por esta desigualdad y por (3) tenemos que Hu"1+8 < R(P3)$
méx{R(ra), R+1} = R . Por tanto, si ﬂuﬂ1+8 =Ry, uek y
t ::[to,ti] entonces u # Ht(u). La invariabilidad de las ho-

motopias en la teoria del grado nos dice ahora que

dg(I-HtQ,BRo,O) = dg(I—Hti,BRO,O). (14)

Como t, > a(f,), el problema peribdico de Dirichlet {ueg
y Lbﬂ B g(°,°,u)+f1+t1¢ en R} no tiene solucidn en virtud
de (5), por consiguiente (I—Htl)(v) # 0 para cualquier vtﬁ,

lo cual es equivalente a decir que:

dg(I-Htl,BRo,O) = 0. (15)
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De (14) y (15) deducimos finalmente que 0 = dg(I—Htl,BRO,O)
= dg(I-Hto,BRO,O)- A
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COHOMOLOGIA LOCAL DE LAS EXTENSIONES
CICLICAS DE GRADO PRIMO

por

Marco Fidel SUAREZ R.

RESUMEN. Se utiliza un teorema de localizacidn
de cohomologia para demostrar un teorema de Hideo Yo-
koi sobre cohomologia de extensiones ciclicas de gra-
do primo de cuerpos numéricos. Para ello, se reduce
el teorema al caso local y se calculan explicitamen-
te los grupos de cohomologia de dimensidén 0 y -1,
mostrando que son isomorfos.

ABSTRACT. In this paper we use a theorem of lo-
calization of cohomology to prove a theorem of Hideo
Yokoi on the cohomology of a cyclic extension of num-
ber fields of primer degree. We reduce this theorem
to the local case and compute explicity the cohomolo-
gy groups of dimensions 0 and -1, observing that they
are isomorphic.

§1. Introduccidn. Sean X y L cuerpos numéricos, L exten-
sidon finita de K con grupo de Galois G, A y B los respecti-
vos anillos de enteros de K y L. En [6] H. Yokoi considerd

a B como %[G] mbdulo y en particular demostrd
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TEOREMA 1. S{ K y L son extensiones normales de
Q y L/K es clclica de ghrado primo psentonces todos Los ghu-
pos de cohomologia de B con respecto a L/K son Lsomornfos
enthe 8L; en otras palabhras Hi(G,B) = Hj(G,B), para cuakl-
quien par de enteros iy j (ver [u]).

En el presente articulo demostraremos este resulta-

do utilizando el siguiente teorema de localizacidn ([3]).

TEOREMA 2. S{ ¢ es un conjunto de Lideales pri-
mos de L que contienen exactamente un div{isorn q de cada
Adeal primo P de K, entonces para cualquier entero i

i i A
H (G,B) = @ H (G _,B o
) (qq) (g =)

donde ﬁqu el anillo de enteros de La completacifn q-ddica
ﬁq de Ly Gq es el grupo de descomposicibn de q en L/K.
En la situacidn particular del Teorema 1, tenemos

el siguiente corolario del Teorema 2.

COROLARIO. S{ K y L 4on extensiones nonmales de
Q y L/K es clelica de grado primo p, entonces Hi(G,B) =
Hi(Gq,ﬁq)' para todo entero i donde q es un ideal primo en
L que divide a p.

Demostracibn. Si P es cualquier ideal primo en K y
PnZ#p, sea q un ideal primo de L que divide a P; la ca-
racteristica del cuerpo residual KP’ siendo distinta de p,
no divide el indice de ramificacién de q sobre P; por lo
tanto, la extensidn local'L /KP es suavemente ramificada
(ver [1] 1,85 p8g.21) y Hl(Gq,ﬁﬁ) = 0 para todo entero i
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([3] ,Cor.1). El resultado del Corolario es entonces conse-

cuencia del Teorema 2. A

OBSERVACIONES. Consideramos pertinentes las siguien-
tes observaciones:
(i) El corolario anterior reduce el Teorema 1 al caso de
extensiones locales.
(ii) Como G es un grupo ciclico, sabemos ([u} 3-2-1) que pa-
ra todo entero i y todo G-mddulo B
i+2

ii(e,n) = uit%(q,p).

Segln estas observaciones podemos simplificar el

Teorema 1 en la forma siguiente:

TEOREMA 3. S{ K ¢4 una extensibn normal de QP'
L/K es una extensibn ciclica de grado p, A (respB) es el
anillo de enteros de X (nesp.L) y G el grupo de Galois de
L/K, entonces H°(G,B) = H1(G,B).

Observemos que en caso de que L/K sea suavemente ra-
mificada el resultado es trivial pues todo grupo de cohomo-
logia es 0. Por lo tanto podemos suponer que L/K es fotal-
mente ramificada y fuertemente ramificada.

§2. Cdlculo de los grupos de cohomologfa H®(G,B) y
I'IJ (G,B). A continuacidn, procederemos a calcular

los dos grupos de cohomologia anteriores mediante algunos
lemas auxiliares.
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LEMA 1. En Las mismas condiciones del Teonrema 3,
el conjunto SB de Las thazas de Los elementos de B, condti-
tuye un Ldeal enterw de K, el cual divide a D, "el diferen-
te" de La extensibn ([1], 1,84,pag.16).

Demostrhacibn. Sea (I = SB; afirmamos que a’l-
0_101(. En efecto, a « Clhl si y s0lo si a € K y para todo
b c-B, aS(b) € A, si y sblo si a € K y S(ab) « A para todo
beB,siysdlosiae€Kyae 0'1. De lo anterior conclui-
mos que Ol—l Bc 0_1 y D= OlB, es decir OL|D. A

"LEMA 2., S{r = vi (@), v = v (D) donde Ve ¥ vy,
son Las valuaciones de K y L hespectivamente, entonces
v =rett, 0 €t <e (e es el indice de namificacifn de La
extensibn L/K), es decin, [v/e] = v ([ ] es La funcibn par-
e enterna).

Demostracibn. Segin el Lema 1, v > re. Si fuera
(r+l)e < v entonces tendriamos D < prtip (P el idealmaximal

de K) de lo cual D Cq(r+1)e
-(r+l)e o 0-1

(q el idel maximal de L); pe-

ro entonces q s 1o cual implicaria

q-(r*+1)en K D-ln K = 01—1.

Por otra parte, p’(f“fi) - q-(r+1)e

P-(r+1) cal - P"T, 1o cual es absurdo. A

fl K y en consecuencia

En las mismas condiciones del Teorema 3, si 0 es un
generadordel grupo G, definimos el nameju; de nami§icacibn
de L/K por N(@) = v =M= 5(0)-1 (i(0) definido en [2],
1V,§1) donde T es un elemento primo en L. Es ficil ver que

N(o) no depende del primo T.
PROPOSICION. En Las condiciones del Teorema 3,
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i(c) = i(0) para todo v tak que 1 < v £ p-1.
Demostrhacibn. Siendo L/K fuertemente ramificada, en-

tonces i(0) > 1 ([5], 3-6-8) e inductivamente puede demos-

trarse que, para 1 < v £ p-1,

V-1+0V-2

"

vL(ov-1)n vL[(o—l)(o tu.t0+1)]m

vL(o—l)n. A

LEMA 3. S{s = N(g)- [N(0)/p] y n = [K:mp], en-
Xonces

H°(G,B) ~%/pZ ® ... ® Z/pZ (ns/ek veces)

donde e e el indice de namificacibn de ppgq K.
Demosthacibn. Tenemos v = VL(D) = Vzli(ov) =

(p-1)(N(0)+1) ([2],Prop.4, IV,§1). Sea N(0) = pmtt, 0 < t

< p; si tomamos r = p-(t+1), entonces también 0 < r < p, ¥y

sustituyendo en la formula para v tendremos

<
"

(p-1)(pm+t+1) = p((p-1)m+t)+r

p(N(g)-m)+r = p(N(o)-[N(U)/p])+r = ps+r.

De acuerdo con el Lema 2 y la suposicidn de que L/K es una
extensidn totalmente ramificada (e = p) concluimos que SB =
P°. Por otra parte, HO(G,B) = A/SB ([u],1-5-6); luego
H°(G,B) = A/P°, de donde

° = = Sy = S = nS/ek
#H1°(G,B) = card(A/P®) NK/mP(P ) (NK/mp(P)) P
pues n/e, = [K:Q ] (grado residual); puesto que p = #G
anula HO(G,B) ( u],3-1—6), se tiene el resultado del Lema

3. A
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Ahora construiremos una base para B sobre A.

LEMA 4. Pana cada j, 1< j < p-1 existe X < B tal

que vL(xj) =jy vL(o—l)xj = j+N(0o).

._1Dgnvéxwacién. Si T es un elemento primo en L, sea
xj = 1=Ool(‘n) par? 1< j € p-1, es claro que vL(x.2 = j.
Ademas, oxj/xj =‘03ﬂ/ﬂ implica que (o-l)xj/xj = (g3-1)m/m.
Ahora bien, VL(GJ—l)F/ﬂ = N(o) (segln la proposicidn). Por
lo tanto VL £g§%2§i-= N(o), y entonces

J

vL((:f--l)x:.| = VL(xj)+N(O) = j+N(o). A

LEMA 5. EL conjunto {1 = Xo’xl""’xp—l}’ consti-
fuye una base para B sobre A.

Demostracibn. Los elementos del anterior conjunto
son representantes de todas las distintas coclases de
VL(K*) en VL(L*) ([s], cap.I, 6); ademds siendo L/K total-
mente ramificada [L:K] 2 1, entonces dicho conjunto es li-
nealmente independiente sobre A ([5], 1-6-3).

Si T es un primo fijo en B, afirmamos que B = A+7B.
En efecto, si 0@ « B entonces a = 51'1, donde 51 €K es la
coclase de cierto a, €« A, y 0 y 1 son las coclases respec-

1
tivas de o y 1 en L. Entonces

o =a, +T , con 0 e B.
i o o

Puesto que B = o(m)B = o2 (m)B=. ..=0P " 2(1)B tendremos

(s o]
n

A;ﬂ(A+nB) = A+m(A+o(m)B)

- A+TA+mo(TW)B = xOA+x1A+x2B =...

P
2A+...+xp__1A+n B.

]

X A+x_ A+x
o 1
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En otras palabras, para todo & e B.

p-1
a = z c.x.+1rpb, para algunos b &« B, c. « A;
§=0 33 ]

pero an = noB, siendo Tro un primo en Aj; entonces

Q =

p-1
2 a(.o)x.+1r a,; O, B, a(.o),s < A
j50 4 J o1 1 J

asi mismo
1
= z a. 'x.+m a,.
. 3j o

Obtenemos entonces una sucesidn ozl,ot .., en B tal que

p-1
z a(n)x
-O j
sucesidn en A.

N MUK ademéds, para j fijo, {a§ )} es una

(n)_n (n)

(2]
Consideremos la serie X a, 'm_ ; puesto que a, ‘A,
-0 J
esta serie converge ([5],1-7) B32ia un 3 € A. Por la cons-

truccidn de la sucesidn a e . +s tenemos

2’
n-1 p-1
o = X ( X a(.k)>(.)1rk+1rn o_, para todo ne N,
k=0 §=0 J e omn
p-
y haciendo tender n a infinito obtenemos « = Z aJxJ, tal
como queriamos demostrar. 3=0

LEMA 6. EL conjunto {y1,y2,...,y 4} donde para
todo j, 1< j < p-1, vy = (0—1)xj, es una baoa de (0-1)B
sobre A.

Demostracibn. Segln el lema anterior basta demos-
trar su independencia lineal. Supongamos que tenemos

21 Yy = 0, donde los a, < A no son todos :cero. Podemos
i=

suponer que por lo menos un aj es una unidad de A. Sea j
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el menor subindice tal que aj es una unidad, entonces

vL(ajoyjo) = 30+N(0); pero

&olio T _.z. ajyj
ifig
y para j <J_,
vL(ajyj) J+N(0)+v (a ) = ]+pv (a )+N(o) > ] +N(0),
tambié&n para j > 30, VL(ajyj) > j+N(O) > ]O+N(0), por lo tan-
to
3 (as ys ) > min {v (a. y )} > 5§ +N(0)
jo’Jo J#] 3

lo cual es una contradiccidn. A

Observemos que H™1(G,B) = Bg/(0-1)B ([4],3-2-1);
en consecuencia,a fin de calcular este grupo de cohomologia
debemos estudiar ahora BS’ el cual consiste de los elemen-
tos de B cuya traza es cero. Debemos tener en cuenta ademas
que By = BI\(U 1)L. En efecto, B c:Bf]LS, pero L, = (0-1)L,
porque H~ (G 1 =0 ([4],3-1- 4).

S

LEMA 7. EL conjunto {y]/'n(])}p donde m_ es un
primo en Ay (3) = [j+N(o)/p] ([ ] 6unu6n parte entera) es
wa base de By 4obre A.

Demostracibn. Observemos en primer lugar que para
1<3<p1,

vL(yj/ﬂc()])) = j+N(0)-p[lJ%ﬂ] >0

Dado o & BS, de acuerdo con observaciones anteriores
p-1
. qu,dondelosq e K.
j=1 J J

Los nGmeros enteros GL(qj.yj) = va(qj)+j+N(o) son distin-
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tos entre si, y puesto que VL(O) > 0, para todo 1 £ j € p-1,

entonces vL(qjyj) 2 0; es decir,

va(qj) > -j-N(o),

de donde

_ j+N(0)
VK(qj) > >

Si para cada 1 € j € p, escribimos
qj =b./1r(3) con b, e K
J o J

entonces

_ NP j+N(0)y _ j+N(o) |
v (o) = v (@) [ S ] el

de aqui se concluye que para 1 £ j £ p-1, VK(bj) > 0; en

otras palabras,

P-—
o = z b, ——Zl- , con los b, e A. A
Jﬂ (3) J
j=1
Pl Sin(o) N(0)
PROPOSICION. ) [175——4 = N(o) - [ > ] =s
j=1

(ver Lema 3).
Demostrhacién. Supongamos en primer lugar que
p|N(o), entonces

p-1 .
) [3+N(o)] = (p 1)N(c)

j=1 P

Si por el contrario, p{’N(o), sea N(o) = pm+t, 0 < t < p;

entonces
pil[jm(o)] _ P‘(f““ LICIIN Pil [y
j= P j=1 P jep-t P
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= (p-t-1)m+ t(m+1) = N(o)-m = N(o) - E%EZ = 5.

LEMA 8. H (G,B) ~Z/[%Z ® ... ® Z/[Z (ns/e,_ ve-

ces).
Demostrhacibn.
H'l(G B) = T-I—BS-)— = ( 91 Ay /n(J))/( 9 Ay )
DB " 7 501
p-1 (i) p-1
= @ —XJZEQ__ ® ""("Y—"
5= AYj j=1 w

Por otra parte,

-1 p-1 .
-1 A (3)
ord(H™"(G,B)) = il ord(—=—) = [[ N, (T237)
jer w3y ge Mo

i

-1 -1
PTT (3) _ EIT n(j) /ey
(N (m)) = P
je1 Mo j=1
15-
n
(3)
Pekaﬁ J : pns/ek

1

y el hecho de que p anula H-l(G,B) completa la demostracidn
del Lema 8. A
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WEAK APPROXIMATION OF MINIMAL NORM SOLUTIONS OF
FIRST KIND EQUATIONS BY TIKHONOV'S METHOD

by
Julio E. GUACANEME

ABSTRACT. Tikhonov's regularization method is
considered to find conditions that guarantee orders
of weak convergence of approximate solutions of lin-
ear ill-posed problems to the true solution. We es-
tablish orders of convergence by requiring smoothness
conditions on the functional and the true solution,
and we establish a converse result to the main
theorem.

RESUMEN. Se establecen drdenes de convergencia
débil para las soluciones aproximadas obtenidas por
el método de regularizacidn de Tikhonov en el caso
de problemas lineales "ill-posed" (es decir, aquellos
para los cuales las soluciones exactas pueden depen-
der discontinuamente de los parametros). Para ello
se exigen condiciones de suavidad tanto al funcional
como a la solucidn exacta. Esto se hace para la ver-
8ibén clasica infinito-dimensional del método de Tik-
honov y tambi&n para la versidn con elementos fini-
tos. Ademds, se obtiene un converso al teorema prin-
cipal, en el cual la suavidad resulta del orden de
convergencia.
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1. Introduccidon. In this article we shall be concerned with

the integral equation of the first kind

1
Kx(s) = [ k(s,t)x(t)dt = g(s) (1)
5 .
where k(s,t) e L2([0,1]x[0,1]) and g(s) « L2[0,1]. Tt is
well known that K is a compact linear operator from the Hil-

bert space H, = L2 [0,1] into the Hilbert space Hy, = L2[0,1].

Solving (1) 11:halmeans finding an x satisfying (1), given
g e H2. )

This problem can have solutions x (we do not assume
uniqueness; by solution we mean "minimal norm solution'")
which depend discontinuously on the '"data" g, i.e., this is
not a well-posed problem (see e.g. [6] ). This lack of con-
tinuity can have serious numerical consequences since the
data g is usually the result of measurements and hence is
only imprecisely known.

Regarding the discontinuous dependence upon data,

instead of solving (1) we solve a new equation close to (1)
which is well posed. This approach is called "regulariza-
tion". In particular Tikhonov [6] suggests the minimizer

Xy of the functional
2 2
Fors8) = o) 2 ¢ o] (2

as a regularized solution of (1); we use |*| to indicate the
1 and H,

corresponding inner ‘product. The minimizer X, of this func-

norm in each of the space H and <¢,*> to denote the

tional is the solution of the equation

(al+ R)xa = K*g,
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where K* denotes the adjoint of K and K = K*K, see e.g. [4].

When the approximation x, is defined, we would like

o
to estimate how far it is from the minimum norm solution x.
This can be done in the strong sense by looking at the norm
of the difference “x—xa" between the approximate and the
true solutions, or in the weak sense by considering the
functional <x—xa,z>, where z e:Hl.

In many applications all we want to know about solutions
is the value of some functional <x,z> (see e.g. [2]). In

such cases we will be concerned with <x,z> and <x_,z> rather

*a
than x and Xy respectively. That is, our interest is in weak
rather than strong approximation. In this paper we will
derive estimates for X=X 52> under various assumptions on

x and z for both the classical infinite dimensional version
of Tikhonov regularization and for a finite element version.

We consider both the cases of exact data and inaccurgte data.

2, Infinite Dimensional Tikhonov Approximation.

For fixed z H1 we consider whether

<x—xa,z> -0 as o+ 0,

i.e., the weak convergence of the Tikhonov approximations
to the true solution.

‘ Sufficient conditions for convergence in the weak
topology have already been studied by Tikhonov [7], and for
more general methods of regularization, by H.W. Engl [1].

Our goal is to establish orders of convergence by

imposing conditions on x and the functional z. Since x as
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well as x  are members of R(K*), the closure of the range of
K*, and every z in H has an orthogonal decomposition z =

1
z,tz, € R(K*) + R(K*)™, we have

<X-X z> = <X-X Z.> .
a’ a’"1

We therefore may restrict our attention to funcionals
z € R(K¥*); however to obtain convergence rates we need to

impose stronger conditions on z.

_ THEOREM 2.1. If (a) x « R(K) o1 (b) z e R(K)
on (¢) x and z « R(K*), then <x-x X 22> = o(a).
Proog. (a) If x € R(K), then |<x—x ,2>| € ||x—x Izl
= 0(a) by [4,Corollary 3.1.1]. (b) For this case let
= Ku, then

i

|<x-xa,z>| |<R(x—xa), w| = l<[I-R(uI+R)—1]K*g, >

a|<(al+g)-1ix,u>| < afx]ul ,

since l(aI+R)—1R|| £ 1. (c) Let z = K¥v, x = K*w, then,
setting K:= KK*, we have

|<x—xa, z>| = |<K(x—x ), V> = |<ﬁw-ﬁ(aI+K)_1ﬁw, v>
- afkkia1+) ™, v < alwlll

which completes the proof. A

The best order of weak convergence is 0(a) as the

following theorem establishes.

'THEOREM 2.2. I K-X 52> = 0(a) for every ze H
then x = 0. g

1’
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Proof. Since <x-%,2> = 0(a), we have <(x,x,)/a, z>+0
aso+0 YzeH;.In particular the sequence {(x-—xa)/a} is
weakly convergent and hence bounded, i.e., "x-xa" = 0(a).

By [4, Theorem 3.2.2] we have x « R(K*K), say x = K*Kv.
Now using the fact that X-X = a(uI+§)_1iv. (clearly we may
take Vv N(R)l = N(K)’), we then have

0 = 1im <(x-x )/a, z> = lim (aI+K)_1Kv, z> = <K Kv, z>
>0 oo

for every z e Hy, so k*kv = 0, where X' is the Moore-Pen-

rose inverse of K (see e.g. [4]). But

+
= 4y =
K Kv PN(K) v v

and hence v = 0, i.e., x = Kv = 0. A

For the converse of Theorem 2.1 we will have, using

the same notation as above, the following

THEOREM 2.3. I§ <x-x,, z> = 0(a) fon all z « H
then x € R(K*K).

1,

Proog. Define Tyz = <(x-%y)/a, z>. This family of
linear functionals on H1 has the properties required by the

uniform boundedness theorem, that is,
x—
I 2l = |<522, 25| < M(z) for all a > O.

M(z) is a bound depending of the element z, and thus there
exists a bound M independent of a and independent of z such
that [T [l < M, i.e.,

Izl = 1<, 2>| < ulz|
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for all o > 0, and for all z e:Hi. In particular, for

= (X-a)/as

(e R R TERH L T8

and hence “x-xul = 0(a). By [4 Theorem 3.2.2] we conclude
that x & R(K*K). A

Now that we have analyzed the error-free case we
turn our attention to the more realistic case of inexact
data gG? with a prescribed error bound § : "g—g6" <6

The Tikhonov regularized solution xg is the mini-
mizer of

2 2
Fo(2,8%) = xz-g%]% + o]z

. 6 - ~.-1 %o 6

or, equivalently, X, = (aI+K) “K¥g .

LEMMA 2.4.Tf z  R(K¥) then <x -x), z> = 0(8)
gorn any o > 0.
Proof. Let z = K¥u, then
§ _ § _ .3 ~i-1 §
<X -XKys 2> S <K(xu-xu), uw> = <K(aI+K) “(g-g ), uw

o

and hence

l<x 0, 22| < la-g%llul < 6]l

since ﬂﬁ(a1+ﬁ)-1n 1. A

THEOREM 2.5. Let a=0(8). If (a) z € R(K), on (b)
z and x f:R(K*}, then <x—x§, z> = 0(§).
Proog. (a) By Theorem 2.1 and the preceding lemma
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§ 8
|<x—xa, z>| < |<x—xa, z>| + |<xd-xa, z>| = o(a) +0(8) = 0(4)
(b) Let z = K* and x = K*v, then
a -1
<x—xa, z> = <K(x-xa), w> = a<(oI+K) Rv, w>

and hence

|<x-x, 2>| < alvlfvl = o).
sing the Lemma again we find that <x—x2, z> = 0(a) +0(8). A

In the final theorem of this section, we make no

assumption on the true solution x.

THEOREM 2.6. If z eR(K*), then <x-x, z> = 0(va).
Proog. Suppose z = K¥u, then

<X-% 5 2> = <K(x—xa), uw.
But

2 _ _ _ = <K (- -
”K(x—xa)l = <K(x-x ), K(x-x )> = <K(x-x ), x-x>.

But R(x—xa) = K*g—k(ﬁ+al)-1K*g = oK(K+ I)_lK*g = aRxa. There-

fore,

2 ~
|K(x—xa)" = a<Kx , x-x > = 0(a),
since x + x (see |4]). Therefore,
X=X, 2> = O(IK(x-xu)ﬂ) = 0(v/a),

completing the proof. A

Combining this with Lemma 2.4 we obtain:

269



COROLLARY 2.7. I§ z « R(K*) and o = 0(82), then
<x—x§, z> = 0(8). A

3. Finite Element Approximations. Groetsch and Guaca-

neme [3] have proved weak convergence of certain finite ele-
ment Tikhonov approximation to the minimal norm solution of
(1). These approximations are formed by using a sequence of
finite dimensional subspaces V that increase and are even-

tually dense in Hl’ i.e.,

c ...and UV_=H
m

V, eV m 9

1 2

The finite element Tikhonov approximations x and x(S
m,0 m,Q

are the minimizers of Fa(°;g) and F&(-;g ) (see [2]),res—

pectivley, over the finite dimensional space Vm, or equiv-

§
alently xm’a, xm,o. < ng and
< - > < > =
me,a g, Ky> + a xm,a’ y 0

$ 8
< - > < > =
me’a g 5, Ky> + axm’a, y? 0

respectively, for ally e:Vm. These conditions are in turn

equivalent to

e -1 %
a s (Kme + al) K g
and
§ % “1% 8
X o= (K +eD T Ke

where Km is the restriction of K to Vm. The number

' %*
Yo =M'K(I~Pm)l = }I(I~Pm)1< I
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where Pm is the orthogonal projector of Hl onto Vm, plays
a prominent role; it tell us how well the spaces
V, support the operator K. Note that y + 0 as m >« (see
e.g. [l&] ).

To study the approximations xm’a and xi,a we assume
the regularization parameter is a function of m, say
a = a(m) + 0 as m + «,

Before going into the order of convergence we define
the inner product [u,v] = <Ku,Kv> + a<u,v> and the norm
|u|2 = [u,u] = IKuI2 + o u“2 in the Hilbert space H;. Under
this inner product xm,o. is orthogonal projection of X, onto
Vi (see [5]), i.e.

X -X v =<}.Zx—x V> + 0<xX_ -X v> =0
[a m,a’ ] (a m,a)’ o “m,o’

for all ve V .
m

We now give a weak order of convergence result for

X For ease of notation below we will replace o by o

m,o"
and Ym by Y, respectively.

THEOREM 3.1. Assume that y = 0((!;1). (a) 1§ x
and z « R(K*) then KX, 2> E 0(a). (b) I§ z & R(K¥k),
then X=X, 2> = 0(vVa).

]

Proof. (a) Let z = K*w and let x = K*v. Then,

<X-X z> = <xX~-X Z> + <X _-X z>
m,o’ o’ o “m,a’

K(X‘x ), W K(xa X )' .
NOW,

K(x—xa) = Kv - ﬁ(a1+ﬁ)-1ﬁv = a(a1+ﬁ)-1ﬁv;

therefore
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- <K(x=x ), w>| < o] vfl]w] = o).
Also

2 2 2
"K(xu—xm’a)l < "K(xa‘xm,a)l +mnxm-xm,m”

and remembering that x is the projection of x onto V

under the inner product [w,v] = <Kw,Kv> + a<w,v>, we have

2 2 2 2
"K(xa—xm,a)“ + o xa-xm,a" £ IK(xa-mea)ﬂ +a[|xa—mea“

N

2. 2 2
PK(T-P )% ||+ of (1-P x|

A

(Y2fg)"(I—Pm)xan2

(yzm)ﬂ(I—Pm)K*(aIH?)_lﬁv“2

A

(Y2+a)y2"v|2.

Therefore

Syt 1 < It I

< (Y24 H|v] W] = o).

\

(b) Let z = Ku, using the same decomposition as in

part (a) we have

<X-X Z> = <xX~-X z> + <X _-X z>
m,o’ a’ o “m,a’

and <x—xa, z> = 0(/a), by Theorem 2.6. Now <x X o z> =
k]

<K(xa-xm,a), v , and

2 2 2
“foa-xm’a)ﬂ < lK(xh_xm,a)l '+alxa—ﬁmJJ]‘

Using the characterization of X0 25 the projection of Xy,
?
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onto Vm’ we have as above

2,2 2 2
"K(xa“xm,a)" < (Y] (1-P )x |7 = 0]} (1-P )x | © = 0(a):

thus
Xy %m0 z> = 0(Va).
We therefore find that
= (V)

<x-X s Z>
m,0

for case (b). A

We see that under suitable conditions the finite
element approximations attain the order 0(a) of weak conver-

gence, which we now show does not allow improvement.

THEOREM 3.2. If <x-x_ , 2> = 0(a) for afl

b

z et , then x = 0.

Proo§. In particular for z = K(u+w) with u <V, and

1
w e VN’ we have
<X—x N z> = 0(0.)-

By the definition of Xo.q e have
9

<K X-X uw> + o<x uw =0 form > N.
( m,a)’ m,o’ N

Therefore

<xX- K >
Xm,a’ K(utw)

- >
K(x xm,a)’ utw

]

—0<x w + <K(x- w>
m,o’ ( ‘xm,q)’

and hence

273



~

K(x-xp o)
a

< x- ,K(utw) >
"m,a =-1im<xm o’ w + 1im< , W>

0 = 1im o ,
m m m

X.—
for u ::VN. To see this note that by hypothesis ——;m4g-con—

verges weakly to zero and K is a compact operator, therefore

~ X~
K(——§E4g0 converges to zero. Using the fact thgt X o ¥ X,

b
Since |J Vn is dense

we then have 0 = <x,u> for all u eV A
n=

N
in H1 we have x = 0. A

Finally, we consider the weak convergence of the

approximation xa obtained using imprecise data ga, where

le-%] < s.

8
LEMMA 3.3. ﬂK(xm,a—xm,a)H < 8.
Proof. Since
8

_ ~ 1%, 8
K(xm,a-xm,a) = Km(aI+Km) Km(g—g )

_n a -1 8

= K (aI+K ) (g-g)
and

-1

IR (az+k )7 < 2

we get that

5
IK(xm’a-xg’a)l < le-g’) <6 A

We now show that under appropiate conditions an op-

timal orde of weak convergence obtains.

THEOREM 3.4. Assume that Y = o(a"). 14 edithen
(a) x and z « R(K*) dnd a=0(8 orn (b) z «R(K*) and
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a=0(8?), then <x-x_ ., z> = 0(8),
Proof§. By Theorem 3.1, in both cases (a) and (b):

<x-xm,a, z> = 0(6).

Now set z = K%w, then by Lemma 3.3 we have

8 §
Xm0 *mar 2| |<K(Xm,a'xm,a)’ wl < o,

. 8
.e., < - > = <x- > =
loe, <X\ ~Xp oo 2 0(8), and hence <x Xm0 2 0(68),

completing the proof. A
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EXISTENCIA DE SOLUCIONES DE ECUACIONES
DIFERENCIALES ESTOCASTICAS

Myriam Mufioz de Ozak

ABSTRACT. In classic theorems, when we have a
stochastic differential equation of the form dX,_ =
£0£,X)dt + G(t,X )dWy, Xe = &, t, € t < T <,
where Wy is a Wlener ProceSs and g is a random var-
iable independent of wt-wto for t 2 t,, in order to
have existence and uniqueness of solutions it is
supposed the existence of a constant K such that:
(Lipschitz condition) for all t « [to,T], X,y e R4,

| £Ct,x)-£(t,y) | + |6(t,x)-6(t,y)| € K|x-y]|.
Andlfor all t < |t,,T| and x « RY,
| £(t,x) | 2+]6(t,x) |2 < K2(1+]x|2).

In this article we prove an existence theorem under
weaker hypothesis: we require only that f and G be
continuous in the second variable and the existence
of a function m « L2 [t,,T] such that

| £(t,x)|+]6(t,x)] € m(t)

for all t « [tb,T] and x e R%,

Introduccion. Clésicamente cuando se tiene una ecuacidn

diferencial estoc@stica de la forma
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dxt = f(t,xt)d_t + G(t,xt)dwt, Xto =k, to £t €T <o,

donde Wt es un proceso de Wiener y & una variable aleatoria
independiente de wt-wto para t > to’ en orden a demostrar
la existencia y unicidad de soluciones se supone la existen-
cia de una constante K tal que: a) (Condicidn de Lipschitz)

para toda t « [to,T] s X c]Rd, y E:]Rd,

| £(t,%)-£(t,y)| + |6(t,x)-G(t,y)| < X|x-y]|.
b) Para toda t & [to,T] y x €1R,
l£ct,0 ]2 + [6ct,20]? < K2 x|,

Véase, por ejemplo Arnold [1]. En este articulo probamos un
teorema de existencia debilitando las hipGtesis: sdlo nece-
sitamos que f y G sean continuas en la segunda variable y

exista una funcidn m cL2[to,T] tal que

| £(t,x)] + ]G(t,’x)l sm(t), Ve [to,T] , ¥x € r4.

Aunque estas hipdtesis son mds débiles en el senti-
do de que no se pone limite al crecimiento de f y G respec-
to a la variable t, son mds fuertes en el sentido de que li-
mitan el crecimiento de las funciones respecto a la varia-
ble x, excluyendo por ejemplo las funciones lineales en x.

En la literatura existen teoremas similares, por
ejemplo Teorema 5.2 en [H.J. Keisler, An {nfinitesimal ap-
proach to stochastic analysis, Memoirs of the A.M.S., 1984],
demostrado por métodos no estandar para un espacio §} =
(Q’P’At)tl‘:.[o,l]’ en donde  es un espacio de muestreo hi-
perfinito, P es la probabilidad de Loeb y A, una filtracidn
arbitraria.
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La existencia de solucidn en nuestro articulo, en
cambio, depende fuertemente de la filtracidn especifica que
se toma en el teorema, es decir la generada por el proceso
de Wiener con respecto al cual se integra.

Aparentemente, de los resultados de Barlow en[pne
diemsional astochastic digferential equations with no strong
solution, Proc. London Math. Society, 198ﬂ, si se toma una
filtracidn arbitraria, puede fallar el teorema de existen-
cia.

El esquema de aproximacidn que usaremos en la de-
mostracidn del teorema principal es distinto del esquema
usual de aproximaci?nes sucesivas, en el que X£n+1) ‘
tn)’ debido a que no se tiene la condi-

cidn de Lipschitz sino la continuidad, y es posible que es-

se defi-

ne en términos de X

tas aproximaciones no converjan a una solucidn. Ademds, en
2]l teorema principal s6lo se obtiene la existencia, pero no
la unicidad, nuevamente porque no se supone una condicidn
ie Lipschitz. Como las ecuaciones diferenciales ordinarias
son un caso particular de las estoc@sticas, podemos consi-

derar el siguiente ejemplo, en el cual no se tiene unici-
dad:

dx = f(t,x)dt = xl/adt, x(0) = 0.
Considerando las aproximaciones como en nuestro teorema, cb-
tenemos que x(])(t) = 0 para cualquier j = 1,2,..., 0 sea

que obtenemos una solucidn x(t) = 0, pero existe otra solu-
cidn, x(t) = (2t/3)3/2.

§1. Notacidn y conceptos bisicos. Tomaremos las defi- .

niciones de los conceptos bisicos y la nomenclatura del li-
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bro de Arnold [1].

Por (,U,P) denotaremos un espacio de probabilidad.
Se dice que una proposicién D se cumple con probabilidad 1,
si D(w) se cumple para toda w & excepto en un conjunto de
probabilidad cero. D se cumple estocdsticamente si para to-
do € > 0 existe A € U tal que P(A) < € y D(w) se cumple pa-
ra todo w € 1 tal que w¢¥ A. A lo largo de este trabajo,
las letras mayfisculas X, Xn, Y denotaran variables aleato-
rias. XA denotarad la funcidn caracteristica de A.
LP(Q,U,E) = LP(p) a1 espacio vectorial normado formado por
las clases de equivalencia de variables aleatorias X que
coinciden con probabilidad 1 y tales que E|X|P < =, p > 1.
L2[to,T] serd la coleccién de todas las funciones medibles
f tales que [ |f(s,x)|2ds < ®, Las letras manuscritas, U,
F, W denotaraf o-algebras. U(X) denotard a la o-algebra ge-
nerada por X. U(Xu;to £ u £ t) serd la o-dlgebra generada
por las variables aleatorias Xu, con to Lu<t.

{xt}te[to, 4
proceso estoclstico definido en (R,U,P) con valores en R

>
d21)y {Xt’Ft}te[to,T
{wt}te[to,T] , O simplemente Wt, denotarad a un proceso de
Wiener. ac-ﬁgg Xn = X denotara a la convergencia con proba-

bilidad 1 de {x } hacia X. st-1im X_ = X denotard a la
n"nelN nHo N

T]’ o en ocasiones simplemente Xt, denotard un

] denotara a una martingala.

convergencia estocéstica o en probabilidad {Xn}gn e hacia X.

§2. integral estocdstica. Para simplificar la lectu-

ra del trabajo daremos la definicidn detallada de integral
estocdstica, siguiendo Arnold [1], y citaremos algunos re-
sultados de [1}, y de Doob [4], para posterior uso.
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Se considera un proceso de Wiener m-dimensional Wt,
definido en (Q,U,P). Sean t, un real fijo y no negativo,
+
w,c = U(wu,tO Su<t)y w,c = U(ws-wt, t £ s < »), Como ?rlt
tiene incrementos WS—Wt independientes, entonces wt y Wt

son independientes.

DEFINICION 2.1. (Arnold, Def.4.3.2, pag.63).

Sea t_ no negativo y fijo; una familia { Fe }t>t° de subsigma-
dlgebras de U se dice no anticipante respecto del proceso
de Wiener m-dimensional Wt si:

a) F e Fo(t <s <)

b) Fo2W, (t >t,)

c) Ft es independiente de W: (t > to).

DEFINICION 2.2. (Arnold, Def.4.3.4, pag.63). Una
funcidn G(s,w) definida en [tO,T] X2, con valores matriciales
(dxm), medible en ambas variables, se dice no anticipante
(respecto de la familia no anticipante {FS}) si para todo s
fijo, s & [to,T], G(s,w) es FS medible. Si adem3s las tra-
yectorias G(s,w) « LQ[tO,T] , w fijo, con probabilidad 1, en-
tonces a este tipo de funciones no anticipantes las agrupa-
mos en el conjunto denotado con M, [to,T] .

Para facilitar la escritura, cuando no haya lugar a
confusiones, en algunos casos se omitir8 la segunda varia-
ble, ya que los conceptos que se estudiarén ahora sdlo de-
penderén de la primera variable.

DEFINICION 2.3. (Arnold 4.4, p&g.64). Una fun-
cidn G € Mz[to’T] se dice escalonada, si existe una parti-
cidn t, <ty <t,<..<t =T del intervalo [to,T] tal que

1 2
G(s) = G(ti—i)’ para todo s € [ti—:l’ti)’
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DEFINICION 2.4. (Arnold 4.4, pag.6b4). La inte-
gnal estocdstica para funciones escalonadas G respecto al

proceso de Wiener Wt la definimos como

t t
| Gdw = [ G(s)aws =

-W .
L Gy )Wy Wy, )
to., to 1

1

e~

Para definir la integral estocdstica de cualquier
funcidn en MZ[to’T] se utilizard el hecho de que el conjun-
to de todas las funciones escalonadas en M2[to,t] es denso
en M2[to,t] en el siguiente sentido: si G e:MQ[to,t], exis-
te una sucesidn de funciones escalonadas Gne: MQ[to,t] tal
que

t
ac-1im [ |6(s)-G_(s)]%as = o -
n-+o to

Como la convergencia con probabilidad 1 implica la conver-
gencia estocastica, se tiene, en resumen, que si
(3¢5M2[to,t], existe entvnces una sucesidn de funciones es-

calonadas G < [t ,t] tal que

-0.

1]

t
st-1im [ |G(s)-G (s)]%as
N+ t n

Como ya se ha definido la integral para funciones escalona-

t
das, se tiene f Gn(s)dws para todo n = 1,2,... .

to
Ademds, es posible ver que el limite
t
gtflim f Gn(s)dwS
n+owo to

existe y define una variable aleatoria, llamémosla I(G), la

cual no depende de la escogencia de la sucesitn {G }_ e’
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de manera que la integral estocastica de G se define como

t
f G(s)dW_ = st-1im i G (s)dw_,

to n->o 1:

donde Gn es una sucesidn de funciones en MZ[to’t] tal que

t
st-1im f IG(s)—Gn(s)Ist =0 .

n to

TEOREMA 2.5. (Arnold, Theorem 4.4.14, pag.73).

Sean G Gl,GQ,G , n=1,2,... funciones con valornes matrhicia-
Les (dxm) en MQ[ ost]+ S4 Wy denota a un proceso de Wienern

m-dimensional, entonces AL '

t
st-1im [ |a(s)-g_(s)|%ds = o,

- o
n tO

para una sucesidn {G,} de funciones no necesariamente esca-
Lonadas se tiene que

t t
st-1im [ G dW = [ Gaw.

n-—+o to to

N COROLARIO 2.6. (Arnold, Corollary 4.5.5, pag.77).
S« { E|G(s)l2ds < =, donde 6 « M, [t _,t], entonces para todo
9
c>0

4

t t 9 5
P[|f eaw| > ¢] <« [ E|a(s)]|“ds/c”.

t, to

siGeM, [to,T] y A « B (0-&lgebra generada por los
conjuntos de Borel %e R), entonces A ¢ [to,T] y GX < M[ o’ﬂ
Si se ha definido LOGdW entonces LGdW { GxAdW. ~8i
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t e [to,T], se define

t T
Xt(w) = ]' G(s,w)dws(w) = f G(s)X[O’t]dWs.
ts to
{Xt}t -« [to,T] es un proceso estocéstico con valores en ]Rd,

definido en forma Ginica, salvo equivalencia estocéstica
Xto = 0 con probabilidad 1
t
X X = g G(u)dW , t < s<t<T.

TEOREMA 2.7. Si{ X y Yi 4on mutingalas respecto
a La misma familia de subsigma-algebras, entonces AX, + BYy
(donde A y B son mtrices f§ijas, pxd, p > 1) es una mrtin-
gata. En particular, X, -X, es una martingaka 44 a es un
neak gifo0, t > a.

TEOREMA 2.8. (Doob [4]). S& X, e4 una martingala
y X, < LP(P), entonces |X |P es una submintingala y se cum-
plen Las siguientes desigualdades:

a) P[ sup _[X.| »c] < E[%,|P/cP, Ve >0, p 21 (2.2.3)
tela,b -

b) E[ sup %X |P] < (p/(p-1)PE|X |P, p > 1. (2.2.14)
te[a,b] t : Xb

TEOREMA 2.9. (Arnold, Theorem 5.11 (a)-(c),pag.81)
Sean G e M,[t_,1] y {F}

. te[to,T] , una gamilia no anticipan-
te de. subsigm-d€gebras. Si
. ‘ t
X, = {6G(s)dws, t,StsT

entonces se cumplen Las siguientes aginmaciones:
a) X, es F.-medible, o 4ea, no anticipante.
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b) Si ( ElG(sH ds < =, ¥t < T, entonces {X,, Ft}[,cc> 1] ¢

una manthgala con valones en R ; ademis para
t,s < [ty,T] 4e tiene:

i) EX_=0
t min(t,s) ,
ii) EX.X_ = [ EG(u)G(u) ' du;
t s t
en pa/vtéc?u&an,
2 _ (* 2
E[x.|° = [ E|6(w)|“du (2.2.6)

to

iii) Vc>0,t0$a$b$T,

P[ sup IX -X | > c] fElG(s)l ds/c? (2.2.7)
a<t<b :

¢) X, tiene trayectorias continuas con probabilidad 1.

§3. Ecuacién diferencial estocdstica y existencia

de soluciones. Se consideran dos funciones, f con va-

lores en IRd y G con valores matriciales (dxm), ambas defini-
das en [to,T]X]Rd; f(t,x) y G(t,x) son independientes de

w e (}, este valor aparece solo cuando se considera
f(t,Xt(w)) y G(t,Xt(w)); ambas funciones se suponen medibles
en las dos variables. Sea Wt un proceso de Wiener m-dimen-

sional. Consideramos una ecuacidn diferencial estocéstica

de la forma

dwtzf(t,xt)dt+G(t,Xt)th, xto=£, toStET<® (3.1)
0 su forma integral
t t
wt=g+{ f(s,xs>ds+{ G(s,X )dW_, t §t€T<® (3.2)
[o) (o]
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Sabemos por el Teorema 2.9 (a) que, en caso de existir,
Xt es un proceso estocastico Ft-medible; Xto = £ es una
variable aleatoria que debe ser independiente de los pro-

cesos wt-wto, t > t_; por tanto, a partir de este momento

5

se toma Ft = U(E,stss't) que debe ser independiente de
W = UW_-W s 3 1),

DEFINICION 3.3. (Arnold, Def.6.1.3,pag.101).
Una ecuacidn de la forma (3.1) se llama Ecuacidn Diferen-
clal Ebﬁocdbtéca (de Ito). La variable aleatoria £ se lla-
ma el valor .nicial en el momento t_- E1l proceso estocésti-
co X se llama una s0Lucibn de La ecuacibn (3.1) o (3.2)
en el intervalo [to,T] si satisface las propiedades siguien-
tes:

a) Xt es Ft-medible o sea no anticipante para
t e[t ,T].

b) Las funciones f(t,w) = f(t,Xt(w)) y G(t,w) =
G(t,X¢(w)) (no anticipantes) cumplen con probabilidad 1:

T

T
[Eswlas <o y [ |&s,w]%s < o

%o to

c) La ecuacidn (3.2) se cumple para todo t :{to,T]
con probabilidad 1.

Si G = 0 la influencia estoc@stica de la ecuacidn esti da-

da por E.

TEOREMA 3.4. Dada fa ecuacibn diferencial esto-
cdstica

W, = F(E,X) + G, X )AW,,, X =&, t <t<T<w,
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donde Wi es un proceso de Wiener m-dimensional y & una va-
niable afeatoria independiente de W -We para t » t,, 44
Las funciones £, con valores en]Rd, Yy G con valornes matni-
ciales (dxm), ambas definidas y mediblLes en [to,T]Xle son
tales que £(t,*) y G(t,*) son continuas para cada te [to,T],
y satisfacen:

|£(£,%) |+|6(t,%) | ¢ m(t), Vte[t,,T], ¥x eRY, m e 12[t,,T]

(4.1.1)

entonces La ecuacibn tiene en [t,,T] una solucibn X, con
vatores en RO y definida en Q, continua para t « [t,,T]
con probabilidad 1, que satisface La condicibn inicial
Xto = g,

Demostrhacibn. La demostracidn se harid en dos etapas
(c.f. Arnold [1]). Supongamos primero que E|«E|2 <Ky <
Como me Lz[to,T] , definimos una funcidn auxiliar M(t) asi:

M(t) =0, si t=tg
t,

M(t) = [ m“(s)ds, t, <t <T.
tO

Por su definicidn, M es una funcidn continua, no decrecien-
te y M(t ) = 0. Definimos ahora las aproximaciones Xi]) de
Xt’ i =1,2,...3 para facilitar la escritura, escribimos

h = T-t, y para cada w & ) definimos:

XG0 = g0, 81ty <t < o/

(5) t-h/j .
x o) = 8] s, %) (w))as
t, S
t-h/j

+ f G(s,X;j)(w))dws(w) si te [ty +h/3,T]
to
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(3)

Es claro que X estd bien definida, pues si t_+h/j < t <

t t2h/] entonces
t-h/j t-h/j

Xij) = £ + f f(s,E)dsi—f G(s,g)dws .
to to

en segundo lugar, si t_ +2h/j € t € t,+3h/j, al considerar
las integrales, en f(s,*) y G(s,*) sdlo se substituyen valo-
res ya definidos de ng), para s en el intervalo [togto+2h/ﬂ;
ésta consideracidn se puede hacer j veces hasta que t reco-
rra todo el intervalo [to,T]. Como

T
|£(s,x)| + |G(s,x)| <m(s) y [ n2(s)ds < o,
to

entonces

f |£(s,w)|as < [(T t )(f | £(s,w)| ds)]% <

to to
y ..
t 2 t 2
[ |6(s,w)|“ds € [ m“(s)ds < =
% to

De modo que f erl[to,T] y G e M2[to,T]~y por el Teorema
2.9 (c) los Xt]) son procesos estoca@sticos con trayectorias
continuas con probabilidad‘l, para j = 1,2,... y t e:[t T}
Por la parte (a) del mismo teorema los X(j) son ademds no
anticipantes y por la parte (b) son martlngalas respecto de

la familia {F_} [to,T] Ft z U(E,ws,s £ t). Ademds en
o9

t'te
[tosT] se obtienen las siguientes acotaciones:
B]x(J)I = Elgl <Ky <®, sity €t < torh/]
s S1 o S O+ J

Si t+h/j € t € T, como |x+y+z] < 3|x|2 + 3lyl? + 3]z),
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entonces

X t-h/j . t-h/j .
yalxéj)l2 =E|g+ [ f(s,Xéj))ds+j G(s,Xéj))dwslz

to to

/N

t-h/j . t-h/j .
sE|E|2+ 3E|f f(s,XéJ))ds|21-3E|[ G(s,X;j))dwslz
to to
t-h/j . t-h/j .
K, +3(t-h/i-ty)f  Elf(e,x ) %as+af  Elatsx( P fas
to t,

N

t-h/j 5 t-h/j 5
3K, + 3(T-t ) Em“(s)ds + 3f Em"(s)ds

tg t

/A

O

3(K, +(T-t +1)M(t-h/3)),

usando la desigualdad de Cauchy-Schwarz y el Teorema 2.9
(b,ii). Como M es una funcidn continua en [to,T], es unifor-
memente continua y acotada; luego existe una constante

K? > 0 tal que M(s) < K, para todo s e:[to,T]

KS = 3(K1+(T-to+1)K2), entonces

Y10 .
E|Xi3)| Kgs 351,2,..., t € [to,T] (3.4.1)

Por el Teorema 2.8, para p = 2 se tiene la desigualdad

E[ sup |xh)|] tmpéﬁl 4Ky, §=1,2,... (3.4.2)
tefto,T]
Sea ahora Z = IX(])I la cual es una variable alea-

TP
telt o,T]
toria con esperanza finita acotada por uxa, i=1,2,..., ¥

consideramos la variable aleatoria U_ = méx Zj’ entonces

n
E(U ) £ 4Ky, n=1,2,.003 ademas E(U ) es una sucesidn cre-
c1ente y acotada de nlUmeros reales, por lo tanto es conver-

gente. Observamos que Un es a su vez una sucesidn c¢reciente
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de variables aleatorias que converge a sgp Zj; por tanto,

E(sup Z.) = E(1lim U ) = 1im E(U ) < uKa,
5 3 o N0 n

y por la desigualdad de Chebyshev, para todo c¢ > 0 obtene-

mos

P[sup Z2. > c] < E(sup Z.)/c € 4K3/0§
i 3 i 3

en resumen,

[sup sup IX(J)|2

> c] € HK,/c.
i te[tg,T] 3

Sea

A_ = {w:sup sup |Xij)|2(w)>}n2},
n I tety,T)

[e.o]
entonces P(A ) < uK /n2. Como Z P(A_) < =, tenemos
n 3 n21 n
P(1im sup An) = 0 por el lema de Borel-Cantelli. Sea
A =1imsup A . Si w ¢A, entonces w e« A_ para un nlmero
n. n n

finito de valores de n solamente digamos nq,np,...,nK, sea
K(w) = max{ni,nz,. . .,nk}+ 1, de modo que w & An para todo

2 K(w): entonces para este w

sup sup |X(J)| (w) < K(W)
I telt,,T]

es decir,
x| sk, 3=1,2,0.., telt,1]; (3.4.9)

(3)

por consigulente para todo w ¢ A, {X (w)} es uniformemen-
te acotada.

Ahora demostraremos que el proceso {Xij)}j es equi-
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continuo, con probabilidad 1; esto es, existe un conjunto B
con P(B) = 0 tal que si w ¢ B, entonces dado € > 0, existe
§ > 0, que depende de € y de w, tal que si |t1—t2| <34,
tl’t2 < [tO,T] , entonces

|x€i’<w>-xii"w>| <€ 31,2,

Consideraremos tres casos:

a‘) Sit,,t, e [to,t0+h/j), entonces ‘Xii)(W)—X(i)(W)l = 0,

1°72 t
jo=1,2,...
b) Si thty e [to+h/j,T] entonces, suponiendo t,< t, se
tiene
. . to-h/j . t2-h/j B
Elecj)-xft'ﬁ]2 |/ £(s,x 3 )as + o(s, % P | 2
1 2 t4-h/j t4-h/j
to-h/3 e t,-h/j e 2
< 20t,-t)f E|£(s,X 3 7))|%ds + 2f E|G(s,X 3’)’ ds
271 . . s
t-h/i to-h/j )
< 2(T—to)] Em“(s)ds + 2f Em“(s)ds
tl—h/j tl—h/j

= 2(T—to+1)(M(t2—h/j)-M(tl-h/j)).

c) Si t1 <« [to,to+h/j) y ty e [t°+h/j ,'I.‘]), se reduce simple-
mente al caso (b) ya que la funcidn Xt] es constante res-
pecto a t en [to,t°+h/j], o sea que Xii) se comporta como
(3)
X ..
t th/j

Como M es uniformemente continua, entonces dado €> 0
existe § > 0,que depende sdlo de €, tal que si [ti—t2] <€
con 1:1,1:2 < [to,T]:
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IM(t,-h/3) - M(e-h/3) ] < e, =1,2,...
Asi que resumiento los tres casos, se tiene:

Ve > 0 existe §, que depende de €, tal que si

‘cl,t2 ‘:[to’T] y [tftz] < 8 entonces

E'X(J) (3)|
tq

< 2(T—to+1)(M(t2—h/j )—M(tl—h/j ))
< 2(T—to+1)€ (3.4.4)

y esto para todo j = 1,2,...

Seate:[t T] fljo,sead>0yte[t T(S] por
(j) ()
el Teorema 2.7, {X - X0 Ft+u uef0,8]

la y por el teorema 2.8 (b), para p = 2 se tiene entonces:

es una martinga-

Bl sup |X

(3) _ (3)2 (3) _ ((3)2
e cru- %o |0 € BE|XGi-x7

t+6

-

< 8(T-t0+1)€ (3.4.5)

cuando 8§ es el de (3.4.4). Sea

(3 .

t sup lx(j)-x(j)|2,

t e[t ,7-8], j=1,2,...
0<u<s t+u 't o]

Como los racionales de [tO,T-(S] son densos en [to,T—é], por

el Teorema 2.2, capitulo II, en [4], para cada n € N existe

una part1c1on de [t ,T-8], de nlimeros racionales o< s (()n) <
¢ (n)
S4 ...(san T- 6,\ tal que
sup Tij)_ € liminf max Y(%)), j=1,2,0...
to$t&T-6 n k<ay sy
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Por (3.4.5)

1im inf E( max Y(z(lr)l)) < B(T-tt)e, § = 1,2,...
n k<ay Sy
Entonces
E( sup Yij)) < E(1im inf mas Y(:(])))

toStLT-6 n kgag
< liminf E(méx Y(%))) < 8(T-t +1)e, j=1,2, (3.4.6)

n k<ap s

k
Sea ahora Z. = sup Yij) j =1,2,... Definimos
t 6t<T 8
U = mdx Z.; como hemos visto, &sta es una sucesidn crecien-
j<n

te de variables aleatorias que converge a suij s ademéas

J
E(sup Z ) < 8(T-t,+1). Nuevamente por la desigualdad de
Chegyshev tenemos para todo ¢ > O:

P[sup Zj > c] € E(sup Zj)/c < 8(T-t_+1)/c,
3 3

obteniendo para todo € > 0 y ¢ > O:

Plswp swp  sup [x)x{1))2

ru > c] < 8(T-ty+1)e/c, (3.4.7)
It <t<T-8 Ogugé

con § dependiente de € como en (3.4.4). Escogemos ahora va-
lores € = 1/nu ye, = 1/n2 para € y c respectivamente, y

consideramos los conjuntos:
B = {w:sup sup sup lXii) (j)l (w) > 1/n2}
7 tost<T-§ 0<ugd

en donde P(Bn) < 8(T—t0+1)1/n2 por (3.4.7); aplicando nue-

vamente el lema de Borel-Cantelli, si B = 1im sup Bn’ vemos
n
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que P(B) = 0. Asi mismo si w ¢ B, entonces w & B para un

nimero finito de valores de n solamente, digamos DysNyse e

o0 . SIN = méx{nl,n .,nr}+1, entonces w ¢ B_, n »N;

9o
como € = 1/n’, existe un 6n’ el cual depende de €.y de w,

pero no de j ni de t, tal que se cumple:

sup sup sup IXizi ij)lz < 1/n
3 to€tT-68, 0<ugd
o, lo que el lo mismo, si |t | 6 con ti’t2 < [to,T]

entonces

|x{_2)(w)-x§i)<w)| <1/n, §=1,2,...

De manera que para cada w ¢ B, {Xij)(w)}j, es equicontinua
en [t T] Considerando el conjunto C = AUB, para cada
weC, {X(J)(w)} es una familia de funciones de t unifor-
memente acotada (3 4.3) y equicontinua. Por el teorema de
Arzéla-Ascoli existe una subsusecidn {X k)(w)} que conver-
ge uniformemente en [tO,T] hacia una func1on X (w), obte-
niendose asi un proceso estocastico {X 1, que es el limite
uniforme de una subsucesidn {X(Jk } con probabilidad 13
por consiguiente, X es no ant1c1pante y de trayectoria
continua con probabllldad 1, ya que los X Ik lo son.

Para que Xt sea solﬁcién de la ecuacién diferencial
estocdstica falta ver Unicamente que X, cumple la propiedad
(c) de la Definicidn 3.3. Como f y G son continuas respecto

a la segunda variable t ::[tO,T], entonces

' )
1im f(t,X(]k)) f(t, X, ) vy 1lim G(t, X(jk ) = G(t,Xt)

k-»o0 ko0

con probabilidad 1. Como |£(s,x)] <m(s) y me LQ[to,T], f

es integrable y por el teorema de la convergencia acotada
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se tiene:

ac-1im f f(s Xg ))ds = f f(s, X )ds.
n->® to t

o

Debido a que G « Xp[to,T], se tiene G e:L2[to,T] y como la
convergencia de X(jk hacia X es uniforme, ¥¢ > 0, INe N
tal que ¥n > Nj Vs e:[to,T] se tiene que

la(s, (Jn ) - G(s ,XS)I < € con probabilidad 1; por consi-
guiente ft|G(s X(jn))-G(s,Xs)Ids < (T-t_)e con probabili-

to
dad 1; es dec1r,

ac-1im ] lc(s, (Jn ) - G(s,X )l ds

= 0y
n->co t0
y,por consiguiente,
(3y)
st-1im f |c(s, X)) - G(s,X )l ds = 03
et
finalmente, por el Teorema 2.5,
t (jn) t
st-1im [ G(s,X ~" )aw_ = [ G(s,X_)aw_,
s s’ s
no to to

obteniéndose asi que X_t es una solucidén de la ecuacidn dife-
rencial estocastica planteada en el teorema.
Se demostrari ahora el caso general; es decir, el ca-

so en que £ es una variable aleatoria cualquiera. Definimos

Es si lgl <n

0 en todo lo demas.

n) .
Para cada n € N existe entonces una solucidn Xi ) a la ecua-
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cidn

t t
xt==gn+-{ f(s,Xs)ds1-{ G(s,XS)dWs, t € t<T,

(¢] (o]

fuera de un conjunto Cn tal que P(Cn) = 0. Ademds como

1im £ = £, se tiene:
oo n

(n) __(m) - >
P, -x.™| # 0] =p[lg £ | #0] >0

cuando myn + o, sin depender de t. Existe entonces un pro-

(n)

ceso estocastico X_, tal que XU X (n » ») uniforme-

t,
mente con probabilidad 1, ya que P(|J c) =o0.
n
Resulta, pues, que Xt es una solucidn de la ecuacidn

diferencial estocastica, completando asi la demostracidn del

teorema.

BIBLIOGRAFIA

[1] Arnold, L., Stochastic Differential Equations. Theory
and Applications. John Wiley, 197u.

[2] Ash, R., Real Analysis and Probability. Academic Press,
1972.

[3] Coddington and Levisom, Theony of Ondinary Differential
Equations. McGraw-Hill, 1955.

[s] Doob, J.L., Stochastic Processes. Wiley, 1953.

[5] Loeve, Probability Theory. Van Nostrand, 1954.

Departamento de Matemiticas y Estadistica
Universidad Nacional de Colombia
Bogotd, D.E. Colombia

(Recibido en marzo de 1985).

296



Revista Colombiana de Matemdticas
Vol. XIX (1985), pdgs. 297-312

THE NUMERICAL SOLUTION OF
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

*
BY THE METHOD OF LINES
by

Bruce H. EDWARDS

w

ABSTRACT. The Method of Lines is shown to be a
practical and convenient technique for the numerical
solution of elliptic partial differential equations.
The method produces a system of coupled two-point
boundary value problems which are solved using state
of-the-art software.

Section 1. The Method of Lines has long been a popular and
convenient technique for the numerical solution of parabolic
partial differential equations. The idea is to discretize
all but one of the independent variables, which results in

a system of coupled ordinary differential equations. In the
parabolic case the system of initial value problems can then

be solved using state-of-the-art software.

* This work was supported by the National Aeronautics and
Space Administration under Grant NAG1-39.
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Because of the recent availability of high quality
software for two-point boundary value problems, the Method
of Lines has become an attractive technique for elliptic
partial differential equations as well ([4], [6]). In this
paper we analyze certain aspects of this numerical method
applied to Poisson's. equation with Dirichlet boundary con-
ditions on a rectangular domain. Extensions to equations
with Neumannconditions are immediate.

As observed by the referee, comparisons with other
numerical techniques must ultimately be made. We do not
pretend that the Method of Lines competes favorably with
finite elements or finite differences on most problems.
However, it has been successful on certain specific elliptic
equations ([4], [6]). Current work on the Method.of Lines
applied to Fracture Mechanics (to appear) has produced good
results compared to such classical techniques as finite dif-
ference and boundary elements.

In Section 2 we ‘outline the basic discretization
schemes and in Section 3 solve the five-point scheme. Sec-
tion 4 presents a matrix technique for explicitly solving
the system of two-point boundary value problems. The inher-
ent instability for this system is briefly discussed in Sec-
tion 5. A specific example from [u] is presented in Section
6, which was solved using the two-point boundary value prob-
lem code SUPORT [8]. A nonlinear problem [5] having nine
distinct solutions is completely solved in Section 7. Here
we use the nonlineay two-point boundary value problem code
PASVA3 [7],‘now available through the International Mathe-
matics and -Statistics Library IMSL.

»
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Section 2. Following Berezin and Zhidkov [2], we consider

Poisson's equation with Dirichlet bouhdary conditions on a

rectangle:
2 2
?__121_+ ?-—121= £(x,y), (1)
9x oy
u(x,c) = y(x), u(x,d) = 8§(x), a< x< b,
u(a,y) = a(y), u(b,y) = B(y), c <y« d.

For n > 3, let h = (d-c)/(n+1) and Yy = ctkh, k =
0,1,2,...,n+1 (see Figure 1). The second partial derivative

with respect to y is approximated by a three-point central

difference scheme

2
du .1 .2
S;E(X,yk) = h2(u(x,yk+1)--2u(x,yk)ﬁ-u(x,yk_l))-fo(h ),

(2)
k =1,2,...,n.

Putting Uk(x) = u(x,yk) and fk(x) = f(x,yk), we have the

O(h2) accurate system of coupled two-point boundary value

problems:
=d
y Yn
—h
¥
y=cY1
Xx=a X=b

Figure 1

299



" 1 - -
uk+;2—(uk+1-2uk+uk_1) = £, (x), k =1,2,..,n, (3)

Uo(x) Y(x), Un+1(x) = 8(x).

U (@) = aj), U (b) = B(y).

Similarly, if we approximate the second partial derivative

by a five point scheme,

g u 1.-1
;y_2(x’yk) = §§(12 u("=3’1<+2)+ u(x,¥ye49) - “(X’Yk)
4 1 M
+ gulxy, ) - ulxy, ))+0(h7),
we arrive at the O(hq) system:
1
( Fy2U - 2U +2U U )= f ()

12 k+2 3 k+t1 2 "k 3 7k-1 12 k-2 k?

k =1,2,...,n,

Uo(x) Y(x), U_, .(x) = 8§(x),

n+l

1}

Uk(a) a(yk), Uk(b) = B(yk).

Of course, there is now the need to impose further boundary
conditions. One idea [3] is to require that the five-point
scheme be compatible with fhe three-point scheme. This is
the approach we will take in Section 3. However, in actual
computations, nonsymmetric higher order approximations have

been quite successful. For example, one could impose the
th

0(h") scheme (see [4])at the n'" line:
" 1,5 5 1 7 1 1 -
Un+;;2-(§'Un+1' 70" 3%-1t §%-2" 23t 5 12 Upoy) = E4 (%0

(5)
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Berezin [2] also derives the O(hq) system

5 0, 1
3 k +15(U k+1 )+—§(Uk+1 20 +0; )

= f+—1—§(fk+1 £,.4)s k=1,2,....m, (8)

Uo(x) Y(x), Un+1(X) = 8(x),

1]

Uk(a) a(yk), Uk(b) = B(yk).

Section 3. Berezin [2] and Jones [4] both solve the
three-point scheme (3). Berezin further states the solution
to (6). Hence, we will illustrate the techniques involved
by solving the five-point scheme (4). Consider first the

homogeneous system of two-point boundary value problems:

o1, 1 y 5 y 1 _
Uk+;2_(_T2-Uk+2+§ U1~ 3%t 301 13 Uy =0

Uo(x) =0, (x) =03 k=1,2,...,0.

This is solved by separation of variables: Uk(x)==r(k)v(x).
Substituting into (7) and simplifying, we obtain
v'(x) _ r(k+2)-16r(k+1)+30r(k)-16r(k-1)+r(k-2)

2
= = §° (8)
v(x) 12r(k)h2

where § is a constant. Note that the equation corresponding

to (8) for the three-point scheme (3) is

v'(x) _ r(k+1)-2r(k)+r(k-1)

=2
=487, (9)
v(x) ~r(k)h2
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while that for the scheme of equation (6) is

v'(x) _ r(k+1)-2r(k) + r(k-1) _ 82 (10)
v(x) ~ 2 oY
-(r(k+1)+10r(k)+r(k-1))h“/12

The boundary conditions for (7) give r(0)v(x) = 0, and
r(n+1)v(x) = 0, which imply r(0) = 0 and r(n+1) = 0. If we
further require that the five-point scheme be compatible

with the three-point shceme, we can establish two more bound-

ary conditions. From (9),
2x2
r(k+1) - (2-h“8§°)r(k) + r(k-1) = 0.

Since r(0) = 0, we get r(-1) = -r(1). And since r(n+1) = 0,
r(n+2) = -r(n).

We see, therefore, from (8) that the problem is to

solve the difference equation:
r(k+2)-160(k+1)+(30-126%h) (k) -16r(k-1)+r(k-2) = 0,  (11)

k=1,2,...,n, r(0) = r(ntl) = 0, r(-1) = -r(1); r(n+2) =

-r(n) .

The general solution is of the form
_ k k k k
r(k) = 01A1 + 02A2 + °3>‘3 + Cu)‘u’

where Al,lz,ka and Au are the roots of the polynomial

M

At Z 1603 4 (30-126202)22 - 16241,

Since this a reciprocal polynomial,

_,-1 _ 21
l2 = Al and Au = AS
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Putting Z = 30 - 12(52h2 and w, = )\i+)\;1 (i=1,2,), an easy
calculation gives
wy = 8+ /66-2
(12)
w2 = 8-v66-2 .

Solving for the roots Xi (i = 1,2,3,4), we obtain

w +v’w2—1+ wl—/wz-u

1 1 _ 1
x1 - 5 ’ AQ - 2
w3+v‘w2—4 ms-»’wg-u
Ay = - , A, = > -

We now apply the boundary conditions given in (11) in order

to find the constants Ci (i=1,2,3,4,):

r(0) 0: C,+C.+C_+C, = 0

17273 7y

sC AL g

n+l n+l n+1
A 3A3 TAT)

1M +02A2 +C

"
[«

r(n+1) : C

_ ) -1 -1 -1 -1
r(-1) =-r(1): Ciki +C2>\2 +C3)\3 +Cuku

= —(01A1+C2A2+C3A3+Cuxu)

_ . n+2 n+2 nt2 n+2
r(n+2) = -r(n): Clxl +C2)\2 +C3>\3 +Cuku

- n n n n
= (01A1+C2A2+03A3+Culq).

However, 12 = A;i and Au = Xsl, and we can simplify these

four equations to:

01 + C2 + C3 + Cu =0
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n+l -(n+1) n+1 -(n+1) _
Clkl + 0211 + C3A3 + qus =0

-1 -1 -1 -1, _
Cl(A1+A1 )+C2(A1+A1 )+C3(A3+A3 )+Cu(A3+A3 ) =0

n+l
3

n+l

-1 -(n+1) -1 -1
C1A1 (A1+A1 )+C2)\1 (A1+A1 )+C3A (A3+A3 )

-(n+1) -1, _
+ C A, (13+A3 ) = 0.

These four equations can be solved for C

1,C2,C3,Cu to give
C1 = —C2; C3 = -Cl+ and
n+l -(n+1)
Al 01 + Al C,=0
n+l -(n+1) _
Aa C3 + As c, = 0.
Hence,
n+tl _ y-(n+1) n+l _ ,-(n+1)
Ai = Al and As = AS .
That is, .
Ai(n+1) = 1 and Ag(n+1) = 1.

This implies that

A, = exp(mis/(n+1)), A, = exp(mis/(n+1)), s=0,1,..,n.

1 3
Then
_ k k k k
r(k) = Clkl + szz + C3A3 + Cuxu
_ k -k k -k
= Ci()\1 A1 ) + C3(A3-A3 )

n .

C‘,l'[exp(ﬂisk/(m'l) ) - exp(Tisk/(n+1) ))
+ C3[exp(ﬂisk/(n+1) ) - exp(-misk/(n+1) )]
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=C 81n\"S ), s =0,1,...,n.

Of course, the value s = 0 is the trivial solution, so the

solution to (11) is:

r(k) = 2 o 31n(“8k) s, k=1,2,...,n0.
s=

The values of 8 can now be calculated from (12):

"8+ v66-72 =

ms
2COS(;'_—1—) . s =1,2,...,n.

Hence

—(30-128212) = Ts_
8 + ¥66-(30-128h?) 2003(n+1)
y/ 2.2 _ LR

9+38h4 = COS(E?T 4

9 cos2(£§%)—8cos(%§%ﬁ+7
GS - 2 9 S = 1,2,..-,n:
3h

To complete the solution to equation (8) we have

v''(x) 2
—\R-)-(‘)—:GS s =1,2,...,n,

whose solution is
vs(x) = Asexp(ﬁsx)i-Bsexp(—Gsx)
Finally, the solution to (7) is

n
U (x) = ) sm(“k )(A_exp(8_x) + exp(-6_x))
s=1

(k = 1,2,...,n),

X1+k11 = exp(mis/(n+1)) + exp(-mis/(n+1))

(13)
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where

2 - cos?CIS) -8cos (L) +7
s

3h?

Problem (4) can now be resolved by variation of parameters.

[2]:

' 3 Tk
U (x) = J sin(E3)
s=1

——I-(Asexp(Ssx)+-Bsexp(-35x))
where
. 2
32 _ Usin (ii%gITD
] h2

The solution to (6) is also stated in Brezin

U (x) = Z sm(Tr

)(A exp(6 X) +B exp( 3 x))
n=1

where

a2 QHSinz(Qrgéiy)
) s :
h (5+COS(E;T))

Section M. There is a matrix technique that can also be

Note that the solution to (3) is derived in Berezin

(1)

(15)

used to solve the system of two-point boundary value prob-

lems. This will be illustrated by solving the homogeneous

system corresponding to the three-point scheme (3)

U + —E(Uk+1 2Uk+Uk 1) =0

uo(x) =0, Un+1§x) =0,
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In matrix form, we have: U = AU, where U = (Ui,...,Un)T

and A is the nxn matrix:

-

2 -1 0 ... 0]
-1 2 -1 0 ...0

h2 -1
o -1 24

1"
Now put V. = U; and V; = U,. We then have (16) written as

a‘system of (2n) first order differential equations:

- -
U - . U
1 1
. 0o I, . .
.' .
Un Un
' =
Vi vy
. A 0 .
v! - - v
= nﬂ - n-

where 0 is the nxn zero matrix and I, is the identity matrix.
The eigenvalues X of the (2n)%(2n) matrix above are

easy to determine. For if U = (Ui,...,Un)T and V = (Vl,.“;%?T

then
0 I U 8]
4 = A
A 0 \ \'
implies V = AU and AU = AV. That is, AU = AQU.

The eigenvalues of A are known to be

- ms_
2 2cos(n+1)
h2

with corresponding eigenvectors
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- ., STy 7
1 ———
s n(n+1)

sin(zil
E = ‘n+1

nsn)
n+l” |

sin(
Hence the A must satisfy

s . 2, TS
A2 3 2—2cos(m) i 4sin (m)

h? h2

9

which implies

Y s . -
AS —i-ﬁsln(m—), s =1,2,...,n.

This leads to the same solution as (14).

Section 5. Is is apparent from the previous work that the
method of lines leads to a system of unstable two-point
boundary value problems. An exponential of the form exp(6&x)
occurs in each of the solutions (13), (14), (15). Let us
analyze (13) in more detail. The worst case would occur if

2 cosz(%éiJ—Scos(%§T)+7

3h

were as large as possible. This happens if s = n and we would
have ‘

62 - cos‘2(1r) - 8cos(m) + 7
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Gn 2 4/v/3n.

We summarize this result with those of the other two schemes
(3) and (6):

Scheme
(4) 4/vBh = 2.31/h,
(3) 2/n,
(6) V/B/h = 2.u5/h.

Section 6. Jones [u] considers the example

32
___-’.__12_]‘.:0, Yoan
3 dy

82u

2
X
uw(0,y) = u(1,y) = 0, u(x,b) = u(x,-b) = sin(mx),

where b = .475. The exact solution is known to be

cosh(my) sin(mx)
cosh(mb)

u(x,y) = (18)

By symmetry considerations he is able to simplify the prob-

lem to
2 2
3—-‘21+-3--‘§=o (19)
ox oy

u(0,y) = u (.5,y) = 0, u(x,b) = sin(mx), u(x,y) = u(x,-y).

He then solves the three-point method of lines scheme for
(19) using.the technique of section 2 together with Chebyshev
polynomials for the particular solution. The solution to the

three-point scheme is

. cosh(kB)sin(mx)
Uk(x) cosh((n+1)0) ° (20)
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where cosh(6) = 11—ﬂ2h2/2.
The solution to the five-point scheme is much more
complicated and of little interest. Details are available

upon request.

It is important to prove that the Method of Lines
solution (20) converges to the exact solution (18) as the

numbér of lines n tends to infinity. To this end, consider

_ cosh(8) 1n+ﬂ2h2/2 = 11-62/2+-9q/4!+ v

So for small h, 6 = 7h = mb/(n+1). Furthermore, Yy =
kb/(n+1) = kh, which implies that my =~ k6. Hence, as n+®,

U (x) = cosh(k8)sin(mx) cosh(my)sin(mx)
k' * 7 Cosh((n+1)0) * T cosh(mb)

The convergence question for arbitrary elliptic
partial differential questions is much more complicated.
Thompson [9] proves that under suitable hypotheses conver-

gence is assured (see Theorem 5.1, page 36).

SUPORT [8] was used successfully to solve this ex-
ample with both the three and five-point schemes. The re-
sults agree with those of Jones [4]. Other codes for two-
point boundary value problems could be used as well. This
author has had good results with COLSYS [1] and the IMSL
routines DTPTB and DVCPR. Details are available from the

author upon request.
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Section 7. The Method of Lines can be an effective tech-
nique for solving nonlinear equations as well. We illustrate
this by solving

)

2 2
———g-+-25——l21-+ 20u-u3=0
9x Jy

I

with boundary conditions u = O on the square [O,ﬂ]x[O,ﬂ].

The system of boundary value problems is now non-linear:

3 .
Uk+—2—(Uk+1- 20, +Uy _4) + 200, - U = 0.

It can be shown theoretically that this elliptic partial
differential equation has nine distinct solution [5],}age
213 . We used the IMSL routine DVCPR which was originally
called PASVA3 [7]. By suitably adjusting the initial pro-
files, all nine solutions were successfully obtained. For a'
theoretical analysis of partial differential equations of

this type reader is referred to [5].
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BEST APPROXIMATION IN VECTOR
VALUED FUNCTION SPACES

by
ROSHDI KHALIL

ABSTRACT. Let T be the unit circle, and m be the
normalized Lebesgue measure on T. If H is a separable
Hilbert space, we let L®(T,H) be the space of essential~-
ly bounded functions on T with values in H. Continuous
functions with values in H are denoted by C(T,H), and
H®(T,H) is the space of bounded holomorphic functions
in the unit disk with values in H. The object of this
paper is to prove that (H*+C)(T,H) is proximinal in
L (T,H). This generalizes the scalar valued case done
by Axler, S. et al. We also prove that
(H°+C)(T,% ) |H®(T,4°) is an M-ideal of L®(T,R")|H™T,A®),
and V(T,%®) is an M-ideal of L®(T,%*) whenever V is an
M-ideal of L7, where V(T,2°) = {ge L®(T,8™):
<g(t),6n> € V for all n}.

- 80. Introduction. Let T be the unit circle and m be the

normalized Lebesgue measure on T. The space of p-Bochner in-
tegrable functions on T with values in a Banach space X is
denoted by LP(T,X), 1§ p <. If p = », then L (T,X) is

the space of essentially bounded functions on T with values

in X. LP(T,X) are Banach spaces with the usual norms:
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el

it

= (PP P, 1cp <
T

€l

1]

ess.sup||f(t)]|, p = .
t

We refer to, [3], for the basic structure of these spaces.

The problem of best approximation in L1 and L~ is
of much interest. The existence of best approximation in
C(R) to functions in LQ(Q), was proved in [9], where Q is
paracompact, and later, [13, 16], was generalized to the
vector valued case, where X is assumed to be uniformly con-
vex.

The existence of best approximation in H +C to func-
tions in L7(T) was proved in [2], where H  is the space of
bounded analytic functions in the unit disk and C is C(T),
the space of continuous functions on T.

The object of this paper is to try to generalize the
result in [2] to the vector valued case, where X is assumed
to be a Hilbert space. Further, if V is a closed subspace of
L (T) and

V(T,2®) = {g € L7(T,2”): <g(t),8_>€V for all n}
n

we prove that V(T,iw) is pfoximinal in Lm(T,Qw) whenever V
is proximinal in Lm(T), noting that £ is not uniformly con-
vex.

In Section 1, we prove some results on (ﬁ%C)(T,H),
similar to the scalar valued case. A representation of the
dual of ﬂw(T,H) is included. In Section 2, we prove that
(H’+C)(T,H) is proximinal in L (T,H). In Section 3 we give
an example, ﬁw, where C(T,X) is proximinal in Lo(T,X),

without X being uniformly convex.
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Throughout the paper, if X and Y are Banach spaces,
then XéY, X®Y denote the projective and the injective ten-
sor products of X and Y, respectively. L(X,Y) is the space
of bounded linear operators from X into Y. The dual of a

3
Banach space X is X" . The complex numbers are denoted by C.

§1. Vector valued function spaces. We let HP(T) be

the classical Hardy spaces, 1 € p < ©, and H(T) is the
space of bounded analytic functions in the unit disk. One
can consider HP(T) as closed subspaces of LP(T), 1 € p € =,

for which [ f(t)elPMtdm(t) = 0 for all n < 0; £ « LF(T), [8].
T

If X is a Banach space, we define
J e e
HP(T,X) = {fe LP(T,X)|x"of € HP(T), %" e X'}.

This definition saves us the trouble of proving the existence
of the radial limit if we were to consider HP(T,X) as func-
tions on D = {z e €: |z| < 1}.

As in the scalar valued case one can prove:

THEOREM 1.1. HP(T,X) is a closed subspace of
LP(T,X), 1< p € =. |

Now, we take our Banach space to be a separable Hil-
bert space H. Consequently every element f c:HP(T,H) has a
representation:

[+ +]
£ = nglfnen’ f e HP(T),

(en) is some orthonormal basis of H. For p = 2, one has
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oo
Il = (W dD% [7).

Since H is reflexive, LP(T,H), 1 < p < ®© are reflex
ive Banach spaces, and LP(T,H) = [Lp'(T,H)]*, Ll(T,H) * o
L”(T,H), [3]. From the definition of HP(T,H) and the fact
that the HP(T), 1 < p € ® are w'-closed in LP(T,H) the fol-

lowing result follows:

*
LEMMA 1.2. HP(T,H) 44 w -closed 4n LP(T,H), 1 < p

n
8

Set A(T,H) = H (T,H)NC(T,H). If f « A(T,H), then
e s fn < A(T), the disk algebra.

0
f= ) f

n=1 D

If Y is a subspace of the Banach space X, then for

x € X, d(x,Y) = inf{|x-y]: y € Y}. The proof of the follow-
ing result is the same as for the scalar valued case and’

will be omitted, [6].

THEOREM 1.2. let fe C(T,H). Then d(f,H (T,H)) =
d(£,A(T,H)). ‘

The subspace H+Cc L was proved to be a closed
subspace, [6]. This result is true for the vector valued
case:

THEOREM 1.3. H (T,H)+C(T,H) 44 a cfoded sub-
space of L7(T H).

THEOREM 1. 4. [Lm(T,H)]* A8 Lsometrnically Lsomon-
phic to the space of finitely additive vector measures which
vanish on m-null sets, equipped with the total variation
noxm.

Proof. Since one can integrate a vector valued func-
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tion against finitely additive vector measures, [4], the
proof is similar td the scalar valued case, [5], and will

be omitted. Q.E.D.

§2. Best approximation in L (T,H). Let X be a Banach

space and Y be a closed subspace of X. For x & X, an ele-

ment y € Y is called a best approximant of x 4n Y if
|x-yl = a(x,Y) = inf{||x-z||, z « Y}.

If every element x « X has a best approximant in Y, then Y
is called proximinal subspace of X. It is an interesting
problem to determine whether a given closed subspace of Ba-
nach space is proximinal or not. In [2], Axler et al. proved
that H +C is proximinal in L7(T). Luecking, [12], gave a
different proof for the same result, using the idea of M-
ideals. We refer to the references in [2] for further re-
sults on best approximation. The object of this section is
to prove that (H +C)(T,H) is proximinal in L7(T,H), for
every separable Hilbert space H.

A closed subspace Y of X is called an L-summand of
X if there exists a subspace Y' of X such that X = Y®Y!
and if x = y+y' € Y®Y' then || = |yl+ly']. Y is called
an M-{deal of X if Y* is an L-summand of X*, where YL =
{¢ e x*: ¢(Y) = o}.

THEOREM 2.1. (H +C)(T,H)|H™(T,H) 44 an M:ideal
0f L7(T,H) |H (T ,H).

Proof. We identify (L™(T,H)|H®(T,H))™ with H®(T,m)*
c L(T,H)™, and ((H®+C)(T,H) |H°(T,H))* with (H°+C)(T,H)*
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4
glP(T,H)*, [6]. Let F € H (T,H) . Being an element of
(o]
Lw(T,H)*, it follows from Theorem 1.8 that F = Elunen for
% . n=
some sequence (un), W L7(T) , and a (fixed) orthonormal

basis (en) of H, where

©

<F(E),x> = nz,lun(E)<en,x>
for every Lebesgue measurable set E « T, and x e H. If X is
the méximal ideal space of L°°(T), then L(T) = c(X), the
space of continuous function on X. Hence Loo(T)* ~ M(X), the
space of regular Borel bounded measures on X, [6] Conse-
quently, every element W, in the representation of F can be
considered as a countably additive measure on X. Set

FN = nzlunen.

Clearly <FN(E),X> + <F(E),x> for each fi-measurable set E
in X and each x € H, where fi is the lifting of the Lebesgue
measure m on T to X, [6] It follows from Grothendieck's
theorem, [10] , that

<FN(g) S, X> > <F(g) S X>

for ecery ge L™(T) = C(X) and x € H. Thus we can consider
F as a countably additive vector measure on X. Let Fa+FS =F
be the Lebesgue decomposition of F with respect to M, [3] ,
where Fa is fi-continuous and xFS is singular with respect
to m for all x &« H. One can easily show that if Fa =) %
and Fs = ?w n%n? then Vo is fi-continuous and W is orthogonal
to fi for ali n. It follows from Pettis theorem, [3], that
each v, is absolutely continuous with respecto to n. Since

(en) {3 anorthonormal basis for H, it follows that M=V W
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is the Lebesgue decomp081tlon of W with respect to fi.

Since F e H” (T, H) , it follows that Mo e:H for all n.
ook

Consequentely by the abstract Riesz theorem, [6], W e H

ool
and vn e H . Define the following map:
4 4L
P:H (T,H)" + (H +C)(T,H)", P(F) =

It follows from the above argument and theorem 2.4 of [12],
that Fg e:(Hw+C)(T,H)L. Further, since "Fl = "Fau+ﬂFSu, [3],
one has P bounded, where |F| is the total variation of F.
To complete the proof of the theorem, we have to show that
P is onto. Let ¢ e (17 +C)(T, H) . and ¢ = Zlu e for some
M€ L (T) Then each Ho e:(H +C) , and by Theorem 2.4 of
[12] [ is orthogonal to . Consequentely ¢ is singular to

fi. Hence P(¢) = ¢, and P is onto. Q.E.D.

THEOREM 2.2. (H +C)(T,H) 44 proximinal 4n
L7(T,H).

Proog. Since an M-ideal of a Banach space X is prox-
iminal in X, [1], it follows that (H +C)(T,H)/H (T,H) is
proximinal in Lw(T,H)/Hm(T,H). Lemma 1.2. together with a
compactness argument imply that H (T,H) is proximinal in
Lw(T,H). Thus for f € Lw(T,H), there exists g e:(Hm+C)(T,H)
such that

A(E,(H+C)(T,H)) = d(f-g,H (T,H)) = |f-g-g_|

for some g, e H (T,H). Thus gtg, e:(Hm+C)(T,H) is a best
approximant of f. Q.E.D.

PROBLEM. Is Theorem 2.2 true if H is replaced
by arbitrary Banach space? If not, what are those Banach

Spaces for which the result is true?

319



§3. Proximinality in LW(T,PVOO) . Let £ be the Banach

space of bounded sequences, so that if fe:f», then ||f|co =

sgplf(n)l < o,

THEOREM 3.1. Llet V be a proximinal subspace of
L°(T). Then V(T,£”) 44 proximinal in L(T,8).
) ) . o 0 1 1, . %
Proof. Let fe L (T,2 ). Since L (T,% ) =(L(T,27))
= (kl(N,Li))* = Em(N,Lm), it follows that

el =43 £.6)
n=1

syp sgplfn(t)l = sup s%plfn(t)|

it

sup| £ [l

Here, Gn(j) =1 if n = j, dn(j) = 0 otherwise. Consider the
f:nctlon f = nzlfnan’ where ﬂfn—fn" = d(f ,V). If g-=

[o4]
n=1gn6n « V(T,2°) then

If—f' = sgplfn-fni g sgplfn-gnu = lf—gl.

Hence f is a best approximant of f in V(T,2°). Q.E.D.

COROLLARY 3.2. The spaces C(T,2°) and (H°+C)(T,L)
are proximinal in L°(T,L°).

Proof. Follows from Theorem 3.1 and the fact that
H”+C and C(T) are proximinal in L™(T). Q.E.D.

THEOREM 3.3. 1§V it an M-ideal of L™(T), then
V(T,L") s an M-ideal of L™(T.L™).

Proog. Let B(fi,ri)’be any three open balls in
Lw(T,ﬂm) with centers fl and radii r. such that B(fi,ri)

o . - i=1
# ¢ and V(T,L )NB(f',r;) # ¢ for i = 1,2,3. Let
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. . . . w0 3 .

gl = V(T,lw) such that gl e:B(fl,ri). If gl = nzlgiﬁn and
i ® i : i i D i

£ = nZlfnan s then Sup" fn—gnl < ri‘ Helgce gn e B( fngr‘i)

cL(T). By the same argument, we have iﬂlB(fg,ri) #¢ for
all n. It follows that V(](iﬁlB(f;,ri) # ¢, for all n, [1].

3
. (>0
Let g eV (ing(f:,ri)). The function g = nglgnéne V(T,ﬂ.m).

Further

le-£*1 = suple -] < »;.

Hence g e:V(T,Qw)I1(iﬂlB(fi,ri)). It follows, [1], that
V(T,2") is an M-ideal of L (T,2 ). Q.E.D.

.

Using the same argument of Theorem 3.3 one can prove:

THEOREM 3.4. (H +C)(T,L)|H (T,2°) 48 an M-ideal
of LO(T, &) |H (T,87). ‘
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